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The performance of any block based image coder can be
i
�
mproved by applying fractal terms to selected blocks. Two
novel methods are used to achieve this. Firstly the coder
d
�
etermines whether a local fractal term wil l improve each

i
�
mage block by examining its rate/distortion contribution, so
t
�
hat only beneficial f ractal terms are used. Secondly, the
d
�
ecoder deduces the offset parameters for the local fractal

t
�
ransform from the basis functions alone, by i nferring the
d
�
ominant edge position, so that no offset i nformation is

required. To illu strate the method, we use a quadtree
d
�
ecomposed i mage wi th a t runcated DCT basis. U sing a

standard�  test image, the proportion of the picture area
e� nhanced by fractals decreases from 16.1% at 0.6 bpp to
8
�
.1% at a high compression ratio of 80:1 (0.1bpp). The fractal

t
�
erms contribute less than 5% of the compressed code in all
c� ases. The PSNR is i mproved slightly, and edge detail is
v� isually enhanced.

1.  BACKGROUND

To compress an image, define an Iterated Function
S
	

ystem (IFS)[1-5] of order N



  to be W = {w� k
� ; k


 = 1,..., N



 } ,

wh� ere the w� k
�  are contraction mappings, each defined on a

s� ubset A
�

k
�  of the image support. The attractor of W is a

non-overlapping tiling of the image, as in Figure 1. A fractal
function f

�
 (x� , � y� )

�
,�  i s t hen defined which approximates t he

b
�
rightness g� (x� , � y� )

�
. An image block taken from the location

Ak
�  is referred to as the parent and an image block taken from

w� k
� ( A

�
k

�  )
�
 is referred to as the child. For each tile the function

i
�
s specified by a recursive mapping v� k

�  such that

            f
�
 (w� k

� (x� , � y� ))
�

 = v� k
� (x� , � y� , � f

�
 (x� , � y� ))

�
   for (x� , � y� )

�
 in A

�
k

� . (1

In this work we use mappings of the form

           v� k
� (x� , � y� , � f

�
)

�
 = p�

k
� (x�

0 +
�  δ

�
x� ,  � y� 0 +�  δ

�
y� )

�
 +�  e� k

�  f
� ~

k
�  (δx� , � δ

�
y� )

�
(2

w� here (x�
0, � y� 0)

�
 is the bottom lef t corner of  Ak

�  and

p�
k

� (x�
0 + δ

�
x�  ,  y� 0 + δ

�
y� )

�
 = ∑ 

i=1

n�

c� i b
�

i(δx� , � δ
�

y� )
�
,�  is an approximation

b
�
y basis functions �î  b

�
i 



 ,  � e� k

�  is the single fractal coefficient

a nd f
� ~

k
�  is the parent block  f

�
k

� (δx� , � δ
�

y� )
�
 = f

�
 (x�

0 +
�  δ

�
x� , � y� 0 +

�  δ
�

y� )
�

ort! hogonalized with respect to the basis using

f
� ~

k
�   =  f

�
k

�   − ∑ 
i=1

n�

< " b
�

i , f
�

k
�  > b

�
i

(3

whe� re <b
�

i , f
�

k
� >  =  ∫∫ 

A
#

k
$
 f

�
k

�  ( x� , � y�  )
�
 b

�
i ( x

� , � y�  )
�
 dx

%
 dy

% (4

a nd the basis functions are normalized by <b
�

i , b
�

i> & = 1

T
'

o solve, the known image g� (x� , � y� )
�
 is used in place of the

unk( nown fractal function f
�
 (x� , � y� )

�
 and the approximation is

k
)
nown to be valid by the Collage Theorem [1].

The process is fractal because of the self-similarity
in
�

herent in v� k
� . The mappings form an ensemble of functions

whi� ch, when i terated or otherwise rendered [5] , f orm an
a pproximation to the image. Usually the tiling of the image
is by squa

�
re or rectangular child blocks, and i t is often

a ssumed that p�
k

�  is a simple brightness level. Much work has

c� oncentrated on reducing the complexity of searching for the
be

�
st parent to map onto each child [6, 7].

An alternative approach uses more complex basis
f

*
unctions [7, 8] and restricts or even eliminates searching.

Suc
	

h an approach is the Bath Fractal Transform (BFT) [9,
10] with which a pre-determined tiling without searching
g+ ives the greatest accuracy at a given compression ratio,
whe� n used with a quadratic basis. In combination with the
Accurate Fractal Rendering Algorithm (AFRA) [5], the BFT
has been used for real time fractal video [11]. 

 Covered by tiles
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Figure 1. Fractal transforms apply contraction mappings
of parent blocks onto child blocks.
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2.  IMPLICIT FRACTALS

I
3
n thi s w ork we i mprove  the pe rform ance of

non-searching fractal compression by allowing any relative
p4 osition of child block and parent block provided the child
i
�
s local t o the parent. We start from the observation that
fr
*

actal terms enhance edges in  images provided the
a lignment of the edges in the mapping is correct. To exploit
t
�
his, we determine the dominant edge of the child block from
t
�
he basis functions alone, using a mathematical model of the
e� dge. We position the parent block so that the edge passes
t
�
hrough it in the same relative position, as i llustrated by
Fi
1

gure 2. The method applies to any choice of basis functions
a nd to any image partition. 

O
5

nce the coder has calculated the basis coefficients for
a  child block, the same process of edge determination and
matching to find the parent can be carried out as will be used
i
�
n the decoder. The coder can then decide whether using a
fractal term will improve the rate/distortion characteristic of
t
�
he i mage. The compressed code contains only the f ractal
c� oefficient e� k

� ,�  because the offset of the child within the parent

wi� l l be computed by the decoder from the same information
t

�
hat was used by the coder.

The coder froms a non-fractal approximation to all or
p4 art of the image by any coding method.  The code for any
image block adds ∆b

�
 bits to the total image code, and

increases its total MSE by ∆MSE. If the slope of the rate
di

�
stortion curve is determined numerically by the coder as it

c� ompresses a partition of the image, then the terminal slope
∂

6
MS

7
E ⁄

8
 ∂

6
b

�
 is know quite accurately, point A

�
 in Figure 3.  The

co� der can t hen examine each i mage block t o determine
wh� ether a f ractal term will improve the compression. It is
as sumed that th e t erminal slope w ill  n ot be altered
a ppreciably by this process. 

 If  a fractal is used, it will contribute further bits, ∆
9

b
�

fr
:

ac

a nd improve the image MSE by ∆MSEfra
:

c. The fractal term

is beneficial in rate/distortion terms if and only if

∆
9

MS
7

Efrac
:

∆
9

b
�

frac
:

  <;   
∂

6
MS

7
E 

∂
6

b
�
 

 
(5

(
<
i .e. is more negative at point A

�
 in Figure 3.)

a s illustrated by Figure 3. The estimate of ∆b
�

fra
:

c can be

c� ompletely accurate, even if entropy coding i s used. The
c� ollage theorem [1, 2] would normally be used to estimate
∆MSEfra

:
c,�  which is not completely accurate although bounds

o! n its accuracy can be computed. The gradient is also more
d

�
iffi cult to compute if the basis functions and the fractal

c� omponent are not orthogonal. 

3
=

.  IMPLEMENTATION AND EVALUATION

To evaluate the method, for p�
k

�  (x� , � y� )
�
 we used a DCT

b
�
asis limited to the 6 terms C00 , C01 , C02 , C10 , C11 and

C20. C00was � quantized to 7 bits, and the other coefficients to

6 bi
>

ts, with a fixed Huffman table derived from a test set of
images. An image is partitioned into 32 x 32 pixel blocks,
a nd within each partition a quadtree structure was formed so
t

�
hat the basis approximation MSE was distributed as evenly

a s possible over the image. Because it seldom occurs that a
f

*
ractal term is used with the initial partition, it is acceptable

t
�
o carry out the fractal selection only as blocks are split.

Gi
?

ven the DCT coeffi cients, we can classify a block as
be

�
ing predominantly horizontal or predominantly vertical by

c� omparing 


C10
 to 


C01

. To apply the implicit fractal, we

se� arch a 2D table using the edge model, which gives the edge
location as a function of the ratios 

r@ xxA  = 




C20

C10




 and r@ yxB  = 





C01

C10




 for a vertical edge and

s� imilarly ryyB  = 




C02

C01




 and rxyA  = 





C10

C01




 for horizontal. 

It can be shown that these ratios are independent of the
in

�
tensity on either side of the edge according to the model

use( d, Figure 4. The location is reflected horizontally and/or
v� ertically according to the signs of the ratios.

T
'

he fractal coeffi cient is then found by solving equation
2

C
 for e� k

� . By the Collage Theorem, f
�
 (x� , � y� )

�
 is approximated by

t
�
he ori ginal pa rent bl ock g�  ( x� , � y� )

�
,�  or thogonalized with

rD espect to the b asis [1, 7] . In our experiments, u sing a

A

Figure 3. A block is selected for fractal enhancement by
the terminal slope of the rate/distortion characteristic.
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inside the parent block. For a strong edge, the parent/child

rJ elationship can be deduced from the basis function.
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Huffman coded fractal coefficient e� k
�  adds less than 2 bits to

t
�
he code of each block i n w hich i t is used. Because the
d
�
ecoder can determine t he fractal offset vectors from the

b
�
asis approximation, the fractal terms are very effi ciently

c� oded. 
Figu

1
re 5 shows the improvement in edge definition that

c� an be obtained i n a synthetic image. The implicit fractal
mK ethod improves all orientations of the edge by computing
t
�
he optimum parent location from the decoded basis function.

In 
3

Table 1 we l ist the results of coding the test image
G
?

old Hill over a range of compression ratios. Figure 6 shows
c� learly the improvement in edge detail obtained in the Lenna
image where the implicit fractal enhancement is applied. 

4.  DISCUSSION AND CONCLUSIONS
W

L
e have in troduced a t echnique for  applying fractal

t
�
ransforms in combination with other image coding methods.
It could be used to improve any image coding system in
w� hich the original and approximated images are available to
t
�
he coder, including wavelet compression. Once an image
has been coded by the basis approximation, one can examine
a ny partition of the image to decide where a fractal term will
improve the rate/distortion characteristic.

W
L

e have incorporated a fractal term in the test examples
o! nly where the L2 measured rate/distortion performance is
not degraded according to our prediction. While the PSNR
is slightly improved over the whole image, in the blocks
a ctually coded with a fractal the improvement will be several
t
�
imes larger, and the visual quality contributed by greater
e� dge definition can be striking, as the examples show. This
s� uggests that the condition for i nclusion of a f ractal term
might be too severe, if the objective is optimum visual
qM uality. I t might be useful, fo r example, t o select fractal
e� nhancement for blocks with significant edges even i f the
PSNR is slightly degraded.

The
'

 implicit fractal m ethod is particularly powerful
b
�
ecause t he offset i nformation can be determined by t he

d
�
ecoder from its reconstruction of the basis approximation.

O
5

ver an entire picture, if only a proportion of blocks are
fractally enhanced at an average compression penalty of 2
bi
�

ts per block, the overall cost per pixel will be negligible.

5
N
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bpp

PSNR
Basis

Appr
T

ox

PSNR
Cen
F

tred
Child

PSNR
Implicit
fractal

Fractal
% of

Picture
Area

Fractal
terms
bpp

0
U

.6 31.39 31.50 31.53 16.1 .028

0
U

.5 30.74 30.88 30.90 16.1 .123

0
U

.4 30.01 30.16 30.18 15.4 .018

0
U

.3 29.15 29.33 29.35 14.8 .014

0
U

.2 28.09 28.28 28.30 13.0 .009

0.
U

1 26.60 26.70 26.71 8.1 .004

Table 1. Implicit fractal applied to the standard test image
G
V

old Hill. 
Figure 4. A simple model of an edge, in which l and r

are the flat intensities on either side of the edge.

l

r
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(a) DCT basis, PSNR 29.14 (b) Implicit fractal, PSNR 29.21 (c) Blocks selected for Implicit Fractal

Figure 6. Detail at 0.2 bpp. The PSNR difference is small, but the implicit fractal improves edges visually.

Figure 5. Edge enhancement with implicit fractals, fixed 16x16 blocks.W  (a) Original. (b) Basis approximation.
(
X
c) Local fractal with child centred on parent. (d) Local fractal with implicit alignment.
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