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Abstract

In fractalcompressionasignalis encodedby theparametersof acontractive trans-
formationwhosefixedpoint (attractor)is anapproximationof theoriginaldata.Thus
fractalcodingcanbeviewedastheoptimizationproblemof findingin asetof admissi-
blecontractive transformationsthetransformationwhoseattractoris closestto agiven
signal. The standardfractalcodingschemebasedon theCollageTheoremproduces
only a suboptimalsolution. We demonstrateby a reductionfrom MAXCUT that the
problemof determiningtheoptimalfractalcodeis NP-hard.To ourknowledge,this is
thefirst analysisof the intrinsic complexity of fractalcoding. Additionally, we show
thatstandardfractalcodingis notanapproximatingalgorithmfor thisproblem.

1 Introduction

Datacompressionis inherentlyan optimizationproblem: the aim is to find the shortest
descriptionof agivendatasatisfyingsomequalityconstraintor, viceversa,to find thebest
quality representationfor a givensize. Usuallyonerestrictsoneselfto a specifictype of
representation,e.g.,vectorquantization,transformcodingor fractalcoding.Sincetime is
anothercost factor in a compressionschemebesidesquality andsize, it is of interestto
analyzethetime neededto find theoptimalrepresentationwithin a givenscheme.In other
words,it is usefulto analyzethe computationalcomplexity of the involvedoptimization
problem.It is of specialimportanceto examinewhethertheproblemmaybegenerallyin-
tractable,i.e.,NP-hard.In thiscasetheresultwouldprovideanadditionalstimulusfor the
designof approximatingor heuristicalgorithms.Previouswork in the field of datacom-
pressionandcomplexity hasshown that,e.g.,optimalcodebookdesignin vectorquantiza-
tion is NP-hard[1] asareversionsof optimalpruningfor treestructuredvectorquantizers
[2]. For acomprehensive list of NP-hardoptimizationproblemssee[3].

This paperis concernedwith theoptimizationprobleminvolvedwith fractalcompres-
sion. Fractalcompressionis a lossydatacompressiontechniquewhich attractedmuchat-
tentionin thelastyearsmainlyfor its usein imagecompression.For ageneralintroduction
to this topicsee[4, 5].

In thispaperwe analyzeone-dimensionalsignalcoding.In fractalcoding,a targetsig-
nal T is partitionedinto disjoint rangesr i

��� m � i � 1 ��������� nr , thusT �
	 r1
� r2
��������� rnr � �� m� nr . A domain is a signal block with twice the size of a range. The domainpool

1Thispaperappearsin ProceedingsDCC'97 DataCompressionConference, J.A. Storer, M. Cohn(eds.),
IEEEComputerSocietyPress,March1997.
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containsthe nonoverlappingdomainsthat are unionsof ranges,i.e., d1 �	 r1
� r2 � � d2 �	 r3

� r4 � ��������� dnd ��	 r2 � nd � 1
� r2 � nd � , wherend ��� nr

2 � . Let �di denotethem-dimensionalvector

obtainedby down-filteringdi – thek-th componentof �di is themeanof the 	 2k � 1� -th and
2k-th componentof di. In standardfractalcodingfor eachranger i thedomaind j is sought
thatminimizesthesquarederrordistortionunderanaffinemapping,i.e., thatminimizes�

r i ��	 s � �d j � o � 1 � � 2 �
where1 ��	 1 � 1 ��������� 1� ��� m,

	 s� o� � arg min
s� o �! 

�
r i ��	 s �"�d j � o � 1 � � 2 �

ands is clampedto #$� smax
� smax% � 0 & smax & 1. s is called the scalingando the offset

parameter.
Thesequenceof triplets 	 adr i

� si
� oi � i ' 1 �)(*(*($� nr , specifyingtheaddressadr i of thedomain

that hasbeenchosenfor ranger i togetherwith the scalingandoffset parametersfor the
affine mapping,representsa contractive transformationf whosefixed point Ω f , called
attractor, is anapproximationof thetargetsignalassuggestedby theCollageTheorem[6].

Theabove mentionedschemeis usuallycalledcollage codingsinceit searchesfor the
transformationf thatminimizesthecollage error

�
T � f 	 T � � 2. Clearly this problemcan

besolvedin polynomialtime. But, on theotherhand,theremaybeanattractorΩ f + , which
is closerto signalT thanΩ f , eventhough f , hasa largercollageerror.

Thesetof possiblefractalcodesfor asignalT is

Π �.- f ���	�	 adr1
� s1
� o1 � ��������� 	 adrnr

� snr
� onr ���0/ 1 1 adr i 1 nd

� si
� #$� smax

� smax% � oi
�2�03 �

f , is anoptimalfractalcodefor thesignalT if theattractorΩ f + of f , satisfies�
T � Ω f + � 2 � min

f � Π

�
T � Ω f

� 2 �
Thenumberof differentdomain-rangeassignmentsin Π aloneis 	 nd � nr �4� nr

2 � nr � Thus,
even with a finite set of admissibles and o valuesthe numberof feasiblecodesgrows
exponentiallywith thenumberof rangesor thesignallength,respectively. We show that
theproblemof finding theoptimal fractalcodein Π is NP-hard.For our analysiswe can
assumethat thesignalcontainsonly integervalues.We alsonotethat thecomputationof
theattractorΩ f given f canbecomputedin polynomialtime.

Let us formally definethe problemof optimal fractal codingasa decisionproblem,
calledFRACCODE:

INSTANCE: SignalT ��	 r1
��������� rnr � , eachranger i is anm-dimensionalvectorwith integer

components,positivenumberD.
QUESTION: Is thereanelementf � Π whoseattractorΩ f satisfies

�
T � Ω f

� 2 1 D ?

Therestof thepaperis organizedasfollows. In sections2 and3, wegiveapolynomial
reductionfrom MAXCUT to FRACCODE, thusshowing the NP-hardnessof this problem.
Thebehavior of collagecodingasanon-approximatingalgorithmis analyzedin section4.
In section5, weconcludethepapersummarizinganddiscussingthemainresultsaswell as
raisingsomeopenquestions.
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2 The main theorem

In this andthenext sectionwe will show thatfinding anoptimalfractalcodeis at leastas
hardassolvinganinstanceof (unweighted)MAXCUT. MAXCUT is definedasfollows:

INSTANCE: Undirectedgraph 56�7	 V � E � with nv verticesandne edges,positiveintegerk.
QUESTION: Is therea partitionof V into disjoint setsV1 andV2 suchthat the numberof
edgesthathaveoneendpointin V1 andoneendpointin V2 is at leastk?

SinceMAXCUT is known to beNP-hard(cf. [7]), it thenfollows thatoptimal fractal
codingis alsoNP-hard.

The reductionfrom MAXCUT will proceedasfollows: givena graph 58�9	 V � E � we
will constructin polynomialtime asignalT 	:5 � anda functionD 	:5 � k � monotonicallyde-
creasingin k, suchthatthefollowing holds:

Theorem: 5 hasa cut of size ; k <�= > f � Π with attractorΩ f , such that
�
Ω f �

T 	?5 � � 2 1 D 	:5 � k� .
Thus,thequestionwhetherthereexistsa cut of a givencardinalityk is reducedto the

questionwhetherthereis anattractorΩ f thatis closerto agivensignalthanD 	:5 � k � .
Theconstructionof T 	:5 � andD 	:5 � k� will begivenin thissection.Fromtheconstruc-

tion it will follow immediatelythat

Lemma 2.1: 5 hasa cut of size ; k �@= > f � Π with attractorΩ f , suchthat
�
Ω f �

T 	?5 � � 2 � D 	:5 � k� .
Combinedwith Lemma3.1,shown in thenext section,thisprovesour theorem.

2.1 Construction of T ACB�D
ThesignalT 	?5 � will consistof severalsegmentsthatwill berepresentedasstaircasefunc-
tionsin thefiguresandin ourdiscussion.In thefollowing, we describethedesignof these
segmentsandgivea rationalebehindtheconstruction.

First of all, eachvertex of thegraph 5 will berepresentedby a distinctsignalpart,the
vertex ID. IDs pertainingto differentverticeswill differ significantlyfrom eachother. This
enforcesthatonly signalpartswith thesameID canbemappedto eachother.

ThesignalT 	:5 � is obtainedby concatenatingthefollowing signalparts:

E SignalsegmentS1 containsfor eachvertex v � V four rangesasshown in figure1a).
The first andthird rangescontainthe vertex ID for v, the secondandfourth range
containcomplementarysignalsusedasflags, calledF1 andF2.

E SegmentS2 containstwo rangesfor eachvertex v (cf. figure1b)). Thefirst half of
thefirst rangeis againthevertex ID of v, shrunkto half its original width. Therest
of thetwo rangesequalszero.
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E In thethird segment,S3, for eachedge	 vi
� v j � � E wehave thefollowing two ranges

(cf. figure1c)): Thefirst quarterof thefirst rangeis theappropriatelyshrunkvertex
ID of vi , thefirst quarterof thesecondrangecontainsthevertex ID of v j . Therestof
therangesis zero.

E The fourth segment,S4, containstwo rangesfor every edge 	 vi
� v j � � E (cf. figure

1d)). Both containthe (shrunk)vertex IDs of vi andv j . Next to thevertex IDs are
placedcopiesof theflags.In onerange,thesearetheflagsF1 andF2, in theotherF2

andF1 (in thisorder).

The amplitudesa1
��������� a4 of the signalare relatedby a2 � s1 � a1

� a3 � s2 � a2
� a4 �

s3 � a3. Furthermore,we setbi � aiF
2

for i � 1 ��������� 4. Thus,all parametersarecompletely
determinedby a4

� s1
� s2
� s3. We seta4 to somearbitrary, but fixed,constant.Thevaluesof

thesi will bedeterminedin section3. Note thatdueto this definition thesignaldoesnot
necessarilyconsistof integervalues.Theassumptionis that theparameterscanbescaled
by somesufficiently largefactorandthenrounded.

Wenow sketchhow theoptimalattractorfor T 	:5 � is relatedto thesizeof thecutof 5 .
Let usassumethat therangesof Si have to becodedby domainsfrom Si � 1 for i � 2 � 3 � 4,
andS1 is givenassideinformation.As saidbefore,theID designleadsto thepropertythat
anID mismatchwill beverycostly. Thus,for eachrangein S2 theonly possibledomains
arethetwowith correspondingID in S1. Bothcontributethesamedistortionin theattractor.
Selectingoneof themfor eachrangecorrespondsto thepartitioningof V into V1 andV2.
The flag (F1 resp. F2) associatedwith a vertex v thereforeindicatesto which setof the
partitionv belongs(V1 resp.V2). Again, eachrangeof S3 hasto becodedby thedomain
of S2 with thesamevertex ID. In theattractorthis third segmentcontainstheinformation
which edgesof the graph 5 belongto thecut. ThesegmentS4 will beusedto countthe
numberof theseedges.An edgein thecut consistsof a pair of verticesto which different
flags(F1 andF2, or vice versa)have beenassigned.In thatandonly in thatcase,we can
find anexactmatchfor oneof therangesin S4 belongingto thatedge.Thus,theerrorof
theattractoris coupledwith thesizeof thecut.

2.2 ID design

To make thingsexplicit, we now give the remainingdetailsof our construction.The IDs
arebuilt usingthefollowing lemma:

Lemma 2.2: For eachn �2G thereexistsabinarycodewith n codewordsc1
��������� cn, eachof

length HI� O 	 n� , suchthatfor i J� j theHammingdistancesdH 	 ci
� c j � anddH 	 ci

� c j � equalHLK 2. ci denotesthebinarycomplementof ci .
Proof: We will show by inductionthatthelemmaholdsfor n �MHI� 2m for all m �NG . For
all othern simply choosen of thecodewordsconstructedfor size2 O lognP . To begin thein-
duction,c1 � 0 is suchacodefor n � 20. For n � 2mQ 1 take theset - cici

� cici /1 1 i 1 2m 3 ,
wherethe 	 ci � i ' 1 �*()(*(�� 2m form acodeof thedesiredtypeof length2m. Thisgivesanew binary
codeof size2mQ 1 thatis easilyshown to have thedesiredproperty. R
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Let 	 ci � i ' 1 �*()(*(�� nv be a binary codeof nv codewordsconstructedas in lemma2.2. The
binarycodeC : �7- cici /1 1 i 1 nv

3 not only hasthepropertythattwo differentcodewords
differ in half their bits,but alsohasthefollowing featureswhich we will usein our calcu-
lations:E Everycodewordconsistsof H 0sand H 1s.

E For two differentcodewordsp � q � C the following holds: for all i � j � - 0 � 1 3 there
areexactly S2 positionswherep hasa i-bit andq hasa j-bit.

Whenoneinterpretsthe0sand1sof thebinarycodeC as � a1 and � a1 respectively,
this providesus with nv vertex IDs that have a linear lengthrepresentationandthe prop-
erty thatanID mismatchwill introducea largedistortion. We addconstructionsegments
S0 � 1 ��������� S0 � L, with L � O 	 lognv � , to thesignalin orderto have all ingredientsfor coding
segmentS1 withoutany distortion.WesetS0 : � S0 � 1 ����� S0 � L.

For the edgecountingwe alsoneedan extra block in S3 of the shapeassketchedin
figure1e).Of course,thisalsoleadsto theadditionof someconstructionblocksin segments
S0
� S1
� S2. Detailsareomitteddueto spaceconstraints.

2.3 Constructing an attractor

For thesignalT 	:5 � � S0S1S2S3S4 asdescribedabovewenow givea transformationf that
will beusedto defineD 	:5 � k � .

First of all, the segmentS0S1 can be codedwithout any distortion. By hypothesis,5.�T	 V � E � hasa cut of cardinalityk by partitioningV into V1 andV2. For a rangein S2

wechoosethedomainin S1 with thesameID andtheflagsetin accordancewith thegraph
partition.Thescalingandoffsetaresetto s � 2

3s1 ando � 0. In this way theheightof the
attractoris 2

3 theheightof theoriginalsignalin S2 (seefigure1f). Thus,thetotaldistortion
of Ω f in segmentS2 is nv � 16a2

2. (Seecase2 in theproofof lemma3.1for how to derivethis
value.)

For eachrangein S3 we choosethe correspondingdomainof S2 and scaleit using
s � s2

� o � 0. Theerrorintroducedin segmentS3 is ne � 1
12a2

3.
The distortionin segmentS4 dependson the numberk. For eachedgetherearetwo

rangesin S4 differing only in theflags. Dependingon whetheror not anedgebelongsto
thecut,wedo thefollowing:E Edge belongsto cut. In this case,oneof the two rangescanbe codedwithout any

distortionby thecorrespondingdomainin S3. Thesecondrangewill becodedby the
extrablockmentionedabove(s � s3

� o � 0) yieldinga distortionof 1
4a2

4.

E Edge doesnot belongto cut. In this case,we codebothof therangesin S4 with the
correspondingdomainin S3 (s � s3

� o � 0) yieldinga totalerrorof 5
12a2

4.

Thus,thetotalerrorintroducedin segmentS4 is 	 14ne � 1
6 	 ne � k��� a2

4. WedefineD 	?5 � k � as
thedistortionmadeby theattractorin all segmentsof thesignal:

D 	:5 � k� : � 1
6

nva
2
2 � 1

12
nea

2
3 � 	 14ne � 1

6
	 ne � k ��� a2

4

Thisfinishesourproofof Lemma2.1. R
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3 The main theorem, continuation of proof

Lemma 3.1: 5 hasa maximal cut of size k �@= U f � Π with attractorΩ f such that�
Ω f � T 	:5 � � 2 1 D 	:5 � k � 1� .

Proof: Assumethat,on the contrary, suchan attractorΩ f doesexist. From Lemma2.1
we know thereis an attractorΩ with

�
Ω � T 	:5 � � 2 � D 	:5 � k � . Obviously, Ω f is closer

to the original signalT 	?5 � than Ω. Consequentlyit must approximateT 	:5 � betteron
at leastoneof the segmentsof the signal,S0

� S1
� S2
� S3
� S4. By settings1

� s2
� s3, depend-

ing only on the input graph 5 , we will enforcethat the error /�/Ω f � T 	:5 ��/�/ 2 is at least

/�/Ω � T 	:5 �V/�/ 2 � 1
2 	 D 	:5 � k� � D 	?5 � k � 1���XW D 	?5 � k � 1� . Thus,ourhypothesisis falseand

thelemmais proven.

For the following discussionlet us assumethat the rangesof S2 have to be codedby
domainsfrom S1, rangesfrom S3 by domainsfrom S2 andrangesfrom S4 by domainsfrom
S3. At theendof theproofwewill indicatehow to removethis restriction.

Case 1: Ω f is betterthanΩ onS0 or S1

SinceΩ andT 	:5 � donot differ onS0 andS1, no improvementis possible.

Case 2: Ω f is betterthanΩ onS2

For simplicity first assumethat Ω f is identicalto T 	?5 � on partS1. For a rangethereare
two possibilitiesfor choosingadomain:

1. Whenmappinga domainwith a fitting ID segment,theincurrederroris (depending
onscalingfactorsandoffseto)

E 	 s� o� � 1
4

Y 	 a2 ��	 a1s � o��� 2 � 	Z� a2 ��	Z� a1s � o��� 2 � 	 b1s � o� 2 � 	Z� b1s � o� 2 [
Solving this equationfor the optimal valuesof s ando yields s � 2

3s1
� o � 0. This

leadsto anerrorof E 	 23s1
� 0� � 1

6a2
2 for therange.

2. Whenmappingadomainwith anincorrectID segmentona range,theerrorwill be

E 	 s� o� � 1
8

Y 	 a2 ��	 a1s � o��� 2 � 	:� a2 ��	Z� a1s � o��� 2 � 	 a2 ��	Z� a1s � o��� 2 �
	Z� a2 �\	 a1s � o��� 2 � 2 �]	 b1s � o� 2 � 2 �]	Z� b1s � o� 2 [

Again,solvingfor optimals� o yieldss � o � 0 with anerrorof E 	 0 � 0� � 1
2a2

2, three
timestheerrorincurredwhenmatchingcorrectIDs.

Thus,theerrorof Ω f on S2 is at least 	 n � 2l � � 16a2
2, wherel is thenumberof incorrectID

assignments.We chooses2 sosmallthattheerrormadeby oneID mismatchis largerthan
theerrormadeby Ω onsegmentsS3 andS4:

2 � 1
6

a2
2 W 1

12
nea

2
3 � 	 14ne � 1

6
	 ne � 0��� a2

4 <2= s2 & 2^ 	 1 � 5s2
3 � ne



OPTIMAL FRACTAL CODINGIS NP-HARD 8

Therefore,l mustequalzero,sinceotherwisetheerrorincurredin segmentS2 alonewould
belargerthanD 	?5 � k � .

Let usnow dealwith theassumptionthatΩ f equalsT 	:5 � onsegmentS1. Notethatthe
differencebetweenΩ f andT 	:5 � onS1 hasto belessthanD 	?5 � k � , andthisvaluedoesnot
dependon s1. By choosings1 sufficiently small,we canassurethattheerrorof D 	:5 � k � is
verysmallrelative to a1. This relativeerrorwill thenchangeour calculationsslightly. But
by scalings1 we canmake thesedifferencesarbitrarily small,in fact,significantlysmaller
than1

2 	 D 	:5 � k� � D 	?5 � k � 1��� .
Case 3: Ω f is betterthanΩ onS3

Weuseasimilarargumentasin case2.
First,wecanassumethatΩ f looksessentiallylikeΩ onS2. Thisisbecausebychoosing

s2 small enough,any differencethat is noticeableafter scalingdown a domainfrom S2

would meana largeadditionalerror in thedomain,larger thanany potentialsavingsin S3

andS4. Detailsof thisargumentwill begivenin thefull versionof thispaper.
Secondly, by matchingcorrectIDs onour ranges,we incurexactly thesameerrorasin

Ω. On theotherhand,by choosings3 smallenough,wecanassurethatif we useincorrect
IDs, theerrorwill belargerthantheerrormadeby Ω in S4 (whichdoesnotdependons3).
Thus,thetotalerrorwouldbelargerthantheerrorof Ω.

Case 4: Ω f is betterthanΩ onS4

Again,wecanassumethatΩ andΩ f look ' thesame'onsegmentS3.
We will now examinetheerrorthatpossibledomain-rangepairingswill incur. To this

end,we distinguishtwo cases:first, if anedgebelongsto thecut, i.e., theflagsof thetwo
verticesaredifferent,andsecondly, if theflagsarethesame.

1. Edge belongsto cut. In this case,oneof the two edgecopiesin S4 canbemapped
with error zero. As for the other copy, by computingthe optimal transformation
parametersfor all possibledomainsin S3, weseethatmappingtheextrablockonthe
rangeyieldstheminimumerrorof 1

4a2
4.

2. Edge doesnot belongto cut. In this case,thereexistsno exactmatchingdomainin
S3 for the two edgecopiesin S4. Thus,theserangescanonly becodedwith a mis-
matchedID, wrongflagor theextrablock. By computingtheoptimaltransformation
parametersfor all possibledomains,we seethat the error for eachof the two edge
copiesis at least 5

24a2
4 for a totalof 5

12a2
4.

Thus,theerrorof Ω f in S4 is at leastne
1
4a2

4 � 	 ne � k� 1
6a2

4 which is exactly theerrorof Ω.
It remainsto be shown how to assurethat rangesfrom segmentSi areonly codedby

rangesfrom segmentSi � 1 for i � 2 � 3 � 4. This canbeachievedby a slight modificationof
thesignalT 	?5 � . All considerationsmadesofar will still remainvalid. All we have to do
is to changetheIDs slightly. Weadd,for example,at theleft endof theID apeakof height
h andwidth δ (cf. figure2). Therestof theID is shrunkaccordingly. Observe thatat the
left endof the rangesin S2

� S3
� S4 we now have a peakof width δ

2
� δ
4
� δ
8, respectively. By

choosingh sufficiently large,we canachieve our goal: If, for example, f mapsa domain
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from S3 to S2, it will mapapeakof width δ
8 (thewidth is halved)onapeakof width δ

2. If h
is chosenlargeenough,thiswill leadto anarbitrarily largeerrornomatterwhattherestof
thedomainandrangelook like. Thisconsiderationconcludesourproofof lemma3.1. R
4 Collage coding

In this sectionwe demonstratethat collagecodingis not an approximatingalgorithmfor
theoptimizationproblemof fractalcoding.

Lemma 4.1: For every∆ �_� Q thereexistsasignalT andatransformationg � Π suchthat

�
Ω f � T

� 2 W ∆ � � Ωg � T
� 2 �

where f is thetransformationthatgivesthebestcollageerror
�
T � f 	 T � � 2.

Proof (Sketch): For eachrangethestandardalgorithmlooksfor thebestmatchingdomain
in a 'greedy' mannerwithout taking into accountthedependenciesbetweendifferentdo-
mainrangeassignments.Thiscanbeseenby codingthesignaldepictedin figure3, where
rangesarenumbered1 � 2 ������� . Whentheai areappropriatelychosen,we canforcethecol-
lagecoderto encodetherangesin Si by domainsin Si � 1 for i � 2 � 3 � 4. Theonly 'choice'
for anattractoris to decidewhichdomainof S2 is to bemappedon therangesin S3.

In onecase,if domain(3,4) is mappedonranges7 and8, thewholeof S4 canbecoded
withoutany distortion.This is mappingg.

The othercase– (5,6) is mappedon 7 and8 –, will leadto a large error in S4. The
collagecodercanbeforcedto usethischoicein f by makingthetransformationfrom (5,6)

h

h>>a1

a1

δ 1 - δ

Figure2: Addinga peakto
theID

   ...

a

1 2 3 4 5 6

7 8

9 10 11

a

a a

1
2

3 4

S S

S S

1 2

3 4

Figure3: A hardsignalfor collagecoding,consistingof seg-
mentsS1

��������� S4
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to 7 and8 justa little bit cheaperthanthetransformationfrom (3,4) to 7 and8. By adding
many copiesof range9 to S4, weseethatthedistancebetweentheattractorfoundwith the
collagebasedschemeandtheoptimalattractorcanbemadearbitrarily large. R
5 Conclusion

In thispaperwehaveexaminedfor thefirst timetheintrinsiccomplexity of fractalcoding.
Wehaveshown thatfindinganoptimalfractalcodefor agivensignal– theinverseproblem
of fractal coding– is NP-hard. Consequently, thereexists no algorithmthat solvesthis
problemfast, i.e., in polynomial time, unlessP = NP. Additionally, we have shown that
collagecodingis notanapproximatingalgorithmfor thisproblem.

Whatdoesthis resultimply for currentresearchin fractal coding?First notethatour
proof readilycarriesover to higherdimensionalsignals,in particularto (two-dimensional)
images.We areawarethatour transformationparameterss ando arecontinuous,whereas
in an implementationthey will have to bediscrete.But, in fact, the transformationscon-
structedin section2 useonly a finite numberof parametervalues. Thus, the problem
remainsNP-hardwhena finite setof admissibleparametervaluesaregivenasadditional
input. Our resultshows thatanalgorithmsupposedlysolving the problemin polynomial
time cannotbe a simplemodificationof existing ones. To build suchan algorithm,one
thereforehasto deviatefrom ourmodelin somesignificantway.

We closewith someideasfor further research.First, it shouldbe examinedwhether
theboundsin ourproofcanbestrengthened.Secondly, oneshouldconsiderrestrictionsof
theproblem,e.g.,with fixedscalingfactor, or input signalswith a certainregularity. And,
finally, thenext stepafterproving a problemNP-hardis to determinewhetherit admitsan
approximatingalgorithm.
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