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Abstract

The Discrete Fractal Transformation has recently
emerged as a powerful technique for coding images. The
scheme works by dividing an i mage into bl ocks and mak-
ing use of a c ontraction mapping by which the domain
blocksar em appedi ntor ange blocks. During this
processitis usual to filter the domain blocks. In this
work, we show how a changein the filtering procedure
can improve the image quality of fr actal coding methods
based on them entionedt ransformation. A fter a
presentation of thed iscrete fr actal tr ansformation, we
explain the change and we apply it to the quadtree-based
fractal scheme obtaining improvementsin PSNR that can
reach 1 dB when compared with the results obtained by
traditional filtering.

1. Introduction

Fradal coding consists of mapping the domain blocks
into range blocks in which animage is previously divided
asdescribed in [1], [2] and [3]. Usudly these blocks have
thes ames hapeb ut th eir sizes are different and to
compensate this difference a k ind of lo wpass f iltering,
followed by decimation, is p erformed. Th e mapping is
mack by means of a contractive Discrete Fradal Trans-
formation and the coding scheme makes the assumption
that i mages are piecevise sdf-similar [ 1]. Th ef radal
coding schemes based on this transformation exhibit, in
general, lo ng compression time to obtain good quality
images when compared with wdl k nown algorithmsas
those based on the Discrete Cosine T ransform. Severa
works [1] were developed to reduce the compression time
without decreasing significartly the image quality. In this
paper, w e s how h ow a mo dification in th e filtering
procedure of the domain blocks can enhance the image
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quality, which is measured by the PSNR (Peak Signal to
Noise Ratio).
2. Thediscrete fractal transformation

Fradal compression algorithms are derived from the
Iterated Function System (IFS) theay developed by
Barndey [4] and Hutchinson [5]. However, images pro-
duced by these systems are sdlf-similar and, in general,
real world images do not have this charaderistic. Thus,
the notation usedin th eoriginal | FSth eoryis n ot
adequate for application in digital image compression. A
more efficient notation is provided by the Discrete Fradal
Trarsformatian. We begin giving definitions of animage
and an associated metric space,which are usedto define
a Discrete Fradal Transformation as proposed by Fisher
in [1]. Then its application to fradal image compression
is briefly explained.

Definition 1 Let X and Y be positive integers. Define
thes et S=XxY where X={012,...,.X-1 and
Y={012,....Y-1. Let f beafundion from S to R,
where R is the st of real numbers. An image
L O(SxR) is the graph of the function f:S— R, that
is, L ={((x,y), f[x,y]) OSxR. S is called the support
of theimage L . The notation f[[ is used to indicate that
f is a dscrete two-dimensional function.

Definition 2 Let P be the set whose points are images
with the same suppat S. Define a méric for the spae P
by dp(f,9) =max|f[x,y]-d[x yll:(x,y) OS}, for all
f,gEP. Then (P,d;) isthe metric space of images.

A metric spaceis a set (space) together with a real-
valued f unction, w hich meaairesth edistance between
pairs of points on this space.



Definition 3 Let D,,D,,...,Dy and M;,M,,...,M be
non-empty subsets of S swh that S=U¥,M,; ard
M;nM,; =0 fori#j. Let (P,d-) be the metric space
of images. Let f EIP and ddine the W operator by

WE)Ix vl =a[xl flulxly ]+b[x) ,

where a; is a function from M; to the real interval
[0 maw O maxl» W IS @ function from M; to D;, b; is a
function from M, to R and, (x,y) OM; for i=12,...,
N. a.. iS a non-negative real condant. The funcion
W:P - P iscdled adiscrete fractal transformation.

It can be shown that W has a unique fixed pant
fw OP swch that WF, = f,, and lim,,_ ., W™f = f,, for
all f OP. This comes from the fact that (P,dp) is a

complete metric spaccand W is a @ntraction map in
(P,dp) [4].

Definition 4 We say that a map®8.E — E in the meric
space (E,d) is econtractive if, for m=1, there is s [0, 1)
such that

d(8™(x),0™(y)) <sd(x,y)

for all x,yEE. When this occus for m>1 we say that
the mapis eventually contractive.

This is the key of fradal image compression. If we can
finda W suwh that f,, is dose to a gven image f,
where cl oseresi sm easuredb yt he d, mdric (in
pradice, it is used the Euclidean metric or the rms metric
[1]), then we can take W asa fradal representation of f .
Compression is achieved if W can be sored compactly.

Pradical implementations of fradtal compression algo-
rithms adopt f or th es calef unction a;:M; = [0
..] and for the offset function B:M; - R congant
valuesfor i=212,...,N. That is a[x y]=qa;, ard
Bx,y]=B; for ech (x,y) EM,;, where a; ard (; are
congants. Thefunction u;:M; — D; allows that rotated
versions of the domain blocks f[D;] be compared with
the range Hocks f[M;] during the coding process. In the
quadtee pattition scheme[1] th e suppat of the sub-im-
ages f[M;] ard f[D;] have square shape. Using mattix
notation we can write f[M;] and f[D;] as

u Hf,'g ug()m -1) _[l] u 58(), 6(()l()D—l) _[l]
u : . : O ard : : O
D . . . D D . D

ER‘ RN Hﬁ'& ~1)(M-1) E Ell;-l)o 653‘1)(9‘1) E
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respectvely, where D=2M is a canmon choice. Thus,
we heed to downsample the domain blocks before com-
parethem with th e r ange blocks. However, if we only

downsample th ed omainb locksu Sing 8’ =82,
where k,1=0,1...,M -1, toap proximateth e p®
values, we may obtain aliasing. Filtering th ed omain
blocks b eiored ownsampling ¢ an r educe th e aliasing.
Making 8 = ¥ h-0Eq-00(kspasq IS Euivalent to a
lowpass filtering followed by downsampling by four and
this reduces the mixing of low and high frequencies. I n
fact, the use of the averagng filter results in better en-

coded images, that is, we have an improvement in the
PSNR

3. Modified discrete fractal transfor mation

Since the arithmetic average corresponds to a type of
lowpass filtering, high f requency attenuated v ersions of
theregions f[D;] are being mappel into regions f[M;]
that are not filtered. Then reducing the lowpass effect of
the average in the domain blocks we expecttohavea
better reproduction of th er ange blocks. H owever, this
effect can not betotally eliminated because we need to
map blocks with 2M x 2M points into blocks of M x M
points. A way to address this problem is to multiply the
average value abovementioned by factors greater than
one. Hence, we can adopt

Oy el w1 50
8’ = Ai 3 Ep-0 Lg-00(k+p)(2+a) »

where A; > 1. This madification in the filtering process is
equivalent to have a,,, > 1. This gives us some explana
tion for the fact observed by Fisher [ 1] th at allowing
O ey > 1 produces better encoded images.

When the domain blocks are sufficiently band limite d
there is no aliasing and they have a greater potential to
apporoximatea g iven range block. I nthis case, only a
stretch by two in frequency, caused by the downsampling
process, and a scaling in amplitude, caused by the filter-
ing process, affect their original spectrums. Scaling these
filtered ard downsampled domain blocks by factors less
than one, we reduce the amplitude of t heir spectums.
This also reduces the diversity of domain blocks that may
cove agiven range blodk. Allowing scale factors greater
than one, we expand the universe of domain blocks with
spectum close to those of t he range blocks. | ft he
resulting Discrete Fradal Transformation is eventually
contractive the ssquence {W™f:m=0,1,2,...} converges
and w e 0 btain b etter e ncoded images. Then we can
formulate the following question: Is there any specia
valuefor a,,,., greder than one, that can be usedto code



a wide set of images such that the fradal transformation
be ewvertually contractive? The answer may be yesaswe
shall seein the results section.

4. Results

We present here some coding results to verify the ob-
servations mack in the lag section. We want to determine
if we can find an “optimal” a,,, that cen be used for a
wideset ofi mages. W eusea qualtree-based fractal
scheme with two partition levels to code all images. The
range blodks can have sizes of 4x4 and 8x8 pixels. The
domain pool is obtained from a regular grid with a step
equals to the sizeof the domain blocks. The a; values
are quantised with 5 bits and the B; valuesare quantised
with 7 bits. We are using random images for starting the
decaling proces too bservei fw eh aveev entualy
contractive fradal transformations. Wedividea r ange
blodk of size 8x8 into four of size 4x4 if we have an rms
error greater than 8.

We cale a set of seven distinct images of diverse sizes
(see Table 1) using arange o a,,, values that vary from
0.6to 2 .4. A veragngth er esultso f all th ese coded
images we congtruct the graph in figure 1. From this
figure it is easy verified that a mssible optimum value for
Q. IS lOcated between 1.6 and 18. For o, >18, we
begin to have regions in the image that do not converge
and the PSNR reduces drastically. In figure 2, we plot the
averace bit rate of all test images versus o, to illustrate
the canpression rate achieved

Table 1. Images used to obtain the gaphs in figures 1
and 2.

Image Baboon Eltoro, Barbara,
Lena Lena Boas, Zelda
Size 25&(256 51512 72576
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Figure 1: Average PSNR asa function of o g,

In figures 3 to 4, we plot PSNR versus hit rate usng
O =1 and a,, =17 for Barbara ard Boats images.
Infigures5t 07, we present three other graphs for
images that are not used to obtain the graphs in figures 1
and 2. In all images, we can observe an improvement in
PSNR when we use o, =1.7. Moreover, none of these
images presented instahility in convergence for this value
of a.. That is the fradal transformation remained
ewvertualy contractive. | t seens also that the edges are
better r eproduced. W e made e xperiments with several
images obtaining similar behaviour. This reinforces our
clamthat a,, in the range between 1.6 and 18
produces better results while maintaining convergence of
the fradal transform.
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Figure 2: Average hit r atef or th ecoded imagesas a
function of oy

Figure 5. Results for Frog 256x256.1n (i) a., =17 ard
in (i) A,y =10.
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Figure 3. Results for Barbara 720x576.In (i) o, =17
and in (i) o, =10.

Figure 6. Results for Peppes 25&256.In (i) Q. =1.7
and in (i) o, =10.
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Figure 4. Results for Boas 720x576.In (i) Q. =17
and in (i) o, =10.
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Figure 7. Results for Girl 720x576.1n (i) o, =1.7 ard
in (i) oty =10.

5. Conclusions

In this paper, we explain how a change thefiltering
procedure ad opted in th ed ecimation o f the domain
blocks can improve theimage quality of fradal coding
methods based on th e D iscrete Fradal Tr ansformation.
The p reentedr esultss howt hatt he p roposed
modification o btainsimp rovementsin P SNR th at can
reach 1 dB. We also observe that maximum scale factors
lesst han 1. 6 r eduet he coding peformance and
maxmum s calef actorsg reater th anl .8 may cause
instaktlity in the decoding process.
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