
ABSTRACT
One advantage of fractal image compression schemes is

t� heir multiresolution properties. An image can be decoded
a� t higher or l ower resolutions than the original, and it i s
p� ossible to ‘zoom-in’ on sections of the image. Even so the
p� roblem of fractal zooming has received very little attention.
I

�
n this paper we examine these multi-resolution properties.

We study the problem of fractal zooming in general and in
p� articular w ith a  hybrid fractal tr ansform w ith im plicit
f

�
ractal terms. When decoding at a resolution higher than the
o� riginal, artefact can be created which affects the visual
q� uality of the zoomed image. We present one solution to the
pr� oblem of  obtaining clear and sharp edges w here the
o� riginal approximation quality was good. Our enhanced
i

�
mplicit fractal transform method compares favourably with
f

�
r actal  z ooming using pr evious s tandar d fr actal

a� pproximation algorithms.

1.  BACKGROUND

M
�

uch i nterest has fo cused on t he It erated Function
S
	
ystem (IFS) as a method of i mage coding, the theory of

w
 hich is widely available in the literature. [1-6]. To compress
an�  image, define an IFS to be W = {w� k

 ; k
�
 = 1,..., N

�
 },  where

th
�

e w� k
  are contraction mappings, each defined on a subset

A
�

k
  of the image support S

�
. 

Th
�

e attractor of W is a non-overlapping tiling of the
image. A fractal function f

�
 (x� , � y� )

�
,�  i s then defined which

ap� proximates the  image brightness g� (x� , � y� )
�
. An image block

t
�
aken from the location A

�
k

  is referred to as the parent and its

m� apping w� k
 ( A

�
k

  )
�
 is referred to as the child. For each tile the

b
�
rightness function is specified by a recursive mapping v� k



su� ch that

 f
�
 (w� k

 (x� , � y� ))
�

 = v� k
 (x� , � y� , � f

�
 (x� , � y� ))

�
 for (x� , � y� )

�
 in A

�
k

 . (1)

In this work we use mappings of the form

v� k
 (x�

0 + δ
�
x� , � y� 0 + δ

�
y� , � f

�
)

�
 = p�

k
 (x�

0 + δ
�
x� ,  � y� 0 + δ

�
y� )

�
 + e� k

  f
� ~

k
  (δx� , � δ

�
y� )

�

(2)

w
 here (x�
0, � y� 0)

�
 is the bottom left corner of  A

�
k

  and

p�
k

 (x�
0 + δ

�
x�  ,  y� 0 + δ

�
y� )

�
 = ∑ 

i=1

n�

c i b
!

i(δx� , � δ
�
y� )

�
, is�  an approximation

by ba
�

sis functions 

î  b

!
i 



 ,  � e� k

  is the single fractal coefficient

a� nd f
� ~

k
  is the parent block  f

�
k

 (δx� , � δ
�
y� )

�
 = f

�
 (x�

0 +
"  δ

�
x� , � y� 0 +

"  δ
�
y� )

�

ort# hogonalized with respect to the basis. To solve, the known
image g�  is used in place of the unknown fractal function f

�
 and

t
�
he approximation i s k nown to be valid by t he Collage

Theorem if suitable conditions are satisfied [1].
U

$
sually  th e tilin g of the ima ge is  b y square or

re% ctangular child blocks, and it is often assumed that p�
k

  is a

s� imple brightness l evel. Much w ork has concentrated on
re% ducing the complexity of searching for the best parent to
m� ap onto each child [6, 7]. A n alternative approach uses
m� ore complex basis functions [7, 8] and can restrict or even
el& iminate searching. With the Bath Fractal Transform (BFT)
[9, 10] a pre-determined tiling without searching gives the
gre' atest accuracy at a given compression ratio, when used
w
 ith a quadratic basis. I n combination w ith the Accurate
Fractal Rendering Algorithm (AFRA) [5], the BFT has been
us( ed for real time fractal video [11]. 

Child
block
wk(g)

Parent
block
g(Ak)

Figure 1. A local fractal transform, with an edge
aligned ) in the parent and child blocks.
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A recent development [12] is the use of an implicit
pa- rent block location which the decoder can determine from
th

�
e basis coefficients. If the existence of an edge is assumed,

its location can be calculated from the ratios of the low order
DCT coeffi cients using a pre-generated look-up table. The
p- arent block location is then computed so that the edge is
a� ligned in the shrunken parent and child, as in Figure 1. This
implicit parent method has been shown to give a striking
improvement in visual fidelity on some images. In [12] the
i

.
mplicit fractal was used in a near-optimal implementation

in
.

 the rate-distortion sense. Table 1 shows measurements
t

�
aken on the Lena image. The PSNR is slightly higher than

t
�
hat obtained by Fisher and Menlove at similar compression

ra% tios [13], with much lower coder complexity (at 0.2 bpp,
2.

/
8 sec. on a 200 MHz Pentium compared with 1122.1 sec

on a#  Silicon Graphics IRIS 4D/35.)

2. FRACTAL ZOOMING

T
�

he fractal encoding is independent of resolution and a
f

0
inite resolution decoding is  p erformed w ith ite rates

pro- duced at the desired resolution. In this manner the image
or pa# rt of the image may be decoded to a higher resolution
t

�
han the original, producing a ‘zoomed’ image.

To
�

 determine the effects of zooming we chose several
f

0
ractal tr ansforms that w ould r esult in a high fidelity

a� pproximation to the original. We used fixed size 6x6 child

Figure 2. Lena image with zoomed areas marked.

Figure 3. Zooming x16 (x256 pixels) in fractally encoded images with fixed 6x6 child blocks. (a) Original image.
enlar1 ged by pixel replication. (b) Zoomed fractal with DC basis and local searching.(c) Zoomed fractal with

limited cosine basis and local searching. (d) Zoomed implicit fractal.

(a) (d)(b) (c)
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bl
�

ocks with searching over  ±5 c
2

hild block widths for the best
12x12 parent. We implemented a standard fractal transform
a� s invented by Jacquin [2] with a simple DC basis, and also
a�  version with a 2D DCT basis limited to the 6 lowest order
t
�
erms. We co mpared these w i th an  i mpl ici t f ractal

a� pproximation [12] a lso u sing a  fi xed 6 x6 b lock s ize
p- artition. Because the distance of the parent from the child is
li
3

mited in extent, when zooming we need to render only the
a� rea of interest extended by 5 child blocks, rather than the

bpp
4

PSNR
Basis

A
5

pprox

PSNR
Cent

6
red

Child
6

PSNR
Implicit
fr

7
actal

Fractal
% of

8

Ar
5

ea

Fractal
t

9
erms
bpp

4

0.
:

6 35.35 35.29 35.57 10.5 .016

0.
:

5 34.62 34.53 34.80 15.4 .017

0.
:

4 33.68 33.68 33.83 10.1 .010

0.
:

3 32.43 32.42 32.66 13.2 .009

0.
:

2 30.71 30.70 31.07 16.9 .007

0.
:

1 28.13 28.09 28.35 26.3 .005

T
;

able 1. Implicit fractal applied to Lena. 

Figure 4. Cose up of edge in Figure 3(c), showing
misalignment at block boundaries.

(a)

Figure 5. Fractal zooming x16 and enhanced fractal zooming with implicit fractals, using fixed 6x6 child blocks. 
(a) Original image with pixel replication. (b) Zoomed basis image. (c) Implicit fractal zoom. 

(d) Enhanced implicit fractal zoom.

(b) (c) (d)
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e& ntire image which would be huge. This greatly reduces the
c< omputation cost. Figure 2 marks two areas of interest. The
r% esults of zooming on the upper one of these by a factor of
16 in each spatial dimenstion (giving 256 times as many
p- ixels) for each transform are displayed in Figure 3.

F
=

rom these results we make several observations:

1. When edges are well approximated at the origi-
nal resolution they are sharp and fairly well pre-
s� erved in the zoomed images

2.
/

 The ‘t raditional’ DC basis zoom produces sig-
ni> ficant distortion, while the more complex basis,
a� s used in the BFT,  gives more stable decoding for
bot

�
h the local searching transform and the implicit

f
0
ractal

3
?
. Edges d o not alw ays match w ell a t b lock

boun
�

daries (see figure 4).

3.
@

 ENHANCED ZOOMING WITH IMPLICIT
FRACTALS

In [12] the implicit fractal transform, used in a optimal
qA uad-tree implementation provided excellent rate/distortion
results. It was also shown that the performance of fractal
c< oding schemes i s i mproved by us ing implicit parent
locations because they have zero bit-cost. As a result, we give
th
�

e implicit  f ractal tr ansform special consideration f or
zooming.

In [12] fractal terms were only used in a minority of
b
�
locks, in which they improved the PSNR of the compressed

i
.
mage, as in Table 1. When zooming, the non-fractal blocks
a� re less visually satisfactory. For example, in Figure 5 (c),
o# ne block near the top left corner does not have a fractal term
de
B

spite being part of an edge. E lsewhere along Lena’s
s� houlder, ‘notches’ are created by non-fractal blocks, which
a� re propagated by iteration onto neighbouring blocks.

W
C

e improve the implicit fractal zoom by introducing
a� dditional f ractal terms at t he decoding stage. U sing the
m� athematical edge model from the coding stage, we estimate
w
 here edges in fractal blocks will intersect non-fractal
b
�
locks. If two edges meet the sides of a non-fractal block, we

a� ssume that block had an edge i n the original which was
j

D
udged to be too insignifi cant in the MSE sense to be coded,
o# r which was lost when the image was digitised. We then
c< ompute a parent location and fractal coeffi cient based on the
location of the intersecting edges and the coeffi cients of the
fractal blocks. The improvement may be seen in Figure 5 (d).

4. DISCUSSION AND CONCLUSIONS

W
C

e have zoomed on i mages encoded w ith several
d
B
ifferent fractal techniques commonly employed for image

c< oding and compression. The zooming process worked as
e& xpected and all the fractal zooms we produced looked better

t
�
han pixel replication from the original resolution. The fractal

zE oom provides sharp edges in each of the edge blocks which
ar� e reasonably well preserved in  the normal decoding,
a� lthough edges between bl ocks do not always line up.
Inc

F
reasing the number of fractal blocks improved the visual

quaA lity of the zoomed implicit fractal transform.
D

G
etail i ntroduced by zooming is not present i n t he

ori# ginal pi ctures, so t here i s no ‘o riginal’  w ith w hich to
co< mpare. As a result evaluation must be subjective, based on
w
 hether the new detail  is visually an acceptable extension of
t

�
he original. Assuming the original approximation quality is

g' ood we conclude that the zoomed i mage can be visually
s� uperior to pixel replication. We believe zooming on edges
is a key problem in the development of fractal zooming. We
s� ee this as an important area of interest in further work.
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