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A Jointly Optimal Fractal/DCT Compression Scheme

Gerry Melnikov and Aggelos K. Katsagge|d=ellow, IEEE

Abstract—In this paper a hybrid fractal and Discrete Cosine transformation at all and, if it does, the transformation may re-
transform (DCT) coder is developed. Drawing on the ability of quire more bits to be described than the original image. Fortu-
DCT to remove inter-pixel redundancies and on the ability of pately jn many practical applications, some reconstruction error

fractal transforms to capitalize on long-range correlations within . h -
the image, the hybrid coder performs an operationally optimal, in is tolerated. Withe the error between the original and recon-

the rate-distortion sense, bit allocation among coding parameters. Structed images, a lossy version of the encoding is

An orthogonal basis framework is used within which an image . k&

segmentation and a hybrid block-based transform are selected T = klggo T zot+e 3)
jointly. The selection of coefficients in the DCT component of

the overall block transform is made a part of the optimization for any arbitrary initial imagery. When the transformation is

procedure. A Lagrangian multiplier approach is used to optimize  gpplied to the original image, the output'z, is called the col-
the hybrid transform parameters together with the segmentation. lage ofz underT'. A metricd, usually the square norm, is chosen

Differential encoding of the DC coefficient is employed, with the e . .
scanning path based on a 3rd-order Hilbert curve. Simulation to quantify fidelity of the reconstructed image to the original.

results show a significant improvement in quality with respect to AS shown in [6], the collage error, defined dgr, T'z), can
the JPEG standard, an approach based on optimization of DCT be used to estimate the reconstruction error, which is used in

basis vectors, as well as, the purely fractal techniques. the encoding process as the objective function to be minimized.
Optimality of fractal transform coefficients, using the collage
|. INTRODUCTION theorem, was investigated in [9].

RACTAL image coding takes advantage of image self sim- MOSt fractal algorithms, beginning with Jacquin's imple-

ilarities on different scales. The fractal method of compre§2éntation [10], operate on a segmented image consisting
sion is based on the observation that there exists a class of &ti/V nonoverlapping square regioms, called ranges, with
ficial images, such as Mandelbrot and Julia sets [1], which afe = 2_;1 - In order to avoid certain artifacts associated
rich in detail, but contain little information in the sense that the{ith square segmentation, alternative (triangular, hexagonal)
can be generated by the recursive application of scale—varyﬁé@%me”tat'on schemes have been investigated [4], [7], [20].

transformations to some simple initial images. The idea of usidg® Plock-based segmentation, nevertheless, remains the most
image self-similarities to achieve compression is first attripufoPular approach. In a fractal coder, each square range block
able to Barnsley [1]. is encoded by a nonexpansive transformafigfl” = >,_, 7;)

Mathematically, ifz is the image to be encoded, a transforPPerating on the whole image and mapping a domain block,
mationT is sought such that = 27, where d;, twice the size of the range block, onta For egch range
block, the encoder seeks the transformafipoperating on the
zp = lim TFz (1) whole imager, minimizing the collage errdfr; — T;z||, which
koo is much simpler to do for one range region at a time than for
for any arbitrary initial imager,. For a certain class of trans-the entirex at once. The collage theorem guarantees an upper
formationsZT’, this limit exists, in which caser is called the bound on the reconstruction error as a function of the collage
attractor of?". It is also called the fixed point &f becausesr  error and the contractivity df; [6].
is invariant undef’’, i.e., Unlike transform coding methods, where the goal is to decor-
relate pixels in an image region by taking advantage of intra-re-
zr =Tz, @) gion redundancies, the fractal method addresses redundancy on

Compression is achieved due to the fact that usually an initilf region-to-region basis. In other words, the premise is that
imagex, together with a transformatiaH require fewer bits to '0f €very range region, we can find a contractive transforma-
be described than the grey-level image directly. Application PN operating on a different part of the image, which results in
fractal methods to natural images, however, is not straight-fé-C10S€ approximation of the range under consideration. This

ward, since the self-similarity assumption is not always jusff‘-lso means that the amount of distortion in the decoded image

fied, at least not under simple affine transformations. An afS dépendenton how much self-similarity there is present in the

bitrary image is not guaranteed to possess such a construcgl&n image. D?SC”P“O” of the contrqctive transformatign
therefore, constitutes a lossy code for image

, _ _ The structure of each transformation is fixed and consists
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tizers determines how computationally expensive a given fractfjorithm couples code selection and segmentation decisions

algorithm is. In the proposed approach, this cardinality is linemong blocks. A dynamic programming first-order backward

ited through the use of coarse quantizers for domain-range digpendency scheme, described in Section 1V, is used to arrive

placement, the scaling parameter, and by restricting the numbethe optimal sequence of quantizers in a quad-tree (QT) de-

of isometries. composition. Finally, experimental results and conclusions are
Compression achieved by a fractal code is directly relatedpoesented in Sections V and VI, respectively.

the number of transforms. The fewer regions the image is par-

titioned into, and the shorter the description of each transfor- Il. PROBLEM FORMULATION

mation the higher, the compression ratio. On the other handLI_ ] ) )
large range blocks are less likely to be found elsewhere in thel "€ Problem at hand is to simultaneously segment an image

image on a different scale, and the coarse quantization of {RE blocks of variable sizes and, for each, to find a hybrid code
transform parameters leads to larger collage distortion and, $ch that any othgr choice of segmentation and coding parame-
timately, larger error energy at the decoder. With the propost&ds would result in a greater distortion for the same rate, or, al-
method, we let the encoder select the most efficient image pigtnatively, higher rate for the same distortion. Mathematically,
tition, based on the quad-tree (QT) structure, and the most efff @ given imager, we want to solve the following optimiza-
cient quantizer for each block, based on the target rate-distortfin problem:
tradeoff for the entire image.
Blocks for which a good approximation, under a contractive min  D(z, ., r) subjectto R(z, .) < R* (4)
transformation, can be found elsewhere in the image, can be $€5,c€Cs
efficiently coded using a fractal transform, which is designed Pherez. . is the encoded imagd) the distortion metrics a
take advantage of long-range correlations within an image. TR mber of the set of all possible image segmentatinsa
self-similarity assumption which is central to fractals, howevet,emper ofC,, the set of all possible codes given segmentation
may not be justified for all blocks. In thesg cases, s_pending m%r,eR(xS_ .) the bit rate associated with segmentaticand code
bits on the fractal transform, by employing more isometries Qr gnqp+ the target bit budget. The distortion metric chosen here
finer quantizers is not very efficient [7], [19], [14]. is thel,-norm. The constrained optimization problem stated in
The Discrete Cosine transform (DCT) has been the transfo 1) is converted into an unconstrained problem using the La-

of Cho'cef for most qodecs due.to its dec_orrelatlon anld ener lyangian multiplier method. That is the following problem is
compaction properties. Operating on a single block, it can lved

thought of as capitalizing on short-range correlations within an
image. Complicated image features, however, require a signifi- .
cant number of DCT coefficients for good fidelity of represen- s cec., G@s,er A) = {D(@s, e, @) + - Bl o)} ()
tation. The coarse quantization of the DCT coefficients in this
case results in blocking artifacts and unsharp edges. The multiplier A = A", with corresponding optimal segmen-
The complementing nature of the fractal and the discrete dations* and code:*, for which R(z,- .-) =~ R*, can be effi-
sine transforms suggests their joint use when the task at ha&igntly found using the monotonicity of the operational rate-dis-
is the maximal removal of redundancies in an image. One wytion (ORD) curve, as in [21]. The same framework is also
to integrate the two within the same codec is by assigning pawitable for solving the dual problem when the average image
titioned blocks to either of the two transforms. The proposetistortion is constrained and the rate is to be minimized, in
method goes much further by allowing both transforms to op¢hich casek? andD in (5) must be interchanged. Using this for-
erate on the same block in an orthogonal setup. It combimasilation, we overcome a disadvantage of conventional fractal
fractal based coding with DCT coding and within the choseroders which is their inability to provide good rate control when
algorithmic structure, arrives at an optimal code. high fidelity is required. It stems from the fact that allocating
In the proposed approach all coding takes place in the fi@ore bits per transformation, or in other words, by allowing a
quency (DCT) domain. It is the function of the encoder, fogreater domain pool or more isometries, after a certain point,
each range block, to determine the position of the DCT coefees not lead to increased reconstruction quality. With the above
ficients treated as nonzero, i.e., coded using fieeofun mag- formulation, on the other hand, the rate is inversely related to
nitudé mechanism, employed by JPEG. Alternatively, we alsgnd thus can be controlled.
investigate the effectiveness of using a fixed number of predeter-
mined nonzero DCT coefficient sets, which can be described by
indexing. In both cases, the remaining range DCT coefficients
are then approximated by their DCT-transformed domain block The hybrid transformation, proposed in this paper, aims to
counterparts or by zeros, depending on the Lagrangian cost€xploit both short-term and long-term correlations present in a
The Lagrangian multiplier method is used in Section Il téypical image. The stated objective is achieved by making the
convert the constrained problem of finding the hybrid code aé¢o components (fractal and DCT) orthogonal to each other
segmentation which minimize the distortion measure for a givemd by adapting the partition to the image. Among all possible
bit budget, into an unconstrained minimization problem. Separtitions and block quantizers the encoder selects the image
tion Il describes how fractal and DCT transforms can be comartition and the appropriate balance of DCT and fractal trans-
bined in the encoder, based on either dynamic or fixed DCT clwrm per block, such that the overall problem, expressed in (4),
efficient sets. The use of inter-block predictive coding in this solved.

IIl. THE HYBRID TRANSFORMATION
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whereFet; is the “fetch the correct domain block” operatéy,
the isometry operator); the spatial decimation by 2 operator,
DCT; the 2-D DCT transform of sizé&/ x M, Z; the zigzag
scan operator transforming a block into a vector, Bnthe “put

in the correct location” operator.

Let us also denote by aW 2 x 1 vectorr; the zigzag scanned
DCT coefficientsc;y, k=0, ..., M? —1of anM x M range
block. The objective now is to provide a lossy approximation
of each such range block of the original image given an image
partition. We will use theN — 1 low frequency coefficients
in approximating the block but will replace the remaining co-
efficients by the corresponding coefficientsdpin (6). More
— specifically the vector; is approximated by

N-2
rim B dl + Y cik - fik (7

k=0

whered? is the projection ofl; onto the orthogonal complement
of the subspace spanned by the mutually orthogonal vefiars
Fig. 1. Optimal segmentatiodi(= 0.45 bpp, PSN R = 30.33 dB). _for k=0,..., N—2,andg; are scalars. It shoul_d b_e not_ed that
in generalf;; can represent any orthogonal basis, in which case
. c¢;r. are the projection coefficients in that base.
A. Segmentation With the code structure defined by (6) and (7), the task of the

The set of all possible segmentatiofiss restricted to be on e€ncoder is to optimally select, for the range veetooperators
the quad-tree lattice as a compromise between local adaptivitgt: andZ;, and the subspace (with its dimensitir- 1) defined
and simplicity of description. It ensures that the segmentati® vectorsfi.. Clearly, itis desirable to keely — 1, the number
overhead is low, since only 1 bit is required to indicate whethe P4 basis vectorgi;, as small as possible if a high compression
parent square block is split into four subblocks, with no such B@tio is desired. Note that the other operators in (6) are purely
required for blocks of the smallest predetermined size. Keepiflgterministic, i.e., they do not involve any decision making by
all ranges square makes the application of fractal and frequefié§ €ncoder. Similarly, the scalatg, k = 0, ..., N — 2, are
domain methods straightforward. Without lack of generality, fdpund deterministically as lengths of projectionsrofonto the
a 256 x 256 image we use a 3-level quad-tree with the maRasis vectorsis.
imum and minimum block sizes of 16 16 pixels and of 4x A noniterative procedure for finding; in (7) that yields a
4 pixels, respectively. Fig. 1 demonstrates a QT partition of tHast-squares approximation ofin an N-dimensional vector
Lenaimage that resulted from the application of the proposégace is given in [17]. A similar approach was tried in [8] in

algorithm with target rate of 0.45 bpp. which multiple orthogonalized domain vectors were allowed.
DCT domain modeling of range vectors was used in [2], but
B. Code Structure that approach suffered from the lack of orthogonalityipto

vectorsf;i, a prescribed uniform partition, a restriction placed

Making components of the fractal transform orthogonal tgn the scaling coefficient;, and an independent encoding of all
each other carries many benefits [15]. Among these are fast cg@ansform coefficients.

vergence at the decoder, noniterative determination of scalingp the following two sections, we describe two alternative

and intensity translation parameters, and removal of the magiethods for defining the DCT component of the overall trans-
tude restriction on the scaling coefficient for convergence. Hefgrm. One is based on the idea of using an indexed bank of fixed
we eXplore another such beneﬂt, the local ContII’IUIty of the Dghbspaces'ik, and the other allows more ﬂex|b|||ty at the en-

value of the intensity translation term. Frequency domain intefpder by employing the JPEG model to specify the retained co-
pretation lends itself naturally to the concepts of orthogonalifficients (bases), per block.

and energy compactness, which is why, as in [26], we perform

th.e collage error minimization inthe DCT domain. Inagreemeg Fived DCT Subspace

with the terminology in [17] and [16], we use the vector space i . i

representation of domains, ranges and translation terms. In this section, we describe an approach based on the use of
Let us first denote by the original image. Tha/2 x 1 vector & bank of fixed subspaces [11], [13], generated by DCT coef-

d;, henceforth referred to as domain vector, is obtained by tigients, to model a range vector of a given size. To illustrate

fractal transformation of the domain block through the applicROW @ fixed subspace is formed, let us, for simplicity, consider
tion of the following sequence of operators: a 2 x 2 block of DCT coefficients. Let us also assume that the

lower three of these coefficients are used to form a subspace of
dimension 3, when the full space is of dimension 4. E#gh
d; =P; 7Z; DCT; D; I; Fet; x (6) corresponds to one coefficient in the two-dimensional DCT of
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magnitudes of the corresponding range block DCT coefficients.
The coefficients; is computed by [17]

(d¥,ri — Fic;)

O = (®)
\_/( where (-, -) denotes inner productl,,; is the projection ofd;

onto the subspace complement to that spanned by vefars
Fig. 2. Mapping of selected DCT coefficients into basis vectors. ci = [Cios -+ Ci(N—Z)]T andF; = [fio, fits -+, fi<N_1)]‘ Is-
sues related to the encoding of parameters describing the fractal
and DCT components of the overall transform, includihgnd
fir, are discussed in Section IlI-E.

[
o - O O
OO —= O

D. Optimized DCT Subspace

In this section we describe an algorithm for optimally se-
lecting a set of DCT coefficients forming the subspace, defined
by fix, in (7). In the previous section we described a method of
sizeM x M, as shownin Fig. 2 foM = 2. Each vectorf;;, has selecting the DCT component based on the idea of using a bank
zeros in all positions, except the one corresponding to the zigzsfgavailable subspaces. That approach benefits from simplicity
ordered location of the DCT coefficient it represents, where df description (a subspace index uniquely identifies the set of re-
has the value of one. Generally, in larger blocks more DCT cog&ined DCT coefficients), but suffers from its inherent inability
ficients tend to be significant. Hence, the fixed space used for tieeefficiently model image blocks whose significant DCT coef-
coding of a 16x 16 range block will be allowed to be of a highefficients do not follow one of the predefined templates.
dimension than that of a # 4 block. Limiting the number of ~ We generalize the idea of the previous section by allowing
available subspaces has the advantage that only its index nehdsencoder to retain any sequence of DCT coefficients, while
to be sent to the decoder, whereas in [2] individual coefficiestill maintaining its orthogonality to the fractal component.
positions had to be sent as well. Although in general one codr a known fractal domain vectd; (6) and a fixed encoding
optimally design the fixed subspaces to be used, it is not astheme, each particular set of block DCT coefficients results
dressed in this section, because it is done adaptively (i.e., fahaa rate-distortion pair. The ability to optimally solve the
nonfixed subspace) in Section IlI-D. As an example, shown goefficient selection problem for a giveh is a building block
Fig. 3 are the subspaces used in this work for block sizesl4 of the proposed method and is necessary if the joint partition,
They are created using respectively the 1, 2, 3, and°4d#5 fractal and DCT component optimality is desired.
agonals. The function of the fractal component of the overall Clearly, operational optimality in selecting the set of DCT co-
transform, expressed through - d? in (7), is to approximate efficients forming the basigy, fork = 0, ..., N —2, requires
all the remaining DCT coefficients. A bank of subspaces witpecification of the coefficient encoding scheme, as well as, the
different numbers of retained coefficients is equivalent to an atistortion metric used. Section IlI-D-1 describes the former—a
dered set of quantizers, ranging from the coarsest to the finedREG-like scheme based on zeros and runs. Having quantified
The encoder thus can achieve local adaptivity by selecting, the block distortion by the mean squared error (MSE) metric,
a given block, the subspace resulting in the desired rate-distae then proceed, in Section I11-D2, to cast the problem of op-
tion tradeoff. Therefore, relatively flat regions or regions wetimal coefficient selection as that of finding the shortest path in
approximated through the fractal component will require a sub-Directed Acyclic Graph (DAG).
space of a small dimension. 1) The Rate: The appeal of DCT as a transform of choice

The subspaces for block sizes<88 are generated similarly for many compression applications has to do with its ability to
from the 1, 3, and 4 45diagonals, and for block sizes X616, pack most of the information of an image block into a few low-
the maximum allowable size in a partition, from the 1, 4, andfsequency coefficients. Thus, coarsely quantizing or eliminating
diagonals, respectively. Thus we allow energy carrying low-fradtogether the remaining high-frequency coefficients (by setting
guency DCT coefficients to provide the subspace vecfgrs them to 0) is a reasonable strategy to achieve compression with
For each domain vector, only the component orthogonal to thénimal degradation in quality.
subspace spanned by, is used to approximate a given range We utilize the JPEG model of encoding DCT coefficients
block. Makingd; orthogonal to this subspace is trivial and i$18] both because of its efficiency and because JPEG is used to
accomplished by setting to zero those positiong;dhat corre- benchmark rate-distortion performance of the proposed method.
spond to the retainefi, . Clearly, here the subspace dimensioBased on the statistical observation that nonzero AC coefficients
uniquely identifies the basis vectors used. are sparse, they are encoded by an aggregate symbol consisting

The fact that?¥ andf;;,, fork =0, ..., N — 2, are mutually of a run of zeros followed by the magnitude category of a given
orthogonal vectors can be used to compute in general the leastfficient. Additionally, a number of bits (equal to the magni-
squares solution of (7) for the scaling coefficightand weights tude category) need to be appended to the aggregate symbol to
¢ [17]. In our formulation, the latter are simply the quantizedlentify the coefficient within the category. Thus, for example,

Fig. 3. Four subspaces for block size of 4.
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if az = 28 andas = 200 are two consecutive nonzero AC co-
efficients, the code fou; consists of a run of 1 and category
5, which, according to JPEG defaults and this implementatiol
requires 11 bits for the aggregate symbol plus 5 additional bit
Hence, the rate required to encode coefficienfollowing co-
efficienta; is denoted by-(5, 7) and is equal to 16 bits.

Note that the encoding step described here operates on Dt
coefficients after quantization, which is what makes high com
pression ratios possible and makes JPEG a lossy scheme. Basea
on the statistical observation that after quantization higher-index Fig. 4. Simple DAG for selecting the optimal subspace.
coefficients in DCT are very likely to be zeros, a special end-of-

block (EOB) symbol is incorporated into the symbol alphabeticients and the complementing coefficients generated by the

One crucial difference between standard JPEG and $ig:ia] component. Note that even though all processing takes

proposed method of encoding the DCT components lies jice in the DCT domain, Parseval's theorem guarantees equiv-
the fact that the latter is not restrained to encode each afdnce of this metric in the spatial domain. In the case N
every nonzero AC coefficient. Rather, that decision is magge £OB vertex, calculation of distortion terminates with coef-
based on the global (block) rate-distortion considerations. Thisient N7 — 1. An exception to this rule is the transition from

feature is especially useful when the complementing fraci@l tex v — 1 to IV, which is associated with zero rate and zero

component of the transform does a good job of approximatiRgkiortion. in compliance with JPEG.

many significant (no_nzgro) AC coefficients. The hard to solve constrained minimization problem of (9)
2) DAG Formulation: Let no, ..., ny -1, (M < N) de- s converted into its unconstrained counterpart with the use of

note the indices of the set of retained significant nonzero coeffi;o Lagrangian multipliek. The unconstrained Lagrangian cost
cients, henceforth referred to simply significant coefficients  ¢,nction JPCT can then be expressed as follows:

Then the problem to be solved in selecting the optimal sequence

of these coefficients for the DCT component of the transforrU;?CT(nm cooynar—1) = D(ng, .., nar—1)
given the fractal component, can be stated as follows: X - R(no nar_1). (10)
min D(ng, ..., nar—1) It has been shown in [5], [25] that if there is\& such that,

ng,...,np—1,M

subject to: {ng, ..., ny_1} = arg min Y Irx(ng, ..., nar—1)
R(no, ..., nar—1) < REST, €) (11)

. S o and which leads toR(ng, ..., nar—1) = RPST, then
whereD(-) is the distortion measure, quantifying the error be{na ..., n%,_,}is also an optimal solution to (9).

tween the approximation and the original blodk(-) is the  Besides removing the constraint, the problem formulation of

bit rate required to encode the significant coefficients, and (10) and (11) is more useful becau®ST is never given ex-
R is the maximum bit rate permitted for the encoding of thgicitly. on the other hand, it can be shown [12], that the same

’ DCT __ ractal . . . .
block's DCT component. Note th# 20" = Ruax — R77" \ 15t be used in every subproblem in order to maintain global

is the DCT component's bit budgefter encoding the fractal ontimality of the solution. Therefore, thein (10) is equal to
component withk/"+<*! bits. Note that the above minimizationya¢ of ).

is performed over coefficient indices, as well as, their number o (Lagrangian) cost associated with transition from vertex

M. ) o 1 to vertexj can be expressed as
The problem of (9) can be posed in terms of finding the
shortest path in a DAG, for which efficient solutions are known w(i, j) = d(i, 5) + X - (4, j) (12)

[3], [22]. Leta;, fori = 0, ..., N — 1, denote the zigzag-or-

dered set of DCT coefficients of the block under consideratiowherer(i, ) is the rate required to encodegif the last encoded

with ap—the DC coefficient. Also, let.y be the end-of-block coefficient wasz;. Then the cost of a path starting with coeffi-

(EOB) symbol, terminating encoding of a block, as describaienta, and terminating with: - is equal to

in Section 1lI-D1. We associate the ordered det= a;, i = o

0, ..., IV with the vertices of a DAG, in which nonnegative di-

rected edges exist between vertices of increasing order. That is, Z v (a”“” ’ a"")

there is an edge from, to ay, if and only if, j < k. Fig. 4 il-

lustrates a simple example fof = 5 (DCT of a 2x 2 block), Note that the starting and the terminating points are fixed to

with all valid edges shown by arrows. There is a one-to-one cdge the vertex corresponding to the DC coefficient and the EOB

respondence between a path from vertgxo ay on one hand symbol, respectively.

and a particular code (in terms péro runsandlevels as de- Having formulated the optimal significant coefficient selec-

scribed in Section I1I-D1) of the block, on the other. tion problem as a shortest path in a DAG, we employ a modified
Letd(s, 7) be the squared-error distortion attributable to DCDijkstra’s algorithm [23], of time complexit®(|V| + |E|), to

coefficients(i+1, ..., j), i.e., both the retained significant co-quickly arrive at the solution.

(13)
k=1
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16x16

8x8 8x8

4x4 4x4

E. Implementation Issues

In order to employ JPEG’s model for encoding DCT coeffi-
cients, we used the default88 block quantization table, given
in [18]. Quantization tables for & 4 and 16x 16 blocks were
obtained from the default one ad-hocdecimation and inter-
polation. Overall, the obtained rate-distortion curves, shown in
Section V, showed very little sensitivity to the quantization ta-
bles used.

The relative position of a domain block with respect to theig. 6. Hilbert curve of 2nd-order. Scanning paths within axi@6 block
range block was encoded using a variable length code (pfeach cellis a 4< 4 block).
gressively more bits are used for farther distances). A 32
search window centered around the range block, with step size
of 2 pixels was used to generate codebooks. Isometries were

limited to identity, horizontal and vertical symmetries, and ro- Sections I1I-C and I1I-D dealt with two alternative ways to
tation by 180, requiring 1, 2, 2, and 3 bits, respectively. Fotombine the DCT and fractal transforms in order to approximate
the fixed DCT subspace approach the scaling paran¥et®as  an image block. While it was shown how to arrive at an optimal
nonuniformly quantized using a Max-Lloyd quantizer with $epresentation of a block given the image partition, the struc-
bits, while with the optimal subspace approach it was kept cofiire of the problem is such that partition and coding decisions
stantat 0.7, requiring O bits. Experiments have shown no signiire not independent. To take advantage of the expected average
cant performance gains from extending the range of alloed intensity continuity between blocks, as is done in JPEG, the
while the complexity was increased. In the fixed DCT subspagg, coefficients in (7), are encoded differentially, with respect
approach coefficients;, [(7)] were encoded using JPEG's vari+o the previously encoded block. Furthermore, some blocks in
able length codes, except that no zero-runs were used. In it employed three-level QT image decompositions can have
case, the overhead information consisted of 1 or 2 bits to ifip to three predecessors, and, hence, the rate of a current block
dicate what fixed subspace was used (depending on the blegkibits a 1st-order dependency. This situation is illustrated by
size). the trellis structure in Fig. 5. Approximating an image block

Additionally, a 1 bit flag was included to signal the decoder, iby the proposed hybrid DCT/fractal code can be thought of as
both approaches, whether the fractal component is present, geantizing the block. A particular way of combining these two
whether domain vecta# is used as thé/th basis vector in (7). components, characterized by a specific domain block and an
If no fractal component is used, all coefficients complementirigometry, as well as a specific set of significant DCT coeffi-
the DCT component were set to zero. The decision whetherdients, is called a generalized quantizeAlthough the number
use the fractal componentis included in the overall optimizatiai these quantizers is large, for simplicity, only two are shown
process. in Fig. 5 per block. Differential encoding of the DC coefficient

In order to reduce computational complexity the number af each range block makes these quantizers dependent. How-
candidate domains for joint fractal/DCT optimization is limitedver, for a given range block, no forward dependency exists
by a preprocessing step. In it, the béstiomains are retained since the DC coefficient is always quantized to the nearest in-
per block, based on collage error minimization without the conteger, regardless of the predecessor. In practice, we preprocess
plementing DCT component, i.e., using the standard fractal desach range block to identify the best quantizers [based on the so-
tortion metric. While, in principle, this preprocessing step intrdution of (11)] per predecessor. This step significantly reduces
duces suboptimality, experiments have shown that there is véing number of possible paths in the QT decomposition without
little performance gain if. is increased beyond 100. causing suboptimality.

IV. DYNAMIC PROGRAMMING SOLUTION
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Fig. 7. Rate distortion performance of various technigueséimage).

Fig. 9. Proposed algorithn{ = 0.20 bpp, PSNR = 26.71 dB).

Rate—Distortion Plots (Cameraman)
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property. This motivates the use of dynamic programming (DP)
for finding this solution.

Operational optimality, in our case, is achieved by finding
the ordered sequence of generalized quantiggts. . ., ¢,
minimizing the overall cost function,

36

34t

J(q}s -y q) = min  J(qo, ..., qK) (14)

90,5 -+ 9K ;

where both the quantizers (generalized codes) and their number
K have to be determined by the encoder, with the optimal par-
tition the byproduct of the above minimization.

Due to the fact that the total cost function minimization can
be broken down into subproblems in the following recursive
manner

26

0.9 1 141

0.1 0.2 0.3 0.4 015 0{6 0{7 0.8
Bit rate (bits per pixel :

_ _ Bitrate (bits per pixel) _ TGy s dic) = min[J*(q5, -, ¢F)

Fig.8. Rate distortion performance of various techniquasramaimage). v

+J*(q:+1,’q;{)]7 OS'LSK (15)

The task of the encoder is to select the image decompositiqn . ) .
and the hybrid code for each block such that (5) is satisfied. T (—:E) Is the P.‘”‘t“ra' method to find the shortest path in our QT
ecomposition [3].

Hilbert curve which is known i rtain adjacency re- .
bert curve ch is known to satisfy certain adjacency re Each value of\ that is kept constant throughout the solu-

uirements [21], fits naturally into the QT decomposition and o ) .
9 [21] y Q P fion process generates one point in the rate-distortion plane.

is efficient for predictive coding. Without lack of generality, ; . . . .
in our experiments, we use the 3rd-order Hilbert curve for trlThese points are operationally optimal for the obtained bit rates

256 x 256 input image. Possible scanning paths within 16 % = Rumax). In order to obt_aln the R.D plots, discussed in Sec-
- tion V, we sweep lambda in some intenah,iy, - - ., Amax]-
16 block are shown in Fig. 6.

Alternatively, had a specific operating point been the objective,

The overall problem of finding the optimal segmentation.- . i
and the hybrid fractal/DCT code is posed as that of findinBliggigO;rﬁ\r/:tgbe\ifaSt search methods [21] could have been ap

the shortest path through the leaves of the quad-tree decom-
position, with each leaf having one to three possible codes,
corresponding to one to three predecessors of a block in our
Hilbert curve. Ifg; ; = d; + X - r; ; denotes the transition cost  Fig. 7 compares rate-distortion performance of the proposed
associated with encoding blogkwith block j as its prede- hybrid fractal/DCT algorithm, run on a 25& 256 Lena
cessor, the solution is found as the shortest path in the trellisimage, with both fixed and optimal DCT subspace selection
Fig. 5, in other words, the problem has the optimal substructuséth that of JPEG, the optimized DCT component only, as

V. EXPERIMENTAL RESULTS
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Fig. 10. JPEGE = 0.20 bpp, PSN'It = 23.19 dB). Fig. 12. Proposed algorithm: DCT component on® (= 0.45 bpp,

PSNR = 30.44 dB).

Fig. 11. Proposed algorithnf(= 0.45 bpp, PSNR = 31.16 dB).
Fig. 13. Proposed algorithm: fractal component only (= 0.45 bpp,
well as, the purely fractal approach. The hybrid algorithffSN R = 28.26 dB).
with the optimal subspace is shown to outperform all other
competing techniques, with JPEG outperformed by 2.5-3.5 difactal transform is efficient for representing high frequency in-
and DCT component only by 0.5-1.5 dB across the range fofmation, and the DCT for representing low frequency infor-
bit rates. Similar results were obtained with other images. Asation.
an example, Fig. 8 demonstrates performance of the proposett is interesting to observe how the proposed algorithm (with
algorithm (with an optimized DCT subspace) and that of JPEGe optimal subspace selection) compares to its two constituent
when executed on theameramarimage. methods run in isolation. Figs. 11-13 show the decoded images
The images compressed by JPEG and the proposed algoritjenerated by using the hybrid transformation, DCT component
(with the fixed DCT subspace) at roughly the same bit rate (0.2@ly (based on an optimal coefficient selection), and the fractal
bpp) are shown in Figs. 9 and 10, respectively. The hybrid alggemponent only, respectively, at the rate of 0.45 bits per pixel
rithm reduces the blocking artifacts by modeling high frequendipp), corresponding to approximately 18 : 1 compression ratio.
information through the fractal transform. Fig. 1 shows how the Clearly, adding the orthogonal fractal transform to the opti-
optimal segmentation adapts to the image by using larger simezed DCT component significantly improves its performance.
range blocks in relatively uniform areas. These show that thes noteworthy to observe how a small percentage of fractal
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TABLE |
BREAKDOWN OF BITS AMONG FRACTAL, DCT, AND SEGMENTATION COMPONENTSUSING THE OPTIMIZED DCT METHOD (LENA IMAGE)

Bit rate | PSNR | Fractal bits | DCT only blocks | DCT bits | Segmentation bits
(bpp) | (dB) (%) (%) (%) (%)
1.26 37.21 17.25 30.56 78.69 4.06
1.01 36.10 14.19 37.88 81.93 3.88
0.80 34.71 11.99 43.90 84.26 3.75
0.61 32.94 10.57 47.13 85.68 3.75
0.45 30.94 8.23 54.26 88.05 3.72
0.23 27.07 9.01 63.84 85.57 5.42
0.17 25.43 8.99 69.52 84.84 5.42
Distribution of domain-range displacement (R=0.61 bpp) Distribution of Block Sizes
20 ——— T
R = 1.26 bpp |
80 4 4
701 1 .
60 ~
Zs0l T el R = 0.61 bpp ]
5 L o6 1
= Loat 8
D 40 B T
= ©02f 1
o
0
il R=0.17 bpp |
L 06 4
(]
©
©0.2F 4
o
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displacement from range 4 Bloclf Size 1

Fig. 14. Distribution of domain-range displacement. Fig. 15. Distribution of block sizes.
VI. CONCLUSIONS
bits can have the said impact on performance. Table | details tht? . . .
) n this paper we have presented a novel image compression
breakdown of bits between the fractal and DCT components at, . . S
. . : - t ghnlque based on the hybrid fractal/DCT approximation.
various bit rates using the optimized DCT subspace method, [t. o - . .
sing a QT decomposition, we jointly optimized the image
also shows the overall percentage of blocks (DCT only blocks ..~
. ) partition, and the fractal and the DCT components of the code.
column) in which the fractal component was not used. . : : - .
) o i ) We obtained rate-distortion efficiency from the hybrid coder
~ Fig. 14 shows the distribution of domain-range displacemen{§passing that of its constituent components used in isolation.
in the coded.enaimage at 0.61 bpp. In general, the variance of The derived results confirm the original hypotheses that the
the dlstnbu_tlon increases with _blt rate, which suggests that tRgmpination of DCT and fractal transforms is efficient at cap-
use of multiple VLC tables at different rates may lead to furth‘ﬁralizing on both short and long-range correlations present in
gains [12]. typical images, and that the two transforms are better suited at
A similar observation can be made with respect to the distdecorrelating low and high frequencies, respectively.
bution of block sizes in the codégtnaimage at the same rates. It should be noted that the optimality claimed here applies
Fig. 15 illustrates the change in the histogram of coded blogkly in the operational sense. The experimental results sug-
sizes with the rate. As expected, at high bit rates, more4} gest that hybrid parameter distributions are very sensitive to
blocks are used. At low bit rates, howeverx8 and 16x 16 the operating point (bit rate). A carefully chosen set of VLC
blocks dominate the histogram. tables for various coding parameters is likely to result in Rate
Fig. 1 demonstrates a QT partition (overlaying the originab)istortion curves superior to those presented in Section V. One
that resulted from the application of the proposed algorithm (opessible way to extend the claim of optimality to the VLC
timal DCT subspace) to theenaimage with the target rate of tables used is through the use of iterative VLC refinement, as
0.45 bpp and the resulting distortion of 30.33 dB. Again, bevas done in [12].
cause the hybrid code and the partition were optimized jointly,
the encoder adaptively selected larger blocks in relatively uni- REFERENCES
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