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ABSTRACT

In thispaperahybridfractalandDiscreteCosineTrans-
form (DCT) coderis developed.Drawing on theability of
DCT to remove inter-pixel redundanciesandon theability
of fractaltransformsto capitalizeonlong-rangecorrelations
in the image,thehybrid coderperformsan optimal, in the
Rate-Distortionsense,bit allocationamongcodingparam-
eters.An orthogonalbasisframework is usedwithin which
animagesegmentationanda hybridblock-basedtransform
are selectedjointly. A Lagrangianmultiplier approachis
usedto optimize the hybrid parametersand the segmen-
tation. Differentialencodingof the DC coefficient is em-
ployed,with thescanningpathbasedona ����� -orderHilbert
curve. Simulationresultsshow a significantimprovement
in qualitywith respectto theJPEGstandard.

1. INTRODUCTION

Fractalimagecoding takesadvantageof imageself simi-
laritieson differentscales.Most fractalalgorithms,begin-
ning with Jacquin’s implementation[4], operateon an im-
agesegmentationconsistingof non-overlappingsquarere-
gions, called ranges. Eachrangeblock �	� is encodedby
a non-expansive transformation
�� operatingon the whole
imageandmappinga domainblock, �� , twice the sizeof
the rangeblock, onto �	� . For eachrangeblock, the en-
coderseeksthetransformationminimizingthecollageerror� ������
���� � , where� is theoriginal image.Thecollagethe-
oremguaranteesanupperboundonthereconstructionerror
asafunctionof thecollageerrorandthecontractivity of 
�� .

The structureof eachtransformationis fixed andcon-
sistsof a decimationoperator, anisometry, a multiplication
by ascalar, andadditionof anintensitytranslationblock. A
specificationof theseparameterstogetherwith thedomain
block index constitutesa block code. Most of the fractal
codersclassify blocks into classesto reducecomputation
andto achieve somelocal adaptivenessby spendingfewer
bits in relatively uniformareas.At thedecoder, anapproxi-

mationto theoriginal imageis generatedby iterativeappli-
cationof theseblockwisetransformations,startingwith an
arbitraryimage.

Blocks for which a goodapproximation,undera con-
tractive transformation,canbe found elsewherein the im-
age,canbeefficiently codedusinga fractaltransform.The
self-similarityassumptionwhich is centralto fractals,how-
ever, may not be justified for all blocks. In thesecases,
spendingmorebits on the fractal transform,by employing
moreisometriesor finer quantizersis not very efficient [2],
[8].

TheDiscreteCosinetransform(DCT)hasbeenthetrans-
form of choicefor mostcodecsdueto its decorrelationand
energy compactionproperties.Complicatedimagefeatures,
however, requirea significantnumberof DCT coefficients
for goodfidelity. Thecoarsequantizationof theDCT coef-
ficientsin thiscaseresultsin blockingartifactsandunsharp
edges.

The proposedapproachcombinesfractal basedcoding
with DCT codingandwithin thechosenalgorithmicstruc-
ture,arrivesatanoptimalcode.DCT is usedto encodelow
frequency coefficientsatpredeterminedpositionsin ablock.
Therestof thecoefficientsareencodedthroughthe fractal
transform. The encoderchoosesfrom several setsof pre-
determinedcoefficient positions,with eachsetproducinga
rateanddistortionpair.

The imagesegmentationand the optimal hybrid code
arefoundjointly. TheLagrangianmultiplier methodis used
in Sec. 2.1 to convert the constrainedproblemof finding
the codeandsegmentationwhich minimizesthe distortion
measurefor a givenbit budget,into anunconstrainedmini-
mizationproblem.Sec.2.3describeshow fractalandDCT
transformsare combinedin the coder. The useof inter-
blockpredictivecodingin thealgorithmcouplescodeselec-
tion andsegmentationdecisionsamongblocks.A dynamic
programmingfirst-orderbackwarddependency scheme,de-
scribedin Sec. 2.4, is usedto arrive at the optimal scan-
ningpathof leavesin aquad-tree(QT) decomposition.The
quantizationof theparametersis addressedin Sec.2.5. Fi-



nally, experimentalresultsandconclusionsarecoveredin
Sec.3.

2. HYBRID FRACTAL/DCT TRANSFORMATION

2.1. Problem Formulation

Theproblemathandis to simultaneouslysegmentanimage
into blocksof variablesizesand, for each,to find a code
suchthatany otherchoiceof segmentationandcodingpa-
rameterswould result in a greaterdistortion for the same
rate.Mathematically, for agivenimage� , wewantto solve
thefollowing optimizationproblem:
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where� ��� � is theencodedimage,# thedistortionmetric, (
amemberof thesetof all possibleimagesegmentations; , /
amemberof < � , thesetof all possiblecodesgivensegmen-
tation ( , R the bit rateassociatedwith segmentation( and
code / , and 4 9 the targetbit budget.Thedistortionmetric
chosenhereis the =?> -norm. The constrainedoptimization
problemstatedin Eq. (1) is convertedinto anunconstrained
problemusingtheLagrangianmultiplier method,thatis the
following problemis solved
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The multiplier KPDQK 9 , with correspondingoptimal seg-
mentation( 9 andcode / 9 , for which 4 $ � �SRT� �-R 'VUW4 9 , can
be efficiently found using the monotonicityof the opera-
tional rate-distortion(ORD) curve, as in [9]. Using this
formulation,we overcomea disadvantageof conventional
fractal coderswhich is their inability to provide goodrate
controlwhenhighfidelity is required,thatis, theallocation
of morebits per transformation,by allowing a greaterdo-
mainpoolor moreisometries,afteracertainpoint,doesnot
leadto correspondingincreasesin reconstructionquality.

2.2. Segmentation

Thesetof all possiblesegmentations; is restrictedto beon
the quad-treelattice asa compromisebetweenlocal adap-
tivity andsimplicity of description.For a X Y ZM[�X�Y\Z input
imageit is a 3-level quad-treewith maximumblock sizeof] Z^[ ] Z pixelsandminimumsize _`[:_ pixels.At eachlevel
of thequad-treeonly onebit is requiredto signalasplitting
decision,with nosuchbit requiredat thelowestlevel.

2.3. Code Structure

Making componentsof the fractal transformorthogonalto
eachothercarriesmany benefits[6]. Amongthesearefast
convergenceat the decoder, non-iterative determinationof

scalingandintensitytranslationparameters,andremoval of
themagnituderestrictionon thescalingcoefficient for con-
vergence.Herewe explore anothersuchbenefit,the local
continuityof theDC valueof theintensitytranslationterm.
Frequency domaininterpretationlendsitself naturallyto the
conceptsof orthogonalityandenergycompactness,whichis
why weperformthecollageerrorminimizationin theDCT
domain.In agreementwith theterminologyusedin [7], let
vector ��� , of size a > [ ]

, representtheDCT coefficientsof
rangeblock b , of size ac[%a , scannedin thezigzagorder.
Similarly, vector �� comesfrom the chosendomainblock,
afterdecimation,DCT, andtheapplicationof isometryop-
erators.Let theintensitytranslationtermberepresentedby
a linear combinationof dQ� ]

fixed vectors ef�hg , of size
a > [ ]

. Thenrangevector b is approximatedby d orthog-
onalvectorsasfollows:
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where � �hk is theprojectionof � � onto theorthogonalcom-
plementof the subspacespannedby vectors e �hg for stDu & OTO	O & dv�wX . A non-iterativeprocedurefor finding iH� and
/r�hg yielding a least-squaresapproximationof ��� wasgiven
in [7]. A similarapproachwastriedin [3] in whichmultiple
orthogonalizeddomainvectorswereallowed.DCT domain
modelingof rangevectorswasusedin [1], but thatapproach
sufferedfromthelackof orthogonalityof ��� to all fixedvec-
tors ef�hg , auniformsegmentation,a restrictionplacedonthe
scalingcoefficient, theneedto specifysignificantDCT co-
efficient positions,and an independentencodingof trans-
form coefficients.

In our implementation,we allow a bankof fixed sub-
spacesto be usedto modela rangevectorof a givensize.
To illustratehow afixedsubspaceis formed,let us,for sim-
plicity, considera XB[xX block of DCT coefficients. Let us
alsoassumethat the lower 3 of thesecoefficientsareused
to form a subspaceof dimension3, whenthe full spaceis
of dimension4. Each ef��g correspondsto one coefficient
in the two-dimensionalDCT of size ay[�a , asshown in
Fig. 1 for a DzX . Eachvector ef�hg haszerosin all posi-
tions, except the onecorrespondingto the order in which
theDCT coefficient it representswasscanned,whereit has
1. Generally, in largerblocksmoreDCT coefficientstend
to besignificant.Hence,thefixedspaceusedfor thecoding
of a

] ZM[ ] Z rangeblock will beallowedto beof a higher
dimensionthanthatof a _M[{_ block. Limiting thenumber
of availablesubspaceshastheadvantagethatonly its index
needsto be sentto the decoder, whereasin [1] individual
coefficientpositionshadto besentaswell. Shown in Fig. 2
arethesubspacesusedfor blocksizes_|[�_ . Thesubspaces
for block sizes}~[x} aregeneratedsimilarly from thefirst
1, 3, and 4 diagonals,and for block sizes

] Zx[ ] Z from
thefirst 1, 4, and5 diagonals,respectively. Thuswe allow
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Figure1: Mappingof selectedDCT coefficientsinto basis
vectors

Figure2: The4 subspacesfor blocksizeof 4

energy carryinglow-frequency DCT coefficientsto provide
thefixedsubspacevectorsef�hg . Foreachdomainvector, only
thecomponentorthogonalto thesubspacespannedby ef��g is
usedto approximatea givenrangeblock. Clearly, thesub-
spacedimensionuniquelyidentifiesthebasisvectorsused.

2.4. Dynamic Programming Solution

The /r�@q coefficients in Eq. (3) are encodeddifferentially,
dueto their correlation. Hilbert curve is known to satisfy
certainadjacency requirements[9] andis efficient for pre-
dictive coding. We usethe � �C� -orderHilbert curve for the
X Y Z�[{X Y Z input image.

Theoverallproblemof findingtheoptimalsegmentation
andthehybrid fractal/DCTcodeis posedasthatof finding
theshortestpaththroughtheleavesof thequad-treedecom-
position,with eachleave having 1 to 3 possiblecodes,cor-
respondingto 1 to 3 predecessorsof a block in our Hilbert
curve. If � � � � D�� � I%KVL�� � � � denotesthetransitioncostasso-
ciatedwith encodingblock b with block , asits predecessor,
theoptimalscanningpathhastheoptimalsubstructureprop-
erty, i.e.,it consistsof optimalsegments.Thismotivatesthe
useof dynamicprogramming(DP)tofind it. Detailsonhow
(DP) canbeusedto find this optimalpathcanbe found in
[9].

2.5. Quantization of Parameters

Therelative positionof a domainblock with respectto the
rangeblockwasencodedusinga variablelengthcode(pro-
gressively morebitsareusedfor fartherdistances).A ��X�[
��X searchwindow centeredaroundthe rangeblock, with

stepsizeof 2pixelswasusedtogeneratecodebooks.Isome-
tries werelimited to identity, horizontalandvertical sym-
metries,and rotation by

] } u k . The scalingparameteri �
wasnon-uniformlyquantizedusinga Max-Lloyd quantizer
with 5 bits. TheDCT coefficients / ��g wereencodedusing
JPEG’svariablelengthcodes,exceptthatnozero-runswere
used.Theoverheadinformationconsistsof: 1 or2 bitsto in-
dicatewhatfixedsubspaceis used(dependingon theblock
size),and1 bit to indicatewhethera fractally transformed
domainvector ��hk is usedasthe d{��� basisvectoror not.

3. EXPERIMENTAL RESULTS AND
CONCLUSIONS

Figure3 shows theperformanceof thehybrid fractal/DCT
algorithmandJPEGunderdifferentbit budgetson a X Y Z�[
X Y Z Lenaimage.Thehybrid algorithmis shown to outper-
form JPEGby 1.5-3.0dB acrosstherangeof bit rates.
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Figure3: Hybrid Fractal/DCTalgorithmvsJPEG

The imagescompressedby JPEGandtheproposedal-
gorithmat roughlythesamebit rate(0.20bpp)areshown in
Figs. 4 and5, respectively. The hybrid algorithmreduces
theblockingartifactsby modelinghigh frequency informa-
tion throughthe fractal transform. Fig. 6 shows how the
optimal segmentationadaptsto the imageby using larger
sizerangeblocksin relativelyuniformareas.Overall,about
30%of thebits werespenton thefractalcomponentof the
transformation.

Theseresultsshow how fractalandDCT transformscan
be combinedto yield an optimal segmentationand code.
They alsoshow thatthefractaltransformis efficientfor rep-
resentinghighfrequency information,andtheDCT for rep-
resentinglow frequency information.



Figure4: Hybrid algorithm(R=0.20bpp,PSNR=26.71dB)

Figure5: JPEG(R=0.20bpp,PSNR=23.19dB)
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