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ABSTRACT

In this paperahybridfractalandDiscreteCosineTrans-
form (DCT) coderis developed. Drawing on the ability of
DCT to remove inter-pixel redundancieandon the ability
of fractaltransformgo capitalizeonlong-rangecorrelations
in theimage,the hybrid coderperformsan optimal, in the
Rate-Distortiorsensebit allocationamongcodingparam-
eters.An orthogonabasisframework is usedwithin which
animageseggmentatioranda hybrid block-basedransform
are selectedointly. A Lagrangianmultiplier approachis
usedto optimize the hybrid parametersaand the segmen-
tation. Differentialencodingof the DC coeficient is em-
ployed,with thescanningpathbasedn a 37?-orderHilbert
curve. Simulationresultsshav a significantimprovement
in quality with respecto the JPEGstandard.

1. INTRODUCTION

Fractalimage coding takes advantageof image self simi-
larities on differentscales.Most fractal algorithms,begin-
ning with Jacquins implementatior{4], operateon anim-
agesegmentationconsistingof non-overlappingsquarere-
gions, calledranges. Eachrangeblock r; is encodedby
a non-&pansve transformatioriZ; operatingon the whole
imageand mappinga domainblock, d;, twice the size of
the rangeblock, onto r;. For eachrangeblock, the en-
coderseekghetransformatiomminimizingthecollageerror
||r; — T;z||, wherez is theoriginalimage.The collagethe-
oremguaranteeanupperboundonthereconstructiorerror
asafunctionof thecollageerrorandthe contractvity of T;.
The structureof eachtransformationis fixed and con-
sistsof a decimationoperatoranisometry a multiplication
by a scalarandadditionof anintensitytranslatiorblock. A
specificatiorof theseparametersogetherwith the domain
block index constitutesa block code. Most of the fractal
codersclassify blocksinto classeso reducecomputation
andto achierze somelocal adaptvenessy spendingfewer
bitsin relatively uniformareas At the decoderanapproxi-

mationto the originalimageis generatedy iterative appli-
cationof theseblockwisetransformationsstartingwith an
arbitraryimage.

Blocks for which a good approximation,undera con-
tractive transformationcanbe found elsavherein the im-
age,canbeefficiently codedusinga fractaltransform.The
self-similarityassumptionwhichis centralto fractals,how-
ever, may not be justified for all blocks. In thesecases,
spendingmore bits on the fractal transform,by employing
moreisometrieor finer quantizerss notvery efficient [2],
[8].

TheDiscreteCosingransform(DCT) hasbeerthetrans-
form of choicefor mostcodecsdueto its decorrelatiorand
enegy compactiorpropertiesComplicatedmagefeatures,
however, requirea significantnumberof DCT coeficients
for goodfidelity. The coarsequantizatiorof theDCT coef-
ficientsin this caseresultsin blockingartifactsandunsharp
edges.

The proposedapproachcombinesfractal basedcoding
with DCT codingandwithin the choseralgorithmicstruc-
ture,arrivesatanoptimalcode.DCT is usedto encoddow
frequeng coeficientsatpredeterminegositionsin ablock.
The restof the coeficientsareencodedhroughthe fractal
transform. The encoderchoosedrom several setsof pre-
determinectoeficient positions,with eachsetproducinga
rateanddistortionpair.

The image segmentationand the optimal hybrid code
arefoundjointly. TheLagrangiammultiplier methodis used
in Sec. 2.1 to corvert the constrainedoroblemof finding
the codeand sggmentationwhich minimizesthe distortion
measurdor a givenbit budget,into anunconstraineanini-
mizationproblem.Sec.2.3describeshow fractalandDCT
transformsare combinedin the coder The use of inter
block predictive codingin thealgorithmcouplescodeselec-
tion andsegmentatiordecisionsamongblocks. A dynamic
programmindirst-orderbackwarddependengschemede-
scribedin Sec. 2.4, is usedto arrive at the optimal scan-
ning pathof leavesin aquad-tredQT) decompositionThe
quantizatiorof the parameterss addresseth Sec.2.5. Fi-



nally, experimentalresultsand conclusionsare coveredin
Sec.3.

2. HYBRID FRACTAL/DCT TRANSFORMATION

2.1. Problem Formulation

Theproblemathandis to simultaneouslgegmentanimage
into blocks of variablesizesand, for each,to find a code
suchthatary otherchoiceof sgmentationand coding pa-
rameterswould resultin a greaterdistortion for the same
rate. Mathematicallyfor agivenimagez, we wantto solve
thefollowing optimizationproblem:

segr}irele D(z,,.,z) subjectto R(z,.) <R*, (1)
wherez; . is theencodedmage,D thedistortionmetric, s
amembeiof thesetof all possibléemagesegmentations, ¢
amemberof Cs, thesetof all possiblecodesgivensegmen-
tation s, R the bit rate associateavith segmentations and
codec, and R* thetargetbit budget. The distortionmetric
chosenhereis the lo-norm. The constrainedptimization
problemstatedn Eq. (1) is corvertedinto anunconstrained
problemusingthe Lagrangiarmultiplier method thatis the
following problemis solved

seg,lirelos G(xs,c) = {D(xs,c,2) + A-R(xsc)}. (2)
The multiplier A = \*, with correspondingptimal sey-
mentations* andcodec*, for which R(zs+ .~) = R*, can
be efficiently found using the monotonicity of the opera-
tional rate-distortion(ORD) curve, asin [9]. Using this
formulation, we overcomea disadwantageof corventional
fractal coderswhich is their inability to provide goodrate
controlwhenhighfidelity is required thatis, theallocation
of morebits pertransformationpy allowing a greaterdo-
mainpool or moreisometriesafteracertainpoint, doesnot
leadto correspondingncreasedn reconstructiomuality.

2.2. Segmentation

Thesetof all possiblesggmentationss is restrictedto beon

the quad-tredattice asa compromisebetweenocal adap-
tivity andsimplicity of description.For a 256 x 256 input
imageit is a 3-level quad-treavith maximumblock sizeof

16 x 16 pixelsandminimumsize4 x 4 pixels. At eachlevel

of thequad-treeonly onebit is requiredto signala splitting

decisionwith no suchbit requiredat the lowestlevel.

2.3. Code Structure

Making component®f the fractal transformorthogonalto
eachothercarriesmary benefit§6]. Amongthesearefast
cornvergenceat the decoder non-iteratve determinatiorof

scalingandintensitytranslatiorparametersandremoval of
themagnituderestrictionon the scalingcoeficientfor con-
vergence.Herewe explore anothersuchbenefit,the local
continuityof the DC valueof theintensitytranslatiorterm.
Frequeng domaininterpretatiodendsitself naturallyto the
concept®f orthogonalityandenegy compactnessyhichis
why we performthe collageerrorminimizationin the DCT
domain.In agreemenwith theterminologyusedin [7], let
vectorr;, of sizeM? x 1, representhe DCT coeficientsof
rangeblocki, of size M x M, scannedn thezigzagorder
Similarly, vectord; comesfrom the chosendomainblock,
afterdecimation DCT, andthe applicationof isometryop-
erators.Let theintensitytranslationtermbe representetly
a linear combinationof N — 1 fixed vectors f;;,, of size
M? x 1. Thenrangevector; is approximatedy N orthog-
onalvectorsasfollows:

N-2
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k=0
whered;, is the projectionof d; ontothe orthogonalcom-
plementof the subspacespannecby vectors f;; for & =
0,...,N — 2. A non-iteratve procedurdor finding 3; and
¢;r, yielding a least-squareapproximatiorof r; wasgiven
in[7]. A similarapproactwastriedin [3] in whichmultiple
orthogonalizedlomainvectorswereallowed. DCT domain
modelingof rangevectorswasusedin [1], butthatapproach
sufferedfrom thelack of orthogonalityof d; to all fixedvec-
tors f;x, auniform seggmentationarestrictionplacedon the
scalingcoeficient, the needto specifysignificantDCT co-
efficient positions,and an independentncodingof trans-
form coeficients.

In our implementationwe allow a bankof fixed sub-
spacedo be usedto modela rangevectorof a givensize.
Toillustratehow afixedsubspacés formed,let us,for sim-
plicity, considera2 x 2 block of DCT coeficients. Let us
alsoassumehatthe lower 3 of thesecoeficientsare used
to form a subspac®f dimension3, whenthe full spaceis
of dimension4. Each f;; corresponddo one coeficient
in thetwo-dimensionaDCT of size M x M, asshavn in
Fig. 1 for M = 2. Eachvector f;;, haszerosin all posi-
tions, exceptthe one correspondingo the orderin which
the DCT coeficientit representsvasscannedwhereit has
1. Generallyin larger blocksmoreDCT coeficientstend
to besignificant.Hence thefixedspaceusedfor thecoding
of a16 x 16 rangeblock will be allowedto be of a higher
dimensionthanthatof a4 x 4 block. Limiting the number
of availablesubspacebasthe advantagethatonly its index
needsto be sentto the decoderwhereasn [1] individual
coeficientpositionshadto be sentaswell. Showvn in Fig. 2
arethesubspacessedfor block sizes4 x 4. Thesubspaces
for block sizes8 x 8 aregeneratedimilarly from the first
1, 3, and 4 diagonals,and for block sizes16 x 16 from
thefirst 1, 4, and5 diagonalsyespectiely. Thuswe allow
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Figurel: Mappingof selectedDCT coeficientsinto basis
vectors

Figure2: The4 subspacefor block sizeof 4

enegy carryinglow-frequeng DCT coeficientsto provide
thefixedsubspaceectorsf;;. Foreachdomainvector, only
thecomponenbrthogonato thesubspacsepannedy f; is
usedto approximatea givenrangeblock. Clearly, the sub-
spaceadimensionuniquelyidentifiesthe basisvectorsused.

2.4. Dynamic Programming Solution

The ¢;o coeficientsin Eq. (3) are encodeddifferentially,
dueto their correlation. Hilbert curve is known to satisfy
certainadjaceng requirement$9] andis efficient for pre-
dictive coding. We usethe 37¢-orderHilbert curve for the
256 x 256 inputimage.

Theoverallproblemof findingtheoptimalsegmentation
andthe hybrid fractal/DCT codeis posedasthatof finding
theshortespaththroughtheleavesof thequad-treelecom-
position,with eachleave having 1 to 3 possiblecodescor-
respondingo 1 to 3 predecessorsf a blockin our Hilbert
cune. If g; ; = d; + A-r; ; denoteghetransitioncostasso-
ciatedwith encodingblocks with block j asits predecessor
theoptimalscanningpathhastheoptimalsubstructurg@rop-
erty, i.e.,it consistof optimalsegments.This motivatesthe
useof dynamicprogrammingDP)tofind it. Detailsonhow
(DP) canbe usedto find this optimal pathcanbe foundin

[9].

2.5. Quantization of Parameters

Therelative positionof a domainblock with respecto the
rangeblock wasencodedisinga variablelengthcode(pro-
gressvely morebits areusedfor fartherdistances)A 32 x
32 searchwindow centeredaroundthe rangeblock, with

stepsizeof 2 pixelswasusedo generateodebookslsome-
tries werelimited to identity, horizontaland vertical sym-
metries,and rotation by 180°. The scalingparameters;
wasnon-uniformlyquantizedusinga Max-Lloyd quantizer
with 5 bits. The DCT coeficientsc;;, wereencodedusing
JPEGS variablelengthcodesgxceptthatno zero-runsvere
used.Theoverheadnformationconsistof: 1 or2 bitstoin-
dicatewhatfixed subspacés used(dependingn the block
size),and1 bit to indicatewhethera fractally transformed
domainvectord;, is usedasthe Nt" basisvectoror not.

3. EXPERIMENTAL RESULTSAND
CONCLUSIONS

Figure3 shaws the performanceof the hybrid fractal/DCT
algorithmandJPEGunderdifferentbit budgetson a 256 x

256 Lenaimage. The hybrid algorithmis shavn to outper
form JPEGby 1.5-3.0dB acrosgherangeof bit rates.

Comparison of the Hybrid Algorithm with JPEG
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Figure3: Hybrid Fractal/DCTalgorithmvs JPEG

The imagescompressedhy JPEGandthe proposedal-
gorithmatroughlythe samebit rate(0.20bpp)areshavn in
Figs. 4 and5, respectiely. The hybrid algorithmreduces
the blockingartifactsby modelinghigh frequeny informa-
tion throughthe fractal transform. Fig. 6 shavs how the
optimal sggmentationadaptsto the imageby usinglarger
sizerangeblocksin relatively uniformareas Overall,about
30% of the bits werespenton the fractal componenbf the
transformation.

Theseresultsshov how fractalandDCT transformscan
be combinedto yield an optimal sgmentationand code.
They alsoshow thatthefractaltransformis efficientfor rep-
resentinghigh frequeng information,andthe DCT for rep-
resentingow frequeng information.



Figure6: Optimal SgmentationR=0.44bppPSNR=30.33
dB)
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