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BerndHürtgen

Institut für ElektrischeNachrichtentechnik
Rheinisch-Westf̈alischeTechnischeHochschule(RWTH) Aachen,52056Aachen,Germany

Phone:#49–241–807683,Fax: #49–241–8888196,Email: huertgen@ient.rwth-aachen.de

ABSTRACT
This paperreportson investigationsconcerningthe con-
vergenceof the reconstructionprocessin fractal coding
schemesfrom a statisticalpoint of view. For a rathergen-
eral family of “fractal operators” a necessaryand suffi-
cient condition for the convergencebasedon the spectral
radiusof the fractal operatoris provided. Emerging from
this condition the probability densityfunction (pdf) of the
magnitudeof the eigenvaluesis formulatedwhich enables
to determinea probabilisticmeasurefor the convergence
of the reconstructionprocess.Sincethe pdf considerably
dependson the structureof the operators,variouscoding
schemescanbeanalyzedwith respectto their convergence
propertiesin a statisticalsense.The presentedresultsin-
dicatethatcertaintypesof operatorsarelesssuitedfor ap-
plicationsin thefield of fractalcodingcomparedto others.

1. INTRODUCTION
Coding schemesare termed fractal if the input signal is
approximatedby a unique fixed point of a certain class
of transformations[1, 2]. Commonto all schemesof this
type is that not the transformedsignal is storedor trans-
mitted, but the transformationinsteadwhosefixed point
is demandedto be close to the original signal. The sec-
ond characteristicof fractal schemesis that the decoderis
able to reconstructthe fixed point solely from the knowl-
edgeof the transformationparameters.A codinggain can
thereforebe achievedif the rateof the transformationpa-
rametersis significantly smaller comparedto the rate of
the signal itself.

This paperdealswith the analysisof fractal coding
schemesespeciallywith the questionof convergenceat
the decoderfrom a statisticalpoint of view. Initial results
havealreadybeenpublishedin [3]. The iterativeprocess
of reconstructingthe fixed point from the fractal code
demandsall eigenvaluesof thefractaloperatorto lie within
the unit circle [4, 5, 6]. Theseeigenvaluesare regarded
as realizationsof a randomprocesswhosecharacteristics
dependon the structureof the fractal operator.This way
the convergenceof the reconstructionprocessfor various

fractal coding schemescan be assessedin a statistical
sense.

The paperis organizedas follows: Section2 intro-
ducesthe mathematicalbackgroundof the fractal coding
and decodingprocess. A family of linear operatorsto-
getherwith the calculationof their correspondingeigen-
valuesis introduced. The statisticalanalysisof the con-
vergencepropertiesfor this family is treatedin section3.
The resultsin section4 togetherwith a prospecton future
directionsof investigationsconcludethis paper.

2. MATHEMATICAL BACKGROUND
One advantageof fractal coding schemesin contrastto
commonones,e.g. DCT basedschemes,is that addition-
ally to the bindingsbetweenadjacentsamplesalso some
sort of long range correlations within the signal are ex-
ploited. In the contextof fractal codingthesecorrelations
are termed(partial) self-similaritieswhich arisesfrom the
fact thatmanypartsof (natural)signalsmaybefoundagain
in a scaledand/or geometrictransformedversion within
the samesignal.

2.1 Encoding process
Encodingof a given signal � consistsin determining

the parametersof a mappingequation��� �����	�
����
�� (1)

such that

•
��� ��� hasa uniquefixed point ��������������
 ,

• the distance � � ��������� betweenthe original signal �
andthe fixed point � � is assmall aspossibleand

• thedescriptionof the fractal code
� ����
�� is assimple

as possible.

For thesakeof simplicity thecollagetheoremmotivatesto
minimize the distance� � �������� betweenthe original signal� andafirst-orderapproximation�� of thefixedpoint rather
than the fixed-point itself [7, 4, 8]. The mappingrule (1)
consistsof a linear part representedby the operator �
and a non-linearoffset 
 which togetherserveas fractal
code. Under the condition of a convergent reconstruction
thefractalcode

� ����
�� is a uniquedescriptionfor thefixed
point � � .
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2.2 Decoding process

The aim of the decodingprocessis to reconstructthe
fixed point ��� from the fractal code  "!$#&%(' . Direct meth-
odssimply applya matrix inversionso that thefixed point
is obtainedby ���*)+ -,/.0!1'32�43% . The only restriction
for the algorithmis that 57698: ;,<.�!�'>=)@? holds. For large
systems,as is the casein most coding applications,iter-
ative methodsare more appropriatefor this task. Due to
Banach’sfixedpoint theoremthesequenceAB��C7D of iterates��CFE 4 )G!
��C�HI% convergesfor any arbitraryinitial signal��J to the uniquefixed point of the mappingequation(1).
In contrastto the less restrictive criterion for the direct
method, the necessaryand sufficient condition for con-
vergencein the iterative caseis that the spectralradiusKFL  M!�' which is the largesteigenvalueof the linearpart !
is smaller than one [6, 4].

2.3 Family of linear operators

The investigationof theconvergenceinvolvesthede-
terminationof the eigenvaluesof the linear operator ! .
This is almost impracticablefor very generalmatrices.
Thereforewe restrictourselvesto a rathersimplebut nev-
erthelessuniversalfamily of linear operatorsN� "!�' which
is introducedbelow.

The entire signal ��)O MP 4 #3PRQS#UTFTBT9#3P7VR'-W�X�Y Z V with[ pixels is segmentedinto \�]@) [�^S[ ] non-overlapping
blocks with [ ] pixels, called range blocks. Each _
neighboredblocks form a rangeblock cluster. For every
rangeblock � C3` with a denotingthe cluster index and b
the block numberwithin this clusteranotherblock within
the signal,called domainblock, is searchedsuchthat the
distancebetweenthe range- and a transformedversion
of the domain block is minimized. The transformations
mainly consistsof a spatial reductionas well as a gray-
level scaling and offset.

Though the domain blocks may have arbitrary size
andlocationwithin thesignalanefficient representationof
the fractal codedemandssomerestrictions.A very inter-
estingcaseis obtainedif thedomainblocksdo not overlap
andareof thesamesizeastherangeblock cluster. If addi-
tionally eachrangeblock within a clusteris approximated
by the samedomain block then the number of domain
blocksis \�cG)@\ ] ^ _ andtheir sizeis [ cG)	_ [ ] . The
structureof a typical operator ! is thenas follows:

!d)
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Figure1 Typical mappinggraphfor a linear operatorr
consistingof two independentmappingcycles s�t�uwv9xzyM{|y3}B~ of
length �:���wx and �:�/��v9�|~ with length ���/��} aswell as
four mappingchains � � ��v3�S~ , � � ��vF��yM�|~ , �/����v9�|yM��y���~
and ���/��vF}9�z~ with length }ByM{|yMx and } , respectively

Each submatrix

�����
��������
� ��� ��:� �F�B���...

. . .
...� �F�B� �
¡¢

� �3£ �� � �B�B�¤�...
. . .

...� �B�B�¥�
¡¢
¡3¦¦¦¦¦¦¢ (3)

describesthe mappingfrom one domain block onto the§
-th rangeblock cluster. The index ¨R© §Rª of the selected

domainblock togetherwith the index
§

of the rangeblock
clusterdeterminethe positionof the submatrix

� �
within

the operator
�

. The decimationvector � is chosento
be � � ©�«z¬F«z¬3­F­B­9¬B« ªM®S¯±°�² ³ £

, thoughother choicesare
possible.The family ´�© � ª thenis the setof all operators�

with the structureas indicatedin (2) and (3).

2.4 Mapping graph of the linear operator µ
A useful tool to analyzethe structureof the operator�

is amappinggraphasshownin figure1. Thenumbering
of thenodescorrespondsto theindexof thedomainblocks
or range block clusters within the signal. The edges
symbolizethe mappingfrom one domainblock onto one
rangeblock cluster. Two distinct typesof blocks can be
distinguished.The first categorycontainsall thoseblocks
which aremembersof a so calledmappingcycleindicated
by ¶ . All otherblocks in this type of operatorbelongto
openmappingchains denotedby · . By introducing the
notation

¨S¸;¹º© §ºª � ¹ times» ¼9½ ¾¨7©¿¨7© �F�B� ©-¨�© §Rª �B�F� ªMªMª with ¨S¸3À|Á"ÂRÃ�ÄGÂÆÅ�Â�Ç*È
(4)

and É7Á&ÂºÃ denotingthat the domainblock with index É�Á"ÂRÃ
is mappedonto the rangeblock cluster with index Â , a
mappingcycle can be defined as follows:

Def. 1 The set Ê�ÄÌË7Â�Å"É7ÁÍÂºÃ9Å&É�Î3ÏBÁ"ÂRÃBÅ9ÐFÐBÐ3Å"ÉSÎ3ÑÓÒ�Ô:ÕÍÖ3Á"ÂRÃF× is
calledmappingcycleof length Ø , if Ø is the leastnumber
greaterthan È such that É�Î�ÒÙÁÍÂRÃÚÄOÂ .
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Figure2 Cyclesof operator ÝÞ with parameterßÌàâá

Convergenceonly dependson thosemappingswhich
arewithin a mappingcycle. Thereforetheoperatorã may
be reducedto its cyclic part by removingthoserows and
columnswhich only describethe blocks of the mapping
chains ä [5, 6, 4]. The resultingcyclic operator whose
mapping cycles are shown in fig. 2 is denotedby åã .
Eachof thesecyclescanbe treatedindependentlyfrom all
others.This is dueto the fact that thosepart of the signal
correspondingto onecycle andpartscorrespondingto all
othercyclesaredisjointed.For a moredetaileddescription
of the mappingthe readeris referredto [9].

2.5 Eigenvalues of the linear part
Fromtopic 2.2 it is known,thatanalyzingtheconver-

genceleadsto the questionwhetherthe eigenvaluesof the
cyclic operator åã lie within the unit circle or not. For the
consideredfamily æ1çÍã1è of operatorsa necessaryandsuf-
ficient criterion for convergencehasbeenpublishedin [6].
Let the index é denoteoneof ê mappingcycles, ë�ì the
lengthof this cycle and í:î ì9ïðòñ the scalingcoefficient corre-
spondingto the mappingonto the ó -th rangeblock within
the ô -th clusterof this cycle. Thenconvergenceis ensured
if the spectralradius

õBö�÷�øã�ùûú ü�ýUþìBÿ������ ����� � ��� 	�
 �
 ������ð�� �������
�� ñ�� � í�î ì�ïð ñ �����

� ��� � �
(5)

of the matrix åã is smaller than one.

3. STATISTICAL ANALYSIS
Contractivity is always ensured,if the magnitudeof all
scalingcoefficients ���  is strictly smallerthanone[1] (this
coincideswith the l1-norm criterion). As reportedby sev-
eral authors,e.g.[8, 10], a less stringent restriction for
the scalingcoefficients improvesreconstructionquality as
well as convergencespeed. On the other hand contrac-
tivity of the transformation! is no longerensured.The
aim of this work is thereforeto determinethe probability
for divergencedependingon the choice of somedesign
parameters.

Our investigationshaveshownthat the scalingcoef-
ficients may be regardedas statistically independentand
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Figure3 Probability for divergent reconstructionof
coding schemeswith cycle length (*),+
in -/.103254�68790:254;69< uniformly distributedrandomvariables.

Thespectralradius =?>A@CBDFE asindicatorfor convergenceis
solely determinedby thescalingcoefficients,the lengthof
the mappingcycles G , and the ratio betweenthe domain-
and rangeblock size HJILK�M1NOK�P (seeeq. 5). Therewith
theprobabilitydensityfunction(pdf) of theeigenvaluesfor
variouschoicesof the designparametersG and H canbe
derived.Fromthis pdf theprobability for divergentrecon-
structioncanbedeterminedandsotheinfluenceof various
designparameterson the contractivity can be quantified.
In this papertwo importantspecialcasesof thedesignpa-
rametersareconsideredwhich arerelatedto two different
fractal coding schemes.

3.1 Case (:QR)S+
In the first casethe mappingfunction TVUXWVY is defined

by T8UXWVYZI[W]\^W`_ba�cOd�efege?d�h Mji so that each domain
block is mappedonto the underlyingrangeblock cluster.
Therefore the length of all klImhjM mapping cyclesG�n8dpo,_qa�cOdgegefe;dpk i equalsone. A well known coding
schemewith thesepropertieshasbeenpublishedin [11].
Equation(5) can then be simplified so that the largest
eigenvaluefor onecycle is determinedbyr s U D Y r cycle=zI cHuttttt

vw xzy�{ 0�| n?}{~x tttttO� (6)

As presumedabove,thescalingcoefficientsareuniformly
distributedin -�.10 254;6 7p0 254;6 < andalsostatisticallyindepen-
dent. Thenthepdf �V��U���Y of theeigenvaluesis equalto theH -fold convolutionof thepdf ����U���Y of the scalingparam-
eters.Theprobabilityfor divergenceequalstheprobability
that the largesteigenvaluelies outsidethe unit circle and
can easily be determinedby

Proba r s�r8� c i I]�5�� �5���8���V�����V� (7)
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Figure 4 Probability for divergent reconstruction
of coding schemewith parameter���]�
Figure3 showsthis probability for somedifferentparame-
ters � asfunctionof thelargestallowedscalingcoefficient�: 5¡;¢ . As far astheconvergencepropertyis concernedone
canseethat the choice �¤£u¥ is disadvantageousin com-
parisonto larger valuesfor � .

3.2 Case �q�S�
In the secondcasethe influenceof the spatial con-

traction is excludedso that a rangeblock clusterconsists
of only one range block with the samesize as the do-
main blocks. This resultsin thedesignparameter� being
equalto one,so the largesteigenvaluefor this type is de-
terminedby¦ §©¨~ª¬«g¦

cycle=z £®­°¯�±²³�´¶µ:··· �¹¸»º½¼³/µ ··· ¾
µ~¿ ¯ ±OÀ (8)

In order to determine the probability of divergence
ProbÁ ¦ §�¦ÃÂ ¥�Ä the pdf ÅÇÆ ÈÃÆ ¨ÊÉ�« hasto be calculatedwhich
is the pdf of the product of Ë º uniformly distributed
statisticallyindependentrandomvariables.This resultsin

ProbÁ ¦ §�¦8Â ¥�Ä1£S¥8Ì ¥� ¯ ± ¶¡;¢ ¯�±zÍ
µÎ ³�´3Ï Ë ³ºÐVÑ ¨ÓÒzÔ �  ¶¡;¢ « ³ À (9)

As can be seenfrom figure 4 long mapping cycles are
advantageousfor a convergent reconstructionprocess.

4. RESULTS AND CONCLUSION
Summarizingand combining the resultsof topic 3.1 and
3.2 it can be statedthat a fractal codingschemewhich is
optimizedwith respectto the contractivityof the transfor-
mation should employ

• a large ratio betweenthe domain- and rangeblock
size ( �ÖÕ×¥ ) and should

• try to generatelong mappingcycles( ËÙØÚ¥ ).

A codingschemeof theformerdescribedtypehasbeenim-
plementedand testedwith real world imagesandvarious
choicesof decimatingfactors � . Analyzing the result-
ing length of the mappingcyclesshowedthat only very
shortcyclesaregeneratedif the selectionof the codebook
entriesis not constrainedin any way. By forcing the en-
coderto generatelongercyclesa significantimprovement
concerningthe convergencepropertiescanbe obtained.
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