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Contractivity of fractal transforms for image coding
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In this letter the contractivity of existing fractal transformsfor use in image

compressionschemesis examined. The coding processis describedas non-

linear transformationin the finite dimensionaleuclideanvector space. We

derive sufficient conditionsfor contractivity basedon the spectralnorm and

the spectralradius of the transformationmatrix. As a result boundsfor the

encodingparameterscanbe formulatedwhich are tighter than the onesknown

so far.

Introduction: Barnsley’sideato exploit self-similarstructuresin realworld images[1]

for compressionpurposesfound its first practical implementationcapableof encoding

grey-scaleimagesin Jacquin’sapproach[2]. Severalimprovementsandmodifications,

e.g. [3, 4, 5, 6, 7] have been reported, where the basic concept of blockwise

approximationof the imageby partsof itself is adopted.

In this letter we restrictout considerationsto the contractivityof the usedtransfor-

mationwhich is avital presuppositionfor thefunctionalityof theseschemes.Theresults

of our investigationsprovideusmorefreedomin thechoiceof theencodingparameters

which leadsto distinct improvementsin terms of convergencespeed,reconstruction

quality and compressionratio.
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Theory: Let ���������
	����	
�
�
��	������� be an imageof size � � ������� pixels which we

consideras point in the n-dimensionaleuclideanvector space � � . The components������! #"$ � �%��'& � representthe pixels of the image. By defining the Euclidean

norm ( � (*) � +,,- �. �0/ �'1 � � 1 � (1)

and inducing a metric 2 �3�4	657� ) � ( �98:5 ( 	<;��4	65=& � � (2)� � becomesa normedmetric spacedenotedby � � � 	 2 � . Transformationswithin this

spaceare describedby linear operators > ) � �@? � � , for which the spectral- or

Hilbert-norm definedby ( > (BADC�) � EGFIHJ�KMLON0PRQSPUTWV 1YXZ1 (3)

is a consistentoperator norm in the sensethat
( > � (  ( > (=( � ( holds. ['\]> � >_^

is called the spectrumof the matrix > � > which is the set of its eigenvaluesX .
Additionally for every linear operator> the spectralradius ` L � > � is definedby` L � > � ) � E]FaHJSKbLbNcPRT 1dXZ1  ( > ( (4)

which is a lower bound for any norm
( > ( .

Most implementationsemerge from a blockwisedefinednon-linearaffine transfor-

mation e ) � � ? � � f � ? > �7gih (5)

of theentireimage� consistingof a linearpart > � andanadditivepart h . Theencoding

processof the given image � now consistsin finding a matrix > anda vector h such

that the approximationerror 2 � e �j�7��	k�Z�l� 2 � > �7gih4	k�<� (6)
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becomesas small as possible.Data compressioncan be achieved,if m and n can be

storedmore efficiently than the image o itself.

Banach’s fixed point theoremgivesus an ideahow the decodingprocessworks:

Let p7q bea metricspacewith metric r and s tapuqwv puq a contractivetransforma-

tion, this is if there existsa constantx9y{z , for whichr=|Gs}|jo<~��Bs#|j�l~]~R��x*r�|�o4�k�<~���o4�6���:p q (7)

holds. Thenthe sequenceof images �
o���� constructedby oZ���<���{s}|DoZ��~ converges

for any arbitrary initial image o�����p7q to the uniquefixedpointoZ�w��s���oZ������m�oZ����nl�7oZ���:p q (8)

of the transformation s .

From (5), (7) andthe definition of the metric (2) we obtainthe contractivitycondition� m � ��x�y�z�� (9)

which constrainsthe choiceof the matrix m in the encodingprocess.

The decodergeneratesthe sequence�
oZ��� witho � ��s�� � |3o � ~l� m � o � �¢¡ �
£��¤ ¥§¦ � m©¨cª�n (10)

by iterativelyapplyingthetransformations (5) to anyarbitraryinitial image o � . If the

spectralradiussatisfies«
¬|�m®~�y¢z , then ¯±°0²��³�´ m � �¶µ and ¯±°±²�B³�´ �·¥0¦ � m ¥ �¸|3¹'º»m®~ £��
with the identity ¹ andthe null matrix µ [8]. Due to Banach’sfixedpoint theorem, the

sequence�
o � � convergesto the fixed point o � of the transformation¯±°c²�B³�´ o � �¼|3¹Uº�m½~ £�� n:��oZ��¾ (11)

An estimationfor the reconstructionerror canbe formulatedwith the definition of the

fixed point (8) and the encodinginstruction(6) asr��o � ��¿�%� zz'º � m � r�|ks#|Do7~À�ko<~R¾ (12)
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SincethespectralradiusÁ
ÂÃ�Ä®Å is a lowerboundfor everynorm ÆÀÄ:Æ , thecontractiv-

ity condition(9) is sufficient but not necessaryfor convergence.In thefollowing section

we investigatethesuitability of theseresultsby consideringa practicalimplementation.

Applications: A simple proposalfor encodingof single imageblocks hasbeenpub-

lished by Monro and Dudbridge[4]. In the simplestcasethe encodingprocessmaps

an entire imageblock onto its four underlyingsubblocks. For the sakeof simplicity

we treatblocksof size4x4 pixels. Howeverthe theoryappliesto any otherevenblock

size. Then this mappingcan be describedby a linear operator

Ä�Ç�ÈÉ

ÊËËËËËËËËËËËËËËËËËËËËËËËËËËËËÌ

Í Í Í Í Î Ï
Ï�Ï Ï
Ï
Ï ÎÎ Í Í Í Í ...
... Í Í Í Í ÎÎ Ï
Ï
Ï Ï
Ï
Ï Î Í Í Í ÍÐ Ð Ð ÐÎ Ð Ð Ð Ð
...

Ð Ð Ð ÐÎ Ð Ð Ð ÐÑ Ñ Ñ ÑÎ Ï
Ï
Ï Ñ Ñ Ñ Ñ
... Ñ Ñ Ñ ÑÎ Ñ Ñ Ñ ÑÒ Ò Ò ÒÎ Ò Ò Ò Ò
...

Ò Ò Ò ÒÎ Ï
Ï
Ï Ï
Ï
Ï Î Ò Ò Ò Ò

Ó
ÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÔÕ
with the scaling parametersÍ4Ö Ð Ö Ñ and

Ò
.

We havetwo possibilitiesto evaluatetheseparametersin order to ensureconver-

genceof the transformation. The first one is to determinethe norm of Ä by cal-

culating the eigenvaluesof ÄØ×�Ä . This matrix is of block-diagonaltype with four

equal quadraticsubmatrices. The elementsof the submatricesare all identical and

equal ÙÙ6Ú�Û ÍZÜlÝ Ð ÜlÝ Ñ Ü4Ý Ò ÜBÞ . The largesteigenvaluewhich is different from zero isÙß Û Í Ü Ý Ð Ü Ý Ñ Ü Ý Ò Ü Þ and with the definition of the norm (3) we obtain the contrac-
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tivity condition àBá:àBâDãåä�æç4è é�ê7ëlìîí<ë4ì�ï�ëlì»ðMëòñôóõ æ*ö
(14)

Thesecondway is to determinethespectralradius ÷
ø é á ñ by directly evaluatingthe

largesteigenvalueof the transformationmatrix

á
. This is in generalnot feasiblebut

in the specialcaseconsideredhereit is very simple,sincethe matrix

á
hasa constant

column sum. Thereforethe largesteigenvaluein magnitudeis the sumof elementsin

onecolumnandwith definition(4) thecontractivityconditionfrom thespectralradiusis÷
ø é á ñ ä�æù=ú êûìîíüìýï©ìîð ú�óõ æ'ö
(15)

ResultsandConclusion: Formerresults[2, 4] constrainedthemagnitudeof thescaling

parametersê4þ�í4þkï and ð to be strictly smallerthanonein magnitudein orderto obtain

a contractivetransformationÿ . The resultspresentedhereshow, that this constraint

is to strong and so the relaxedones(14) or (15) have beenderived. The constraint

obtainedfrom the spectralradius(15) evenoffers a moregeneralsolutionthanthe one

obtainedby thespectral-norm(14), sincethescalingparametersarepositiveor negative

with sameprobability and thereforelarge parametersnot necessarilylead to divergent

behaviorof the transformation.

Enlarging the allowed parameterrangeconsecutivelyleadsto an improvementin

terms of reconstructionquality which has already been reportedexperimentallyby

other authors[3, 6]. Employing the proposedconstraintsfor the scaling parameters,

contractivity of the transformationcanbe ensuredwhile the parameterrangehasbeen

significantly enlarged.
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[7] B. HürtgenandC. Stiller. Fasthierarchicalcodebooksearchfor fractalcodingof still

images.In ProceedingsEOS/SPIEVisual Communicationsand PACSfor Medical

Applications’93, volume1977,pages397–408,Berlin, Germany,1993.

[8] E. Kreyszig. Introductoryfunctionalanalysiswith applications. RobertE. Krieger

PublishingCompany,1989.

— 6 —


