ElectronicsLetters 30th Septembe1 993 Vol.29 No. 20 pp. 1749-1750
Contractivity of fractal transforms for image coding
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In this letter the contractivity of existing fractal transformsfor usein image
compressiorschemeds examined. The coding processis describedas non-
linear transformationin the finite dimensionaleuclideanvector space. We
derive sufficient conditionsfor contractivity basedon the spectralnorm and
the spectralradius of the transformationmatrix. As a result boundsfor the
encodingparametergan be formulatedwhich are tighter than the onesknown

so far.

Introduction: Barnsley’sideato exploit self-similarstructuresn realworld imageg[1]
for compressiorpurposedound its first practicalimplementationcapableof encoding
grey-scalemagesin Jacquin’sapproach2]. Severalimprovementsand modifications,
e.g. [3, 4, 5, 6, 7] have beenreported, where the basic conceptof blockwise
approximationof the image by partsof itself is adopted.

In this letter we restrictout considerationso the contractivity of the usedtransfor-
mationwhichis avital presuppositiorior thefunctionality of theseschemesTheresults
of our investigationgprovideus morefreedomin the choiceof the encodingparameters
which leadsto distinct improvementsin terms of convegencespeed,reconstruction

guality and compressiorratio.
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Theory: Letx = (zq, 29, - -,xn)T be animageof sizen = n,n, pixels which we
consideras point in the n-dimensionaleuclideanvector spaceR™. The components
z;; 1 <1 < n; z; € R representhe pixels of the image. By defining the Euclidean

norm

(1)

and inducing a metric

Q(X7Y) = ||X - yua VX,YE R" (2)

R™ becomesa normedmetric spacedenotedby (R", o). Transformationswithin this
spaceare describedby linear operatorsA : R* — R", for which the spectral-or
Hilbert-norm defined by
Al = sup /M| (3)
Aeo(ATA)
is a consistentoperator norm in the sensethat |Ax|| < [|A| |jx| holds. o(ATA)

is called the spectrumof the matrix ATA which is the set of its eigenvalues\.

Additionally for everylinear operatorA the spectralradiusr,(A) is definedby

re(A) i= sup Al <[|A] (4)
Aeo(A)

which is a lower boundfor any norm ||A||.
Most implementationemege from a blockwise definednon-linearaffine transfor-
mation

W: R"—>R" = x— Ax+b (5)
of theentireimagex consistingof alinearpart Ax andanadditivepartb. Theencoding
processof the givenimagex now consistsin finding a matrix A anda vectorb such
that the approximationerror

o(W(x),x) = o(Ax+b, x) (6)
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becomesas small as possible. Data compressiorcan be achieved,if A andb canbe

storedmore efficiently thanthe imagex itself.

Banach'’s fixed point theoremgivesus an ideahow the decodingprocessworks:
LetR" be a metric spacewith metricp and W : R® — R™ a contractivetransforma-

tion, this is if there existsa constants < 1, for which
o (W(x),W(y)) <so(x,y) Vx,y € R" (7)

holds. Thenthe sequencef images{x;} constructedoy x;1 = W(x}) conveges

for any arbitrary initial imagex, € R" to the uniquefixed point
xf=W(xf) = Axy+b; xp € R" (8)

of the transformation\/.

From (5), (7) andthe definition of the metric (2) we obtainthe contractivity condition
A <s <1, (9)

which constrainsthe choiceof the matrix A in the encodingprocess.

The decodergenerateshe sequence{x;,} with
k-1
X = WOk(Xo) = AkXO + (Z Al) b (10)
i=0
by iteratively applyingthetransformation¥ (5) to any arbitraryinitial imagex,. If the
koo
spectralradius satisfiesr,(A) < 1, then klim A*F =0 and klim A= (I-A)"!

with the identity I andthe null matrix 0 [8]. Due to Banach'sfixedpoint theoem the

sequencgx;} convegesto the fixed point x ¢ of the transformation
lim x; = (I—A)"'b =x;. (11)

k—o0

An estimationfor the reconstructiorerror can be formulatedwith the definition of the

fixed point (8) and the encodinginstruction (6) as

1 v
Xf, T —o(W(x),x) . 12
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Sincethespectraradiusr,(A) is alowerboundfor everynorm||A ||, thecontractiv-
ity condition(9) is sufficient but not necessaryor convegence.In thefollowing section

we investigatethe suitability of theseresultsby consideringa practicalimplementation.

Applications: A simple proposalfor encodingof single image blocks hasbeenpub-
lished by Monro and Dudbridge[4]. In the simplestcasethe encodingprocessmaps
an entire image block onto its four underlying subblocks. For the sakeof simplicity
we treatblocks of size 4x4 pixels. Howeverthe theoryappliesto any otherevenblock

size. Thenthis mappingcan be describedby a linear operator
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with the scaling parametersy, 3,v andé.

We havetwo possibilitiesto evaluatetheseparametersn orderto ensureconver-
genceof the transformation. The first one is to determinethe norm of A by cal-
culating the eigenvaluesof ATA. This matrix is of block-diagonaltype with four
equal quadraticsubmatrices. The elementsof the submatricesare all identical and
equal & (a? + 8% + 7% + 6%). The largesteigenvaluewhich is differentfrom zeroiis

H(a? + 8% + 4% 4 6*) andwith the definition of the norm (3) we obtain the contrac-

— 4



ElectronicsLetters 30th Septembe1 993 Vol.29 No. 20 pp. 1749-1750

tivity condition

1 !
IA],, = 5\/(a2+ﬂ2+’)’2+52) 1. (14)

The secondway is to determinethe spectralradiusr, (A ) by directly evaluatingthe
largesteigenvalueof the transformationmatrix A. This is in generalnot feasiblebut
in the specialcaseconsiderechereit is very simple,sincethe matrix A hasa constant
columnsum. Thereforethe largesteigenvaluen magnitudeis the sum of elementsn

onecolumnandwith definition (4) the contractivityconditionfrom the spectrakadiusis
1 !
rg(A):1|0z—|—,5—|—'y—|—5| <1. (15)

Resultsand Conclusion: Formerresults[2, 4] constrainedhe magnitudeof the scaling
parametersy, 3,y andé to be strictly smallerthanonein magnitudein orderto obtain
a contractivetransformationi. The resultspresentechere show, that this constraint
is to strong and so the relaxedones(14) or (15) have beenderived. The constraint
obtainedfrom the spectralradius(15) evenoffers a more generalsolutionthanthe one
obtainedby the spectral-norn{14), sincethe scalingparametersre positiveor negative
with sameprobability and thereforelarge parametersiot necessarilylead to divergent

behavior of the transformation.

Enlamging the allowed parameterrange consecutivelyleadsto an improvementin
terms of reconstructionquality which has already been reported experimentallyby
other authors[3, 6]. Employing the proposedconstraintsfor the scaling parameters,
contractivity of the transformationcan be ensuredwhile the parameterangehasbeen

significantly enlaged.
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