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ABSTRACT
Most fractal codingschemesemployan iterativedecodingalgo-
rithm in order to reconstructthe approximationof the original
signal from the fractal code. A necessarycondition for obtain-
ing a unique solution is the convergenceof the reconstruction
process.This paperreportson investigationsconcerninga nec-
essaryand sufficient condition for convergencewhich is based
uponthespectralradiusof the transformationmatrix. For a very
generalclass of fractal transformsa simple calculation of the
spectralradiuscanbe performedin order to decidewhetherthe
reconstructionconvergesor not. This allowsmorefreedomin the
choiceof theencodingparametersresultingin a betterandfaster
reconstructionprocess.Also the proposeddescriptionleadsto a
moreaccuratetheoreticalfoundationof fractal codingschemes.

1. INTRODUCTION
During the last yearsa novel coding and modeling schemefor
natural signalshas beendevelopedwhich is widely known as
fractal coding. The basic idea for encodingof signalsby use
of fractal techniquesis originated in various publications of
Barnsleyet al., e.g. [1]. A first implementationfor automatic
encodingof gray-scaleimagesatcommoncompressionratioshas
beenproposedby Jacquin[2] andreviewedin [3]. An excellent
mathematicalfoundation of fractal signal modeling basedon
the theory of finite-dimensionalvector spacesis included in
[4]. Recentlysomeimprovementsand modificationshavebeen
published,e.g. [5, 6, 7], which make the fractal techniquea
challengingcandidateespeciallyfor encodingof images.

In contrast to common transformations,e.g. the DCT,
whosecodinggain emergesfrom the bindingsbetweenadjacent
samples,fractalcodingschemesmainly exploit somesortof long
rangecorrelationswithin thesignal. In thecontextof fractalcod-
ing thesecorrelationsaretermed(partial) self-similaritieswhich
arisesfrom the fact that many parts of natural signalsmay be
found in a scaledand/or geometrictransformedversion within
the samesignal. All theseschemescan be describedas vector
quantizationwith signal dependentcodebook. The main advan-
tagecomparedto conventionalVQ-algorithmsis the fact that no
codebooktraining is necessaryand that the vectorsmay be of
very high dimensionality

The encodingprocessworks as follows: The entire signal���������
	����	�������	����������� � � consistingof � pixelsis segmented

into ��� � � �!�"� non-overlappingblocks �$# with � � pixelseach.
Thenfor everyblock � # 	$%&�('!	�)*	,+�+�+�	 � � a codebookentry -/.
from a setof �10 entriesis selected,which afterscalingwith 2 # .
and addingan offset 3 #54 minimizes somepredefined distortion
measure6 �7�8#9	;:�8#9�<� =?>A@.�B;C �ED ��D F F FGD H 0JI 6 �A�8#�	 2 # . - .LK 3 #94;�NM (1)

The codebookis generatedfrom the entire image � by use of
a codebookconstructionmatrix O which is mainly determined
by the type of the codingscheme.Let O � denotethe collection
of all codebookentries - . andlet P . be the ’fetch-operation’of
the codebookentry -Q. � PR.,O � from the codebook.FurtherletS # denotethe ’put-operation’of the optimal modifiedcodebook
entry T�8#�� 2 # . - .UK 3 #94 VW4X�Y��'�	�'!	�+�+�+,	�'Z�����[� � H � into its
appropriateposition of the approximatedsignal :� . Then the
mappingprocessof the entire signal \^] � � �X_ � � � may be
formulatedby:��� H �` #ba � S #c� 2 # . P . O � K 3 #54;��edf g H �` #ba � S # 2 # .,PR.ZOih jk � K H �` #ba � S # 3 # 4�mln� Kpo M (2)

From (2) it can be seenthat this mappingis an affine transfor-
mation with a linear part l and a non-linearoffset o . A very
simple coding schemecan be stated,if the mapping(2) results
in a convergent seriesof iterates �8q�r � �sln�8q Kto , which due
to Banach’sfixedpoint theorem thenconvergesfor any arbitrary
initial signal �&u to the unique fixed point �8vw�x��yRzil{�E| � o .
A necessaryand sufficient condition is that the spectralradius}�~ �7l{��� ���/�� B ~
�A�L��� �&� , which is the largesteigenvalueof the lin-

ear part l with � �7l{� being the setof all eigenvaluesof l , is
smallerthanone [4]. In thiscase�7l�	 o � servesasfractalcodefor
the signal �8v which by presumptionis the approximationof the
original signal � . This is guaranteedby thecollagetheorem [1, 4,
8], which ensuresthat thefixed point � v is closeto � if alsothe
distortion

6 �7�<	 T�$� betweentheoriginal signalandits collage T� is
small. In this casea codinggainis achievedif thetransformation
canbe representedwith fewer bits than the signal itself.
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Actually the fractal code should be determinedin a way
that the distortion betweenthe original signal and an appropri-
atedfixed point �*�7�R�c�&��� , which is reconstructedat the decoder,
is minimized. Obviously this is a very difficult task from the
computationalpoint of view and thereforein practicethe above
mentionedcollage-codinghasprovenwell which insteadis in-
tendedto minimize thedistortionbetweentheoriginal signaland
the collage ��A�<����8� , though this is not optimal. One possible
extensionof collagecoding yielding a closerfixed-point by re-
calculatingtheoffset � for thegiven linearpart � maybefound
in [9].

Currently the investigations concerning fractal coding
mainly concentrateon library constructionand/or signal par-
titioning in order to minimize the approximationerror ��7�<�;��8� .
Howeverthe questionof convergenceis not addressedexplicitly
in mostpublicationsthoughit is mostimportantfor the function-
ality of theseschemes.To overcomethis lack, this paperreports
on resultsconcerningthe convergenceproblemin fractal coding
schemes.This leadsto the questionwhetherthe eigenvaluesof
the linear part lie within the unit circle or not. Due to the huge
dimensionof thetransformationmatrix � , it is easilyunderstood
that straightforwarddeterminationof the eigenvaluesby solving
the characteristicequation �;��� �7���i� ������� is infeasible. In-
steadthis paper describeshow the eigenvaluesor at least the
spectralradius of the transformationmatrix can be determined
exactly for a wide rangeof codingapproaches.

Thepaperis organizedasfollows: Section2 introducesthe
calculationof theeigenvaluesof thelinearpart. In subsection2.1
it is shown how the eigenvaluesof a simple transformation
matrix can be derived easily. These results form the basis
for a very generalclassof transformationmatriceswith which
many existing fractal coding schemescan be describedexactly
when convergenceis the issue. The necessaryproceduresfor
determiningthe largesteigenvalueof the transformationmatrix
is presentedin subsection2.2. The paperconcludeswith a short
summaryand a prospecton future investigations.

2. EIGENVALUES OF THE LINEAR PART
Jacquin’soriginal approach[2] is themostgeneraloneregarding
the variability of the transformationmatrix. But due to its com-
plex structure,a simpleandgeneralsolutionfor the eigenvalues
hasnot beenfound yet. Thereforewe concentrateour investiga-
tions on a slightly simplified versionwhich implies someminor
constraintson the single block transformations.

We proceedin two steps: In the first step we investigate
a proposal by Monro and Dudbridge for encoding of single
imageblocks[5]. The structureof the transformationmatrix �
becomesrathersimple in this casesinceeachblock of thesignal
is treatedindependentlyfrom all others. An exactsolution for
the eigenvaluesof this type of matrix hasbeenpresentedpartly
in [10, 11] and thereforetopic 2.1 only summarizesthe results
concisely.

Theseresultsserveas basisfor the secondstepon which
the main attentionis focused. Subsection2.2 describesa later
on publishedextension[12] including the previous mentioned
simple schemeas special case. It additionally allows jointly
encodingof signalblockswhichmakesit verysimilar to Jacquin’s
original proposalregardingthe structureof the transformation

matrix. This transformationis much more complexbecauseof
theconcatenationof thesingleblocktransformations.Codingand
decodingof eachblock now may dependon other partswithin
the samesignal. Hencethe single block transformationscannot
beperformedindependentlyfrom eachother. Howeverthispaper
presentsanalgorithmwhich allowsanexactdeterminationof the
spectralradiusof the transformationmatrix during the encoding
processand therewith a necessaryand sufficient criterion for
convergenceof the reconstructionprocess.

2.1 Eigenvalues of the block transformation matrix
According to [5], the encodingprocessin this simplecase

starts by segmentingthe entire image into ���m��  ¡! "� non-
overlapping range blocks of   � pixels each. The so-called
domainblockswhich also are demandedto be non-overlapping
are composedof ¢£�m  ¤W¡�  �R�L¢¦¥w§ ¨ adjacentrangeblocks.
The averagedand subsampleddomain block is then mapped
onto his underlyingrangeblocks for which accordingto (1) the
scaling-andoffset parameters©8ª « and ¬Eª aredetermined.It can
easilybe shown,that the transformationmatrix � for the entire
signal � thenis a block-diagonalmatrix consistingof � ¤ square
submatrices�{ª and hasthe following structure:

�� diag�®� ª �W¯<� ª �±°¢

²³³³³³³³³³³³³³³³³³³³³³´

µ � block columns¶ ·�¸ ¹º ª¼» ½ ¾�¾�¾ ½½ º ªb» ¾�¾�¾ ½
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...½ ½ ¾�¾�¾ º ª¼»
...

...
...

...º ªb¿ ½ ¾�¾�¾ ½½ º ª¼¿ ¾�¾�¾ ½
...

...
. ..

...½ ½ ¾�¾�¾ º ªb¿

À�ÁÁÁÁÁÁÁÁÁÁÁÁÁÁÁÁÁÁÁÁÁÂ
(3)

with º ª « �Ã��© ª « ��© ª « ��Ä�Ä�Ä���© ª « �E� ½ �Ã����������Ä�Ä�Ä������Å¥x§ Æ ¿Ç ��ÈÉ¥ËÊ ° ��Ì*�,Ä�Ä�Ä���� ¤WÍ ��Î1¥�Ê ° ��Ì*��Ä�Ä�Ä���¢ Í � . As can be seen,the
column sum of �{ª is constantand thereforethe spectralradius
is boundedby Ï�ÐQ�7� ª �ÒÑ »¿mÓ ¿«5Ô »RÕ © ª « Õ for arbitrary   ¤ ��  � .
Equality holds for non-negative� ª , this is if all © ª «�Ö � .

For thespecialcasethatboth   � and   ¤ areintegralpowers
of 2, or that ¢ is anintegralmultiple of   � which arein practice
only minor restrictions,an exacteigenvaluedeterminationmay
be performedfor arbitrary ©<ª « . In this casethe characteristic
determinant

�;���&�7� ª �1� ª ���!�
××××××××××××××
� �/ª Ø� � � ª� � .. .

...
... �Q�/ª� ¾�¾�¾Ù¾�¾�¾ � Ú ¿Ó«�Ô »ÜÛ ª «¿sÝ �$� ª

×××××××××××××× (4)

for calculationof the eigenvaluescan be transformedby some
elementaryoperationsinto an uppertriangularform, asoutlined
in Appendix I. The characteristicequationis the productof the
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diagonalelementsÞ�ß à�áãâ�äWå æ"ç�ç�èéäê5ë æUì á êä(í ßXà�á í�îï(ð resulting

in the Þ�ñpßóòZâ -fold eigenvalueà á æ
ô á¼õ ô ö ö ö ô á äWå æ ï[ð andonesingle
eigenvalueà á ä ï æä è äê�ë æ8÷ á ê . Thespectralradiusof theentire
transformationmatrix ø is thenexactlydeterminedbyù�ú Þ7ø{â ï ûnü,ýáAþ;ÿ æ ô õ ô ö ö öbô � ��� ù�ú Þ7ø á�â ï û ü
ýá òñ ����� ä�ê�ë æ ÷ á ê

������� (5)

It canbe seenfrom (5) that a convergent reconstructionprocess
canbeobtainedevenif someof thescalingparameters÷ á ê exceed
theboundof ò � ð whichcanbederivedby examinationof themax-
norm �Eø	��
��� of the transformationmatrix [2]. Therelationship
betweenany norm, the spectralradius, and Fisher’s eventually
contractivemaps[8] is outlined in Appendix II.

2.2 Eigenvalues of a general transformation matrix
In the former describedsimple casethe relationshipsbe-

tweenthe range-anddomainblocksarefixed, this is given any
arbitrary rangeblock the appropriatedomain block is known a
priori. Insteadthe moregeneraltransformationaddressedin this
subsectionleavesmore freedomfor the encodingprocesssince
for any given collection of ñ adjacentrangeblocks a domain
block from a large set of possibleones is selectedwhich fits
bestin the senseof a distortionmeasure.As a resultof this ex-
tensionthe transformationof the entiresignalcannotbe decom-
posedinto singleblock transformationsasdemandedpreviously
in subsection2.1,becausea block notnecessarilyis mappedonto
itself but may be mappedonto anotherblock within the same
signal. This leadsto the transformationmatrix ø havinga more
complexstructurecomparedto (3) sincethematrix is nolongerof
block diagonaltype. In generalit consistsof exactlyonesubma-
trix ø{á��ï�� in eachblock row but at anyarbitraryblock column.
Dueto thissomeblockcolumnsmayonly consistof zeromatrices� . Thoseblocksare not part of the iteration processand there-
fore do not contributeto the largesteigenvaluesincethe accom-
panyingdomain-blockis neverusedfor the mappingprocedure.
Analogousholdsfor theblock rowsdescribingthecorresponding
rangeblocks. For determinationof the largesteigenvaluethese
columnsandrows can thereforebe removediteratively. The re-
ducedmatrix ø r obtainedin this way describesonly thoseparts
of the transformationwhich influencethe convergence.The re-
sult of the reductionalgorithmis a block matrix with exactlyone
non-zerosubmatrix in eachblock row and block column. By
simultaneousexchangingof rows and columns,which doesnot
affect the eigenvalues,the reducedmatrix

ø r ï �����
��� æ�� � ����� �� � � õ � ...

...
. . . �� ����� � ��� � �

!�"""# (6)

may be decomposedinto a block-diagonalmatrix with $ non-
zerodiagonalelements

� � % � . Eachof thesematricesontheblock-
diagonalof ø r representsoneof $ partsof the (reduced)signal
which can be treatedindependentlyfrom all other parts. The
collectionof all $ partstogetherwith thenon-iterativeonesthen
form the entire signal.

For non-overlappingdomainblocksas is alsopresumedin
subsection2.1 the singlematrices

���&% �('�) ï ò '�*+'�,�,�,�' $ may be
transformedby simultaneousexchangeof rowsandcolumnsinto
the structure

� � % � ï
�������

� ����� ø �-% �æø � % �õ � ������ ø � % �. � ����� �
...

...
...

. ..
...� ���/� ���0� ø � % �1 �&% � �

! """""# � (7)

One can seethat eachmatrix
� �&% � describesa closedcycle of

block mappingswithin the ) -th part of the signal. A full cycle
itself consistsof 2ÜÞ ) â single block mappingseachrepresented
by a matrix ø � % �á '�3 ï ò '�*4'�,�,0,�' 2ÜÞ ) â which hasthe structureofø á as outlined in (3).

The spectral radius of the matrix
� �&% � now determines

whetherthereconstructionprocessof thecorresponding) -th part
of the signal convergesor not. Thereforeconvergencefor the
entiresignalcanbe achievedif andonly if the reconstructionof
all $ partsof thesignalconverges.This leadsto theproblemof
calculatingthespectralradiusfor all matrices

�5� % � . Thesuffix )
describingthe ) -th part of the signal is omitted in the following
for the purposeof simplificationunlessotherwisenoted.

In order to determinethe largesteigenvalueof
�

, the 6 -th
power

�87
is examined. It can be showneasily that for 6 ï 2

the matrix � 1 ï diagÞ:9{â(;<9 ï 1=7 ë æ ø 7 (8)

is a block diagonalmatrix with identical diagonalelements9 .
Since in all matrices ø 7 the column sum >ÞAø 7 â ï èéäê5ë æ ì 7 êäis constant,also the product matrix 9 has a constantcolumn
sum. For theconsideredspecialcasethat ?A@ and ? � areintegral
powersof 2 or ñ is an integralmultiple of ? @ , the columnsum>Þ-9 â ïCB 17 ë æ >Þ7ø 7 â is the productof all column sums >Þ7ø 7 â
and equalsthe spectralradiusof

� 1
so thatù�ú ç � 1 í ï ����� 1=7 ë æ ä�ê5ë æ ÷ 7 êñ ����� � (9)

The spectralradius ù�úED � 1GF
of the power matrix

� 1
is equalto

the 2 -th power Þ ù ú Þ � â�â 1 of the spectralradiusof the matrix
�

.
Consequentlythe spectralradius ù ú Þ � â is the 2 -th root of the
columnsum >Þ-9 â of the singleblock transformationswhich are
involved in the consideredcycle, so thatù�ú Þ � â ï ç ù�ú ç � 1 í�í æIH 1 ï ����� 1=7 ë æ ä�ê�ë æ ÷ 7 êñ ����� æ�H 1 � (10)

By reintroducing the suffix ) , the condition ù ú ç � � % � íKJ ò
is necessaryand sufficient for a convergent reconstructionof
the ) -th part of the signal. Otherwise,if ù�ú ç �5� % � íML ò , the
reconstructionof this partof thesignalis divergentandno unique
fixed-point is guaranteed. Thereforeconvergence in a global
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senseis ensuredif the spectralradiusof the reducedmatrix N r
representingthe iterativepart of the transformationof the entire
imageO0PRQ N r S�T UWV/XY/Z\[:]�^ _�^ ` ` `a^ b�c O�P8d�e�f Y�g h

T UWV/XY/Z\[:]�^ _�^ ` ` `i^ b�ckjlnmoqp f Y�grsutv] wwwwwyxz{ ty]y| f Y�gs { wwwww }~ ]�� p f Y�g (11)

is smaller than one.

3. SUMMARY AND CONCLUSION
In this papera new resultconcerningtheconvergenceproperties
of fractal codingschemeswaspresented.A necessaryandsuffi-
cient conditionfor convergenceis the fact thatall eigenvaluesof
the linearpartof thetransformationlie within theunit circle. In a
first stepthe eigenvaluesfor a rathersimpleclassof transforma-
tion matriceshasbeendetermined.Using this result the second
stepconsistedin a generalizationof thestructureof the transfor-
mation matrix which enablesto describea wide classof fractal
codingschemeswith respectto their convergenceproperties.The
necessarycalculationof the spectralradiusfor this purposecan
be donevery easilyby evaluatingthe scalingcoefficients.

The presentedresultsalso allow to judge existing fractal
codingschemeswith respectto their convergence.Someinvesti-
gationsconcerningthis topic arepublishedin [13]. Futurework
is directedto a more generaldescriptionof convergencewhich
also intendsto includeJacquin’soriginal approach.

4. APPENDIX I
By useof thealgorithmoutlinedin pseudocodebelow,thematrix��� T N �������q� T Q � { Y S � with N �

from (3) and
�

being the
identity matrix canbetransformedinto anuppertridiagonalform
for which the determinantcanbe calculatedvery easily.

For j=1:ND-1
column(j) := column(j) - column(j+1);

end

For j=2:ND

row(j) := row(j) + row(j–1);
end

For j=2:ND

For k=1:j-1
If (ejk)<>0) then

swap column j with column k
swap row j with row k

end
end

end

5. APPENDIX II
Most investigationsconcerningthe convergence propertiesof
fractalcodingschemesarebaseduponsomekind of norms �/��� of
the transformationmatrix N which leadsto strongerconstraints
for the scalingcoefficients comparedto thosederivedfrom the

spectralradius as shownabove. Consequentlyit has beenob-
servedthatconvergencewasobtainedevenif thosestrongercon-
straintshavenot beenmet. Fisheret al. [8] termedthis behavior
eventuallycontractive, this is if the � -fold applicationof thetrans-
formationis contractive.By regardingtheoperatornormonecan
showthat an eventuallycontractivemappingwith exponent� is
characterizedby ��N������ j . By useof the relationshipbetween
any norm and the spectralradiusof a matrixO P Q N S�� ��N � � ]�� ��� O P Q N S5T��u��U�I��� ��N � � ]�� � (12)

it canbe seenthat thecaseof eventuallycontractivemappingsis
includedin the criterion basedon the spectralradius.
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