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Abstract
This paperpresentsa methodfor lossycodingof still
picturesusingthe theoryof iteratedfunctionsystems
(IFS) which is a standarddescriptionfor determinis-
tic fractals.The codingconceptis basedon a block-
wise fractal approximationof the original imageby
contractionmappingsof itself using affine transfor-
mationswhich are a specialcaseof IFSs. Data re-
duction is achievedby exploiting the self-similarity
within naturalor artificial pictures.The proposedal-
gorithm accountsfor the local imagecharacteristics
by an adaptivequadtreesegmentation.In contrastto
existing fractal coding conceptsan overall constant
reconstructionquality is achieved.

1. Introduction
Picture coding has attractedgreat interestsince the
earlydaysof imageprocessing.Mostcommonblock-
orientedtechniquesessentiallyrevolvearoundtrans-
form coding, e.g. [1] and vector-quantization, e.g.
[2]

Oneof the latestfields of researchfor codingof
still picturesis fractal coding proposedby Barnsley
[3] and at first implementedby Jacquin[4]. For a
given imagethe encodingprocessconsistsof finding
amonga classof a priori definedcontractivetransfor-
mationsone which leavesthis imageapproximately
invariant. Insteadof the original imagethe optimal
transformationis encoded.Reconstructionthenstarts
with decodingthis transformationandapplying it it-
erativelyto anyarbitraryimage.Thecollagetheorem
[5] statesthat the sequenceof reconstructedimages

convergesto the approximationof the original oneif
one can find a set of transformationswhich approx-
imately mapsthe imageonto itself.

For practical purposesthe entire image is seg-
mented into rectangularnonoverlappingblocks of
samesizeandthe optimal transformationis searched
for everyimageblock independently.Becauseof us-
ing a fixed blocksizemost existing coding concepts
are not adaptableto different image structuresand
thereforereconstructionquality is highly instationary.

The algorithm presentedin this paper over-
comesthoseproblemsby using a variablequadtree-
segmentationwith differently sized blocks adapted
to the structure of the image which results in an
approximatelystationaryreconstructionquality.

The paperis organizedas follows: The second
sectiondescribesthetheoryof encodinganddecoding
still imagesusing a fractal approach. After this an
algorithm for optimal block-splitting is introduced
which accountsfor the local structureof the image.
At the end some coding results are presentedand
comparedto other concepts.

2. Theory
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be a completemetric spacewith
metric
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and C ?EDGFH=�I�I�I�=�JLK . In this casethere

exists a unique attractorMONBPRQ�MTS1N UVW�XZY.[ W Q\M]S (2)

which is invariant with respectto
P

. It turns out
that

M
is determinedby

P
. This meansthat

M
is

the limit of approximatingsequencesof setswhich
canbeconstructedfrom

P
. In this paperwe restrict

the transformationsto be affine mappingsfrom the
two dimensionalspacê _a` into itself which can be
written as

[ W�b <�ced W <gfih W = (3)

where < Nkjml n8o =ph W Nqjsr�t W�uvr t W�uw od W N j+x t W�uvqy t W2uY�Y x t W�uw y t W�uY `x t W�uv y t W2u` Y x t W�uw y t W�u`�` o{zP
is a contractivelinearmapping,if | d W |~} F�; C ?DGF�=�I�I�I�=�J�K

holds. To representgrey-scalevalueson
an attractor

M
we definean affine mappingextended

to threedimensionswhere � Q l = n S denotesthe grey-
value at the position

Q l = n S . In addition to (3) the
mappingfor � is definedas follows:� Q l = n S cq� t W2uY l f�� t W�u` n f�� t W�u� � Q l = n S f�� t W2u� z

(4)

Our task is now to determinefor a given attrac-
tor

M
- representingthe original picture- a set

P
of

transformations[ W sothat
M

is invariantwith respect
to
P

. In orderto find anappropriatesetof mappingsP
, a searchin the � -dimensionalparameter-space

hasto be performedwhere � is the numberof inde-
pendentparameters.

For practicalreasonsthe valuesfor the parame-
ters x v = x w = y/��� =���=4��?iD�F�=���K and

�m�4=���?iD�F�=�I�I6I�=��.K
cannotbe chosenarbitrarily, but have to be calcu-
lated from an a priori given set of allowed values.
Thereforewe arein generalnot ableto determinethe
set

P
for a givenattractor

M
exactly,but the collage

theoremguaranteesthat if we canfind anapproxima-
tion �P to

P
the attractor �MENO� UW2XZY��[ W �M will be an

approximationto
M

[5].
The decodingprocedureis as follows. Starting

with an arbitrary image ��� the transform �P is ap-
plied iteratively. Note that in accordancewith (4) the
mapping �P is extendedto threedimensions.�T� N �P�� ����� ��� (5)�P � � ����� � denotesthat �P is iteratively applied � -
timesto ��� . Becausethe mapping �P is contractive,
thesequenceof reconstructedimages�T� = � Y =�I�I�I�= � �
converges to the approximation �M of the original
image

M � �¢¡
�¤£T¥ � � N �M7¦7M z (6)

3. Image Segmentation
The coding conceptproposedby Monro and Dud-
bridge[6] partitionstheimageinto rectangularblocks
of samesizeandsetstheparametersx t W2uv N x t W�uw NY` = y t W2uY�Y N y t W�u`�` N F

and y t W�u` Y N y t W�uY ` N¨§
. Ther t W�uv = r t W�uw aresuchthattheconsideredblock is mapped

to four tilesof equalsize. Theencoderdeterminesthe� � =2� N D�FH=�I�I�I6=��.K
for eachblock using leastsquare

approximation.
Jacquin’scoder [4] fixes x t W2uv N x t W2uw N Y`too, but allows the yH��� =2�6=��©?ªDGF�=2�HK

to be in a set
of eight parameter-vectorswhich he calls isometries.
The

� t W�uY =�� t W�u` aresetto zerowhichmeansthatnopla-
narfacetsareusedand

� t W�u� =�� t W�u� aredeterminedusing
theleastsquaremethod.The yH��� andtheoffset-vector« r�t W2uv = r�t W2uw¬¯® is calculatedby applyingacomputation-
ally very expensivesearchmethodwhich is themajor
disadvantageof Jacquin’scoding concept.

As a fixed imagepartitioning resultsin a fixed
numberof blocks per image, the codelengthis the
same for each image of same size if no entropy
coding is appliedto the parametersof the transform.
Hencethere is no possibility to adapt the coder to
differentimagematerial,compression-ratioor quality
demands.Onesteptowardsadaptivityhasbeenmade
by Jacquin[4] by distinguishingbetweenparent-and
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child blocksin sizeandsmooth,mid-rangeandrange
blocks in shape.

In order to overcomethe abovementionedcon-
straintsa block-basedimagesegmentationschemeis
introducedwhich is not restrictedto two different
blocksizesonly, but permitstheblocksizesandthere-
fore thenumberof blocksto varywithin awiderange.

The algorithm presentedin this paperis mainly
baseduponJacquin’scodingconcept.Initially theen-
tire imageis segmentedinto non-overlappingsquared
blocks of samesize °±²° pixels yielding the ini-
tial segmentation. In accordancewith Jacquinwe
call theseblocks range blocks. We now seek to
exploit similarities betweenthoserangeblocks and
other blocks within the imagecalled domainblocks.
The encodingprocessis carried out as follows: In
a first stepa library ³ is createdfrom ’all’ possible
domain-blockswhich are allowed to be transformed
by the a priori definedmappings.Eachentry in the
library thereforerepresentsonepossiblesetof param-
etersfor the affine mapping.

We presupposethat if we canfind a goodmatch
betweena rangeanda library block the resultingre-
constructionerror is small. Determiningthe optimal
mapping-parametersfor a rangeblock ´ is therefore
performedby finding an approximatinglibrary blockµ´ which minimizesthe distance¶¸· ´1¹ µ´:º5»p¼¾½À¿�Á (7)

One commondistancemeasureis the mean-square-
error (MSE)definedfor blocksof size °ª±�° pixels
as follows:

MSE· ´1º1Â Ã°{Ä8Å1Æ+ÇÈ ÉËÊZÌ Å8ÆmÇÈÍ ÊsÌ · ´ ·ÏÎ ¹ÑÐ
º�Ò µ´ ·�Î ¹�Ð
º�º Ä (8)

Let ´¯Ó be a rangeblock and Ô�Ó its appropriatemap-
ping minimizing MSE· ´�Ó¸º . We now split the block´ Ó into four tiles of equal size and independently
searchthe optimal mapping Ô ÉÓ ¹ ÎgÕ×Ö Ã ¹�Ø�Ø�Ø2¹�Ù
Ú for
eachsubblock ´ É Ó . We definean improvementÛ · ´ Ó º
in termsof MSE for eachblock ´ ÓÛ · ´ Ó ºÜÂ MSE· ´ Ó ºÝÒ ÞÈÍ Ê Ç

MSE ß�´ Í Ó�à (9)

This procedureis performedfor eachblock ´ Ó and
the maximumimprovementÛ�á5â�ã�Â©¼åä�æ ·Ïç ¹�Û · ´ Ó ºéèÝê ÕëÖ Ã ¹�Ø�Ø�Ø�¹�ìLÚ/º (10)

is determined. If ÛíáÜâ�ãîÂ ç then the segmenta-
tion algorithm stops, becauseno improvementcan
be achievedby further blocksplitting. Otherwisethe
block ´ Ó for which Û áÜâ�ã Â@Û · ´ Ó º holds is split into
four subblocksand the segmentationis modified so
that thesesubblocksare consideredas rangeblocks
in the next iteration step. This procedurecontinues
until the numberof rangeblocks exceedsa former
definedthresholdor until the reconstructionerror re-
mainsundera predefinedlimit. In additionto thepa-
rametersof the affine mappingfor eachrangeblock,
the segmentationinformationhasto be codedwhich
is performedby a quadtree-code.

4. Simulation Results and Conclusion
We havedescribedtheimplementationof a block ori-
entedsegmentationschemebasedon a fractalcoding
systemfor digital images.As canbeseenin fig. 2 our
segmentationalgorithmsignificantlyincreasesthere-
constructionquality in termsof signal-to-noise-ratio
for a given total numberof codedblocks by about
1-3 dB. Resultshavebeencomparedwith the same
coderusinga fixed blocksizefor the entire image.

In our experimentalstudieswe usedimagesof
size512x512pixels andallowedthe largestblock to
be 32x32 pixel and the smallestone 4x4 pixel. In
order to avoid distortionsdueto quantizationno one
hasbeenapplied to the parametersof the mapping.
Theoverheadfor thequadtreesegmentationhasbeen
discardedbecauseits below 0.02 bit/pixel.

Simulationshavebeencarriedout employingthe
abovedescribedsegmentationschemewith various
typesof test images.Fig. 3 showsthe reconstructed
image’lena’ andfig. 4 the appropriatesegmentation
consistingof 4096 blocks.

Further investigations are directed to a fast
library-searchincreasingmainly the encodingspeed,
to a suitablequantizationof the transformparame-
ters and to the extensionof the fractal block-coding
techniqueto video sequencesof images.
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Figure 1 Original ’lena’ 512x512pixel
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Figure 2 Variablevs. fixed blocksize
(N denotesthe total numberof blocks)

Figure 3 Coded’lena’ 4096 blocks

Figure 4 Segmentationresult 4096 blocks
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