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Modelling of fractal coding schemes
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Abstract - Fractaltechniquesppliedin theareaof signalcodingsuffer from thelack of ananalyticaldescription especially
if the questionof convegenceat the decoderis addressed.For this purposean expensiveeigenvaluecalculationof the

transformatiormatrix during the encodingprocesss necessaryvhich is in generalcomputationainfeasible. In this paper
the conditional equationfor the eigenvalueds determinedfor a rather generalcoding scheme. This allows formulation

of the probability density function of the largest eigenvaluewhich in turn determineswhetheror not the reconstruction
conveges. Theseresultsare not only importantfor evaluationof the convegencepropertiesof variouscoding schemes
but are also valuablefor optimizing their appropriateencodingparameters.

1. Intr oduction

Fractaltechniquesreknownfor severalyears,especiallyin three
distinct fields of applicationsnamely segmentationsignal mod-
elling and coding. Our attentionis focusedon the aspectsof
signal coding for which originally Barnsley[1, 2] contributed
major ideas. The lack of a practicalalgorithm suitablefor auto-
matic encodingand modelling of gray-levelimagesat common
compressiomratios hasbeenfilled by Jacquin[3], who proposed
a block-basedmplementation. A recentreview on fractal cod-
ing schemeamay be found in [4] and an excellentmathemati-
cal foundationbasedon the theory of finite-dimensionalvector
spacesin [5].

Numerous supplementsand improvementsof Jacquin’s
schemehavebeenreported. The objectiveof this paperis to pro-
vide a methodfor judging the differentproposalsandto estimate
the influence of distinct design parameterson the convegence
propertyof the decodingprocess.For this purposea probabilistic
approachbasedupon the transformationmatrix is introduced.
As derived below, a necessaryand sufficient condition for a
convegentdecodingprocessis that all eigenvaluef the trans-
formation matrix lie within the unit circle. Sincethe calculation
of the eigenvalueds a greatexpenditurejt is in generalinfea-
sible to performthis during the encodingprocess.Nevertheless
quantificationof the probability of divergence,given the type of
coding schemeandits pertinentdesignparametersis desirable.
This way one can quantify the probability of divergent trans-
formationswithout actually determiningthe eigenvalues. This
is performedby regardingthe eigenvaluesas randomvariables
and modelling their probability density function (pdf) which de-
pendsupon the usedcoding schemeand its appropriatedesign
parameters.

The paperis organizedasfollows: The mathematicaback-
groundof fractal codingis introducedin section2. Section3 is
concernedvith the distributionof the eigenvaluesandis divided
into three parts. While the topics3.1 and 3.2 treat two special

casedor which a rathersimple analyticalsolution of the charac-
teristic equationis possible topic 3.3 dealswith a more general
case for which no analyticaldescriptionhasbeenfoundyet. The
paperconcludeswith a short summary.

2. Theory

The basic coding principle emeges from a blockwise defined
affine transformationwhich composesa signal by partsof itself
in orderto exploit the natural self-similaritiesas a specialform
of redundancyor compressiompurposes Fractalcodingschemes
canbe viewed as somesort of vector quantizationwith a signal
dependentcodebook.

Let x = (21,22,...,2,)" € IR™ be a signal vector
consistingof n samplese;, zs, ..., z,. Thissignalis segmented
into Nr = n/ng non-overlappinglocks x; with nr elements.
Thenfor eachof theseblocks one codebookentry y; from a set
of Np entriesis selectedvhich after scalingwith «;; andadding
an offset b; 1 minimizessomepreddined distortion measure

o(xi, ki) = o(xi, ovijy; + bil) @
for all blocks x;. The codebookis generatedrom the signal
x itself by use of a codebookconstructionmatrix C which is
mainly determinedby the type of coding scheme.If F; denotes
the 'fetch-operation’of the codebookentryy; = F;Cx from the
codebookand P; the 'put-operation’ of the modified codebook
entry X; = a;;y; + b;1 into the approximationk, the mapping
procesdor theentireimage : IR™ — IR™ may be formulated
by

Ngr
X = ZP,‘(CMUF]‘CX{-I),‘I)

=1

Ngr Ngr
= {Z Pia,‘ijC}x + Z P;bi1
=1 =1

:AX-'—b:W(X)

@)
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This representanaffine transformatiorconsistingof alinear part
A andanon-linearoffsetb which togetherform thefractal code
(A, b) for the original signal. A very simplecodingschemeamay
be constructedf the mappingis contractiveor at leasteventually
contractive This is if thereexistsa numbers, < 1,5, € IR so
thatfor somel < ¢ < @ < o0, ¢ € IN thecontractivitycondition

o(W7(x), W(y)) < sqo(x,y)Vx,y € R? ®3)

holds. Then the decodercan constructa unique fixed point x ¢

from the fractal codewithout any knowledgeaboutthe codebook.
This is guaranteedy Banach’sfixed point theolemwhich states
thatthesequencef iterates{x } with xx41 = W (x,) conveges
for any arbitrary initial signalx, € IR™ to a uniquefixed point
xs; € IR™ of W. If contractivityis assumedthe collagetheoem
(e.g.[5, 6]) ensuresthat the fixed point itself is close to the
original signal, since

< 1—s? & 4
o(x,x5) < mg(qu)- 4
As can be seenfrom (4) the collagetheoremalso motivatesthe
mappingprocessat the encodemwhich minimizesthe approxima-
tion error g(x, ). Becausenot the original signalx itself, buta
fixed pointx ¢, which is closeto the original signal,is encoded,
fractal coding schemesometimesare alsotermedattractor cod-
ing. A coding gain in this way can be achieved,if the fractal
code (A, b), which servesas representatiorof the fixed point
in the fractal domain,can be expressedvith fewer bits thanthe
original signal itself.

For affine transformationganbe shownthatanecessargnd
sufficient condition for contractivity is that the spectralradius
ro(A) of the linear part, which is the largest eigenvaluein
magnitude,is smallerthan one[5, 7]. One can show that this
demands equivalentwith the statemenbf eventuakontractivity.

Control aboutthe convegenceof W canthereforebe ob-
tainedby determiningthe eigenvaluef the linear part A which
isin generalavery difficult taskandanalyticalsolutionsaregiven
only for somerathersimple codingschemese.g.[7, 8, 5]. Con-
tractivity is alwaysensuredif the magnitudeof all scalingcoefi-
cientsa;; is strictly smallerthanone. As reportedby severalau-
thors,e.g.[9, 10], alessstringentrestrictionfor the «v;; improves
reconstructiorquality andconvegencespeed.On the otherhand
contractivity of the transformation’ is no longer guaranteed.
Our investigationshave shown,that the scalingcoeficients may
be regardedas statistically independen@and in [—amax; ¥max]
uniformly distributedrandom variables. Since the eigenvalues
aresolely determinedby the scalingcoeficientsandthe structure
of the linear part they are alsorandomvariables. The following
sectionillustratesby meansof threedistinctapplicationshow the
probability density function (pdf) of the eigenvaluedor various
choicesof the designparametersan be derived. Whereasfor
the first two schemesgdescribedn topic 3.1 and 3.2, an analyt-
ical solution of the characteristicequationdet (A — AI) =0is
given, for the later and more generalschemethe pdf is approxi-
mated. The pdf of the eigenvaluesietermineghe probability for
divergenttransformationsand so the influenceof variousdesign
parameter®n the contractivity can be quantified.

3. Applications

As mentionedabove, contractivity is determinedby the largest
eigenvaluein magnitudeof the transformationmatrix A. Due

to its huge dimensionstraightforwarddeterminationby solving
the characteristicequationdet (A — AI) = 0 is infeasible. In-
steadthe specific structureof the matrix must be consideredn
orderto find an exactand quick solution. For a rathergeneral
coding approachthis is donein [8], so this paperonly concisely
summarizeghe results.

We emege from a codingapproachpublishedin [11]. The
basicidea is to find for m consecutiveblocks within the sig-
nalx;, Xiy1, - - -, Xi+ m—1 €achconsistingof n g samplesanother
block y; of sizemngr samplesso that after somesort of geo-
metric transformationscalingand an additionaloffset the distor-
tion measure(1) after the mappingprocessg(xi, ai;y; + bi1)
becomesassmall aspossible.As shownin [8] the largesteigen-
value of the transformationmatrix for the entire signal is then
determinedby

L(k) 1/L(k)

>l

j=1

|A(A)] ®)

1
= max —
maX  pef1,2,.. K} m

=1

The index & denotesone of K mappingcycles. Eachof these
cyclescanbe treatedindependenthyfrom all others. This is due
to the fact, that thosepart of the signal belongingto one cycle
is not regardedas codebookentry from all othercyclesandvice
versa. The number L(k) is the length of cycle &£, which equals
the numberof codebookentriesinvolved in this cycle.

For simplificationthis paperconsidergwo importantspecial
casedrom the literature. The first one, publishedin [12], treats
eachm blocksof the signalindependentlyrom all others. There-
fore the length of mappingcycles L(%) for all mappingsequals
one. We call theseschemeson-concatenatedoding schemes
The secondone doesnot geometricallyscalethe codebooken-
tries, or only doesthis by subsampling.One can show that this
resultsin the parametern being equalto one. Thoseschemes
havebeenthoroughlyinvestigatedn [5] andare called decimat-
ing coding schemes

3.1 Non-concatenatedodingscheme

The coding schemesdescribedin this sectionare characterized
by cycleswith lengthone. Theneg. (5) canbe simplified, sothat
the eigenvaluefor one cycle is determinedby

A(A) |cycle=k: % 6)

; af®].

As presumedabove, the scaling coeficients are uniformly dis-
tributedin [—amax; @max]. If they arealsostatisticallyindepen-
dent, the pdf px(¢) of the eigenvaluess equal to the m-fold
convolutionof the pdf p(¢) of the scalingparameter.Introduc-
ing the rect-functionwith

0 €] > 1/2
rec{é) =< 1/2 for|¢] =1/2 7)
1 €l <1/2

the pdf of the randomvariabley = o/m canbe written as

pa(€) = rect(Qj;"u)- ®)
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The m-fold convolutionof p, (&) with itself thenyields the pdf
of the eigenvalueswhich is

Pa(€) = py(&) * py(§) * - * py(§) - €)

m-times

The mappingW : ¥ — Ax + b resultsin a divergent recon-

U maxB @) 4

Figure 1 Probability densityfunction p, (¢) for
somecommonvaluesof the designparametem

struction,if andonly if the largesteigenvalueof the linear part
A is outsidethe unit circle. Sincep, is an evenfunction, the
probability for divergencecan easily be determinedby

[o¢]

Probi| 2 1) = 2[pa(€)d (10)

1

Figure 2 showsthis probability for somedifferent parametersn

Prob{AI>1}

max 4

Figure 2 Probability for divergentreconstruction
of non-concatenatedoding scheme

asfunction of the largestallowed scalingcoeficient ap,,x. One

cansee thatthe choicem = 1 is disadvantageouis comparison

to larger valuesfor m as far as the convegence property is
concerned.

3.2 Decimatingcodingscheme

Sincethe designparametern equalsone,ashasbeenmentioned
above, the eigenvalueequationfor this type of coding scheme
can be simplified to

) 1/L(k)
IA(A)cycle=k= (H ‘Ofgf) ) : 11)
=1

In orderto determinethe divergenceprobability Prob{|A| > 1}
the pdf p|»(¢) hasto be calculated. For simplification a new
randomvariable = |A*|, L € IN is introduced. The scaling
coeficients are assumedo be statisticallyindependenand uni-
formly distributedin the interval [— &max; @max], SOthatthe pdf
of the productis determinedby

pu(f)zrect< LS _1) (ln(a"gax)) o

ol 2 (L—l)!af,Ln“

SinceProb{|A| > 1} = Prob{x > 1} the probability for diver-
gencecanbe obtainedby integratingthe pdf p,.(¢) sothatfinally

1 A
a/ma.x .
=0

As can be seenfrom figure 3 long mappingcyclesare advanta-
geousfor a convegentreconstructiorprocess.

Summarizingthe resultsof topic 3.1 and 3.2, one canstate
thatafractalcodingschemewvhichis optimizedwith respecto the
contractivity of the transformatiorshouldcombinea geometrical
scaling of the codebookentries(m > 1) with long mapping
cycles(L(k) > 1). A typical representativef sucha schemeis
describedin the following topic.

10 ProbfA>1}
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Figure 3 Probability for divergent
reconstructiorof decimatingcoding scheme

— 602 — Vol. 1



EuropeanSignal ProcessingConference EUSIPCO’94,Edinbugh, Scotland,13.-16.09.1994

3.3 Generalcoding scheme

Jacquin’soriginal proposalfor encodingof gray-levelimagesis

themostgeneraloneasfar asthe possiblevariationsof the trans-
formation matrix A are concerned. To the knowledgeof the
authorsno exactformulation of the eigenvalueshasbeenfound
yet, but only an upperbound derived from the euclideanoper-
ator norm[13]. So an analytical derivation of the pdf of the
eigenvaluesas hasbeenperformedin the previoustwo topics,
is not possible. Insteadthe pdf of the largesteigenvalueis ap-
proximated.This hasbeendoneby generatinghe transformation
matrix A andevaluatingits largesteigenvalue.For a large num-
ber of experimentghe probability of divergenceapproximates

Prob{|A\| > 1} = ix21

, n large (14)

with n|5|>1 denotingthe numberof experimentsvherethe mag-

nitudeof the largesteigenvalueexceedone. Resultsof our com-

puter simulationsare depictedin figure4. One can seethat a

simple decimationmatrix m = 1 resultsin significantly more

divergenttransformationccomparedto a matrix which performs

averagingof two or more samplesm > 1. The differencesbe-

tweenlarger m are lesssignificant, the choice of a suitedaver-

agingparameteis thereforemainly determinedy the associated
computationaburdenof the encodingprocess.

e Probiri>1}

0 m=1 m=2 %;3 m=4 m=5
m=6
0.15
m=7,
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Figure 4 Probability for divergent
reconstructiorof Jacquin’scoding scheme
4. Summary

In this paper the transformation matrices of fractal coding
schemesare examined. Since all eigenvaluesof the transfor-
mation matrix must lie within the unit circle, the probability
for divergent reconstructionsequencesat the decodercan be
quantifiedby determiningthe pdf of its eigenvalues.

The conditionalequationfor the eigenvaluefiasbeengiven
for a rathergeneralclassof coding schemes.By modelling the
scalingparametersasuniformly distributed,statisticallyindepen-
dentrandomvariablesthe eigenvaluestself arefunctionsof ran-
dom variables. Their pdf's havebeenmodelledfor the two spe-
cial casesof non-concatenatednd decimatingcoding schemes.

This allows specificationof the probability for divergent recon-
structionat the decoderand an appropriatechoicefor somede-
sign parameters.Up to now no simple conditional equationfor
the eigenvaluesof Jacquin’soriginal proposalhas beenfound.
Thereforetheir appropriatepdf is approximatedby the relative
frequencyof eigenvalueseing larger than one as result of an
experimentperformedmany times.
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