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Abstract - Fractaltechniquesappliedin theareaof signalcodingsuffer from thelack of ananalyticaldescription,especially
if the questionof convergenceat the decoderis addressed.For this purposean expensiveeigenvaluecalculationof the
transformationmatrix during the encodingprocessis necessarywhich is in generalcomputationalinfeasible.In this paper
the conditionalequationfor the eigenvaluesis determinedfor a rathergeneralcoding scheme.This allows formulation
of the probability density function of the largesteigenvaluewhich in turn determineswhetheror not the reconstruction
converges. Theseresultsare not only importantfor evaluationof the convergencepropertiesof variouscoding schemes
but are also valuablefor optimizing their appropriateencodingparameters.

1. Intr oduction

Fractaltechniquesareknownfor severalyears,especiallyin three
distinct fields of applicationsnamelysegmentation,signal mod-
elling and coding. Our attention is focusedon the aspectsof
signal coding for which originally Barnsley[1, 2] contributed
major ideas. The lack of a practicalalgorithmsuitablefor auto-
matic encodingand modelling of gray-level imagesat common
compressionratioshasbeenfilled by Jacquin[3], who proposed
a block-basedimplementation.A recentreview on fractal cod-
ing schemesmay be found in [4] and an excellentmathemati-
cal foundationbasedon the theory of finite-dimensionalvector
spacesin [5].

Numerous supplementsand improvementsof Jacquin’s
schemehavebeenreported.Theobjectiveof this paperis to pro-
vide a methodfor judging thedifferentproposalsandto estimate
the influenceof distinct designparameterson the convergence
propertyof thedecodingprocess.For this purposea probabilistic
approachbasedupon the transformationmatrix is introduced.
As derived below, a necessaryand sufficient condition for a
convergentdecodingprocessis that all eigenvaluesof the trans-
formationmatrix lie within the unit circle. Sincethe calculation
of the eigenvaluesis a greatexpenditure,it is in generalinfea-
sible to perform this during the encodingprocess.Nevertheless
quantificationof the probability of divergence,given the type of
coding schemeand its pertinentdesignparameters,is desirable.
This way one can quantify the probability of divergent trans-
formationswithout actually determiningthe eigenvalues. This
is performedby regardingthe eigenvaluesas randomvariables
andmodelling their probability densityfunction (pdf) which de-
pendsupon the usedcoding schemeand its appropriatedesign
parameters.

The paperis organizedasfollows: Themathematicalback-
groundof fractal coding is introducedin section2. Section3 is
concernedwith thedistributionof theeigenvaluesandis divided
into three parts. While the topics3.1 and3.2 treat two special

casesfor which a rathersimpleanalyticalsolutionof the charac-
teristic equationis possible,topic 3.3 dealswith a more general
case,for which no analyticaldescriptionhasbeenfoundyet. The
paperconcludeswith a short summary.

2. Theory

The basic coding principle emerges from a blockwise defined
affine transformationwhich composesa signal by partsof itself
in order to exploit the naturalself-similaritiesas a specialform
of redundancyfor compressionpurposes.Fractalcodingschemes
canbe viewedas somesort of vectorquantizationwith a signal
dependentcodebook.

Let ���������
	��
��	�������	������������ � � be a signal vector
consistingof � samples� � 	�� � 	�������	�� � . This signalis segmented
into � � � �"!#�$� non-overlappingblocks �&% with �"� elements.
Thenfor eachof theseblocksonecodebookentry '�( from a set
of �*) entriesis selectedwhich afterscalingwith + % ( andadding
an offset , %.- minimizessomepredefined distortionmeasure/ �0�1%.	�2�3%4�5� / �4�1%.	 + % ( ' (76 , %.-8� (1)

for all blocks �1% . The codebookis generatedfrom the signal� itself by use of a codebookconstructionmatrix 9 which is
mainly determinedby the type of codingscheme.If :;( denotes
the’fetch-operation’of thecodebookentry ' ( � : ( 9 � from the
codebookand < % the ’put-operation’ of the modified codebook
entry =�3%5� + % ( ' (>6 , %?- into the approximation =� , the mapping
processfor theentireimage @BA � � �DC � � � may be formulated
by 2�E� F3GH %JI$� < % � + % ( : ( 9 � 6 , % -���LK F GH %JI$� < % + % (M:7(M9ON � 6 F GH %JI$� < % , % -�QPR� 6TS � @ �U�3�

(2)
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This representsanaffine transformationconsistingof a linearpartV
anda non-linearoffset W which togetherform the fractal codeX VZY W5[ for theoriginal signal. A very simplecodingschememay

beconstructedif themappingis contractiveor at leasteventually
contractive. This is if thereexistsa number \�] ^`_ Y \a]cbed f so
thatfor somegc^ihcjikl^nm Y hcbod p thecontractivityconditionq XUr ] Xts [ Y r ] X0u [�[vjn\a] q X0s Y u [
w s Y u bxd fzy (3)

holds. Then the decodercan constructa uniquefixedpoint
s1{

from thefractalcodewithout anyknowledgeaboutthecodebook.
This is guaranteedby Banach’sfixedpoint theoremwhich states
thatthesequenceof iterates| s1}�~ with

s1}��3�>�Qr�X?s1} [ converges
for any arbitrary initial signal

s$� b�d f>� to a uniquefixed points3{ bod f � of
r

. If contractivityis assumed,thecollagetheorem
(e.g. [5, 6]) ensuresthat the fixed point itself is close to the
original signal, sinceq X0s Y s { [zj _z��\
��X _>��\ � [ X _���\ � [ q X4s Y��s [�� (4)

As can be seenfrom (4) the collagetheoremalso motivatesthe
mappingprocessat theencoderwhich minimizestheapproxima-
tion error q X4s Y �s [ . Becausenot the original signal

s
itself, but a

fixed point
s {

, which is closeto the original signal, is encoded,
fractal codingschemessometimesarealsotermedattractor cod-
ing. A coding gain in this way can be achieved,if the fractal
code

X VEY W5[ , which servesas representationof the fixed point
in the fractal domain,can be expressedwith fewer bits than the
original signal itself.

Foraffine transformationscanbeshownthatanecessaryand
sufficient condition for contractivity is that the spectralradius��� X V [ of the linear part, which is the largest eigenvaluein
magnitude,is smaller than one[5, 7]. One can show that this
demandis equivalentwith thestatementof eventualcontractivity.

Control aboutthe convergenceof
r

can thereforebe ob-
tainedby determiningtheeigenvaluesof the linear part

V
which

is in generalavery difficult taskandanalyticalsolutionsaregiven
only for somerathersimplecodingschemes,e.g. [7, 8, 5]. Con-
tractivity is alwaysensured,if themagnitudeof all scalingcoeffi-
cients �&� � is strictly smallerthanone. As reportedby severalau-
thors,e.g. [9, 10], a lessstringentrestrictionfor the �&� � improves
reconstructionquality andconvergencespeed.On theotherhand
contractivity of the transformation

r
is no longer guaranteed.

Our investigationshaveshown,that the scalingcoefficientsmay
be regardedas statistically independentand in �����3�1���
���3�&�����
uniformly distributedrandom variables. Since the eigenvalues
aresolelydeterminedby thescalingcoefficientsandthestructure
of the linear part they arealsorandomvariables.The following
sectionillustratesby meansof threedistinctapplicationshow the
probability densityfunction (pdf) of the eigenvaluesfor various
choicesof the designparameterscan be derived. Whereasfor
the first two schemes,describedin topic 3.1 and 3.2, an analyt-
ical solution of the characteristicequation����� X V ���$��[¡ � g is
given, for the later andmoregeneralschemethe pdf is approxi-
mated.The pdf of the eigenvaluesdeterminestheprobability for
divergent transformationsandso the influenceof variousdesign
parameterson the contractivity can be quantified.

3. Applications

As mentionedabove,contractivity is determinedby the largest
eigenvaluein magnitudeof the transformationmatrix

V
. Due

to its huge dimensionstraightforwarddeterminationby solving
the characteristicequation �8��� X V ������[ � g is infeasible. In-
steadthe specificstructureof the matrix must be consideredin
order to find an exactand quick solution. For a rather general
codingapproachthis is donein [8], so this paperonly concisely
summarizesthe results.

We emerge from a codingapproachpublishedin [11]. The
basic idea is to find for ¢ consecutiveblocks within the sig-
nal
s � Y s � �$� Ya£�£�£�Y s � �1¤�¥$� eachconsistingof ¦$§ samplesanother

block
u � of size ¢x¦$§ samples,so that after somesort of geo-

metric transformation,scalingandan additionaloffset thedistor-
tion measure(1) after the mappingprocessq X4s � Y � � � u �7¨n©��?ª [
becomesassmall aspossible.As shownin [8] the largesteigen-
value of the transformationmatrix for the entire signal is then
determinedby« � X V [ « �&��� � ¬R­a®}
¯
°±�M² ³�² ´ ´ ´ ² µ·¶ _¢¹¸º�»
¼ }�½¾¿ÁÀ � ÂÂÂÂÂ

¤Ã� À � � ¼ }�½
¿ � ÂÂÂÂÂ
ÄÅ ��Æ »
¼ }�½� (5)

The index Ç denotesone of È mappingcycles. Eachof these
cyclescanbe treatedindependentlyfrom all others. This is due
to the fact, that thosepart of the signal belongingto one cycle
is not regardedascodebookentry from all othercyclesandvice
versa. The number É X Ç8[ is the length of cycle Ç , which equals
the numberof codebookentriesinvolved in this cycle.

Forsimplificationthis paperconsiderstwo importantspecial
casesfrom the literature. The first one,publishedin [12], treats
each¢ blocksof thesignalindependentlyfrom all others.There-
fore the length of mappingcycles É X Ç8[ for all mappingsequals
one. We call theseschemesnon-concatenatedcoding schemes.
The secondone doesnot geometricallyscalethe codebooken-
tries, or only doesthis by subsampling.One canshow that this
resultsin the parameter¢ being equal to one. Thoseschemes
havebeenthoroughlyinvestigatedin [5] andarecalleddecimat-
ing coding schemes.

3.1 Non-concatenatedcodingscheme
The coding schemesdescribedin this sectionare characterized
by cycleswith lengthone. Theneq. (5) canbesimplified, sothat
the eigenvaluefor one cycle is determinedby« � X V [ « cycle=k

� _¢ ÂÂÂÂÂ
¤Ã� À � � ¼ }�½� � ÂÂÂÂÂ � (6)

As presumedabove,the scaling coefficients are uniformly dis-
tributed in �J��� �&��� �.� �&��� � . If they arealsostatisticallyindepen-
dent, the pdf Ê3Ë X4Ì [ of the eigenvaluesis equal to the ¢ -fold
convolutionof the pdf Ê�Í X4Ì [ of the scalingparameter.Introduc-
ing the rect-functionwith

rect
X4Ì [ �ÏÎÐ Ñ g « Ì «
Ò _aÓ
Ô_aÓ
Ô for

« Ì « � _MÓ
Ô_ « Ì « ^Õ_aÓ
Ô (7)

the pdf of the randomvariable Ö � �&Ó#¢ canbe written asÊ�× X4Ì [ � ¢Ô
� �&��� rect Ø Ì ¢Ô
� �&���$Ù � (8)
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The Ú -fold convolutionof Û�Ü�ÝtÞ
ß with itself then yields the pdf
of the eigenvalues,which isÛ$à�Ý4Þáß&â�Û�Ü�Ý4Þáß$ãäÛ�Ü�Ý4Þáß"ã>å�å�å#ã3Û�Ü�Ý4Þ
ßæ ç�è é

m-times ê (9)

The mapping ëíì�îïQðòñRïeó¡ô results in a divergent recon-
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Figure 1 Probability densityfunction û1ü"ý4þ�ÿ for
somecommonvaluesof the designparameter�

struction, if and only if the largesteigenvalueof the linear part�
is outsidethe unit circle. Since ��� is an even function, the

probability for divergencecaneasilybe determinedby

Prob��� �	��

������� �� � � ����������� (10)

Figure2 showsthis probability for somedifferentparameters�
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Figure 2 Probability for divergent reconstruction
of non-concatenatedcoding scheme

as function of the largestallowed scalingcoefficient &�')(+* . One
cansee,that thechoice ,.-0/ is disadvantageousin comparison
to larger values for , as far as the convergence property is
concerned.

3.2 Decimatingcodingscheme

Sincethedesignparameter, equalsone,ashasbeenmentioned
above,the eigenvalueequationfor this type of coding scheme
can be simplified to

1 2�3�46571
cycle=k -98:<;>=�?A@BCEDGFIHHH & =J?A@CEF HHH

KLNM7OQP>R�SATVU
(11)

In order to determinethe divergenceprobability ProbW�X Y<X�Z
[�\
the pdf ]<^ _`^ba�c`d has to be calculated. For simplification a new
randomvariable egfihh Y P h h jlk.mgn o is introduced. The scaling
coefficients areassumedto be statistically independentand uni-
formly distributedin the interval prq�s�t)u+v�wAs<t)u+vyx , so that the pdf
of the product is determinedby

]Gz{aJc�d)f rect | cs Pt)u+v q [}�~g�+����������G����i��� P���Ma k q�[`dy� s Pt)u+v
U

(12)

SinceProbW�X Y	X�Z
[�\6f ProbW`e�Z�[`\ the probability for diver-
gencecanbeobtainedby integratingthepdf ] z a�c�d so thatfinally

ProbW�X Y<X>Z�[�\�f�[�q [s Pt)u+v P7��M� �E��� k
�� � a �J� s t)u+v d

� U
(13)

As can be seenfrom figure 3 long mappingcyclesare advanta-
geousfor a convergent reconstructionprocess.

Summarizingthe resultsof topic 3.1 and3.2, onecanstate
thata fractalcodingschemewhich is optimizedwith respectto the
contractivityof the transformationshouldcombinea geometrical
scaling of the codebookentries ( ����[ ) with long mapping
cycles( k a���d��0[ ). A typical representativeof sucha schemeis
describedin the following topic.
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Figure 3 Probability for divergent
reconstructionof decimatingcodingscheme
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3.3 Generalcodingscheme
Jacquin’soriginal proposalfor encodingof gray-levelimagesis
themostgeneraloneasfar asthepossiblevariationsof thetrans-
formation matrix ¤ are concerned. To the knowledgeof the
authorsno exactformulation of the eigenvalueshasbeenfound
yet, but only an upper boundderivedfrom the euclideanoper-
ator norm [13]. So an analytical derivation of the pdf of the
eigenvalues,as hasbeenperformedin the previoustwo topics,
is not possible. Insteadthe pdf of the largesteigenvalueis ap-
proximated.This hasbeendoneby generatingthetransformation
matrix ¤ andevaluatingits largesteigenvalue.For a largenum-
ber of experimentsthe probability of divergenceapproximates

Prob¥�¦ §<¦�¨�©`ª�«­¬¯® °`® ±�²¬ ³ ¬ large (14)

with ¬ ® °�® ±�² denotingthenumberof experimentswherethe mag-
nitudeof the largesteigenvalueexceedsone. Resultsof our com-
puter simulationsare depictedin figure 4. One can seethat a
simple decimationmatrix ´¶µi© results in significantly more
divergent transformationscomparedto a matrix which performs
averagingof two or more sampleśi·¸© . The differencesbe-
tweenlarger ´ are lesssignificant, the choiceof a suitedaver-
agingparameteris thereforemainly determinedby theassociated
computationalburdenof the encodingprocess.
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Figure 4 Probability for divergent

reconstructionof Jacquin’scoding scheme

4. Summary

In this paper the transformation matrices of fractal coding
schemesare examined. Since all eigenvaluesof the transfor-
mation matrix must lie within the unit circle, the probability
for divergent reconstructionsequencesat the decodercan be
quantifiedby determiningthe pdf of its eigenvalues.

Theconditionalequationfor theeigenvalueshasbeengiven
for a rathergeneralclassof coding schemes.By modelling the
scalingparametersasuniformly distributed,statisticallyindepen-
dentrandomvariablestheeigenvaluesitself arefunctionsof ran-
dom variables.Their pdf’s havebeenmodelledfor the two spe-
cial casesof non-concatenatedand decimatingcoding schemes.

This allows specificationof the probability for divergent recon-
structionat the decoderand an appropriatechoicefor somede-
sign parameters.Up to now no simple conditionalequationfor
the eigenvaluesof Jacquin’soriginal proposalhas beenfound.
Thereforetheir appropriatepdf is approximatedby the relative
frequencyof eigenvaluesbeing larger than one as result of an
experimentperformedmany times.
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