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ABSTRACT

The paperreportson investigationsconcerningthe applicationof block orientedfractal coding schemesfor encodingof color
images. Correlationsbetweenthe different color planescan be exploitedfor the aim of datacompression.For this purpose
the similarities betweenthe fractal transformparametersof one block location but different color planesare regardedin a
blockwisemanner.Starting-pointis the fractal codefor oneblock in the dominantcolor planewhich servesaspredictionfor
the codeof the correspondingblock in the other planes. Emerging from this prediction the dependingcodescan be derived
by a successiverefinementstrategy. Since the fractal codefor the dominantcolor planeand the refinementinformation for
determiningthe codefor the other planescan be representedwith fewer bits comparedto the independentlycalculatedones,
a coding gain can be achieved.
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1. INTRODUCTION

During the last yearsa novel coding and modeling schemefor natural signalshas beendevelopedwhich is widely known
as fractal coding. The basic idea for encodingof signalsby use of fractal techniquesis originatedin various publications
of Barnsleyet al, e.g. [1, 2, 3]. A first implementationof an automaticencodingroutine for gray-scaleimagesat common
compressionratios has beenproposedby Jacquin[4, 5, 6]. A review on fractal image coding may be found in [7] and an
excellentmathematicalfoundationof fractalsignalmodelingis containedin [8]. Recentlysomeimprovementsandmodifications
havebeenpublished,e.g. [9, 10, 11, 12, 13], which madethe fractal techniquea challengingcandidatefor encodingof images
especiallyif high compressionis the issue.

In principle the encodingprocessconsistsin finding for eachpart of the image anotherpart, which after somesort of
translation,scaling,rotation, and mirroring fits best in the senseof somegiven distortion measure.Thoughthe shapeof the
imagepartsis arbitrary,mostauthorsusesquareblocks. The encodingoperationresultsin a numberof parameterswhich after
quantizationserveas fractal codefor this particularblock. The parametersof all blocks togetherthen form the codefor the
entiresignal. A codinggain canbe achievedif all parameterscanbe representedwith fewer bits thanthe signal itself.

Currentlythe investigationsconcerningfractal codingschemesnearlyexclusivelyconcentrateon gray-scaleimagesthough
in order to presenta completeencodingschemealso color information has to be included. Thereforecolor image coding
basedon fractal techniquesdemandsfor further research.Thereareonly threesourceson this topic known to the author,from
which [14] and[15] arebasedon the yard stickmethodbut which is discardedin this paper.The only block-orientedapproach
which also servesas basisfor this paperis publishedin [16].

The physiologyof the humaneye motivatesthe trichromatic theory of color vision, which statesthat the color of light
receivedby the humanobservermay be specified by a mixture of only threeprimary colors. Theseare usually chosento be
either red, green,and blue which are the primary colorsof light, or yellow, magenta,and cyan which are the primary colors
of pigments.Hencecolor imagesconsistof threeimageplaneseachrepresentinga differentspectralarea.Due to the physical
effect of imagegenerationtheseplanesare highly correlated.

Thepurposeof this paperis to illustratehow thesecorrelationscanbeusedfor datacompressionpurposeswithin a fractal
codingenvironment.It is proposedto exploit thedependenciesbetweenthe fractalcodesof thedifferentcolor planeswithin the
transformdomainratherthan treatingthemin the original domain. The resultsshow that jointly encodingblocks of different
color planesbut of the samespatiallocationresultsin a significantdecreasein bits necessaryfor representingthe fractal code
of the entire image.
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For this purposethe main characteristicsof all fractal parametersdescribingan imageblock are investigated.It is shown,
that for the sameblock location in different color planesnot only the pixel intensitiesbut also the parametersof the fractal
codeare highly correlated.Henceonly slight modificationsof the fractal codefor one color planeare necessaryin order to
describethe other planeswith sufficient accuracy.

After presentingthe necessarymathematicalfoundationof fractal coding in section2, section3 dealswith encodingof
imagesin general.After describingthe applicationof fractal codingschemesto gray-scaleimagesin topic 3.1, someimportant
characteristicsof the different fractal coefficients representingan imageblock are investigated.This leadsto the problemof
quantizationwhich is addressedin 3.2. Emphasisis put on topic 3.3 which describeshow correlationsbetweenthe different
color planescan be exploitedwithin the fractal domain. The paperconcludeswith somesimulationresultsand a prospecton
future investigationsin section4.

2. MATHEMA TICAL FOUNDATION

Considera signal ���������
	����	�������	�������� consistingof � samplevalues ���������� � � �!���#"%$ as point in the n-dimensional
vector space $ � . With the definition of the Euclideannorm& � &�' �)(* +,�-	.�0/-� 1223 �4 �657� 8 � � 8 � (1)

definedby the squareroot of the inner product +9�:	��7/ and by inducing a metric;<�=�-	�>0� ' � & �@?A> & 	0BC�-	�>-"D$ � (2)

the vectorspacebecomesa normedmetric spacedenotedby ��$ � 	E;F� . Transformationswithin this spacecanbe describedby a
linear operatorG for which a consistentoperator-or matrix norm

& G & is the so calledspectral-or Hilbert norm, definedby& G &IHKJL' � MONQPR�S<TVU9W XYW Z * 8 [-8 (3)

which is the squareroot of the largesteigenvaluein magnitudeof the matrix G � G . Additionally for every linear operator G
the spectral radius \ T � G � is definedby \ T � G � ' � M�NYPRFS<TFU]W Z 8 [-8 (4)

which is the magnitudeof the largest eigenvalueof G . Any norm
& G & and spectralradius \ T of a linear operator G are

connectedthrough the following equations: \ T � G �:� & G &\ T � G �^�`_9a]bc�dfehg* & G c &ji (5)

2.1. Fractal encoding
All existingpracticalimplementationsof block-orientedfractal codingschemesemerge from an affine transformationwhich is
capableof performingscaling,rotating,mirroring, and shifting operationsin order to exploit the presupposedself-similarities
of the signal. An affine transformationk of the entire signal l is definedbyknmjo7prqso7putvlwqyxzl0{}| (6)

consistingof a linear part xzl and an additive part | . The transformationk is called contractive if thereexistsa constant
factor ~���� , such that �-� k � l7���Ek �=� �.�-��~ �<� l:� � �z��l-� ��� o p�� (7)
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With the definition of the metric (2), the affine transformation(6), andthe contractivity(7) we obtainthe sufficient condition���������j���
(8)

for contractivity in the senseof any norm.

The encodingprocessfor a given signal � now consistsin finding a contractivetransformation
�

and a vector � such
that the approximationerror �<����� �^�����0�-  �Q� � �w¡}�¢���0� (9)

is as small as possible. Below it is shown that for reconstructionat the decoderonly the knowledgeof the transformation
� � ���-� is necessary.Thereforedatacompressioncan be achieved,if the transformationcan be representedwith fewer bits
than the signal itself.

2.2. Fractal decoding
Banach’sfixedpoint theorem gives us an idea how the decodingprocessworks:

Let

�¤£¥7¦r§s¥7¦
be a contractivetransformationand

�¨¥7¦ � � � a metric spacewith metric

�
. Thenthe sequenceof signals© ��ª¬« constructedby �wª�0®�  �¯� �wª<� convergesfor any arbitrary initial signal �0°�± ¥7¦ to the uniquefixedpoint ��²³± ¥7¦

of the transformation

�
, i.e. � ²   �¯� � ² �-  � � ² ¡���´ (10)

The reconstructionerror

�<� � ² ���w� betweenthe original signal � andits fractal reconstruction� ² is thenboundedby�<� ��²w���w� � �� µ¶�·��� �<�.��� �w���.�7�!´ (11)

The contractivity condition (8) is sufficient but not necessaryfor the convergence of the iteration process. For affine
transformationsa sufficient and necessarycondition can be formulated by using the spectral radius of the transformation
matrix. Emerging from any arbitraryinitial signal �¸° the decoderiterativelyappliesthe transformation(6). For the k-th iterate
then follows �¸ªC  �¯�.���O¹�¹·¹E�¯� �¸°·���.�º »�¼ ½

k times

  ��¾ ª � �¸°·�!  � ª �¸°#¡À¿ ª�Áw®Â Ã6Ä ° �zÅÇÆ �È´ (12)

If andonly if the spectralradiussatisfiesÉ·Ê � � � �Ë�
, then Ì9Í]Îª�Ï�Ð � ª  ËÑ and Ì]Í]ÎªIÏ�Ð ª·Áw®ÒÃ6Ä ° � Ã   �=Ó µ�� � Áw® with the identity

Ó
and

the null matrix Ñ [17]. Hencethe sequence
© �wªF« convergesto the fixed point of the transformation� ²  )Ì]Í]ÎªIÏ�Ð � ª   �¨Ó µ�� � Á¸® ��  �ÕÔ ² ¡��¢´ (13)

Due to the fact that not the original signal itself, but a fixed point of a contractivetransformationwhich is closeto the signal,
is encoded,fractal coding sometimesis termedattractor coding.

3. FRACTAL IMAGE CODING

3.1. Encoding of gray-scale images
In contrastto commontransformations,e.g. DCT, whosecodinggainemergesfrom thecorrelationsof adjacentsamples,fractal
codingschemesmainly exploit somesortof long rangecorrelationsalsotermedself-similaritieswithin thesignal. For practical
reasonsfractal coding schemesoperatein a block-orientedmannerwhich allows describingthem as vector quantizationwith
signal dependentcodebook.
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The image Ö�×`Ø=ÙÛÚ
ÜOÙÝ�Ü·Þ�Þ·Þ�Ü�ÙYßà=áãâåä æ ß consistingof ç pixels Ù�Ú�ÜOÙèÝ�Ü·Þ�Þ�Þ�Ü�Ù�ß is segmentedinto éjêÀ×sç�ëFçèê non-
overlappingimageblocks Öwì with ç ê elements.Thenfor eachof theseblocksonecodebookentry íî from a setof é�ï entries
is selectedwhich after scalingwith ð¸ì î and addingan offset ñ.ìOò minimizessomegiven distortionmeasureó ØÇÖ ì Ü¬ôÖ ì à-× ó ØÇÖ ì Ü�ð ì î í î�õ ñ ì ò�à·ö (14)

The codebookis generatedfrom the image Ö itself by useof a codebookconstructionmatrix ÷ . If ø7î denotesthe ’fetch-
operation’of the codebookentry íYîr×ùø7îF÷�Ö from the codebookand ú�ì the ’put-operation’of the modified codebookentryûÖ�ì0×Ëð¸ì î
íYî õ ñ�ì�ò into the approximation

ûÖ , the mappingprocessfor the entire image üný�ä æ ßrþ ä æ ß may be formulatedby

ôÖÿ×�� �� ì�� Ú ú ì Ø�ð ì î ø î ÷�Ö õ ñ ì òÛà-× � � �� ì�� Ú ú ì ð ì î ø î ÷	� Ö õ � �� ì�� Ú ú ì ñ ì òz×�
zÖ õ� × ü�Ø¨Ö¸à (15)

This representsan affine transformationconsistingof a linear part 
 anda non-linearoffset � which togetherform the fractal
code Ø�
�Ü � à for the approximationof the original signal.

3.2. Quantization of the transform parameters
For a fractal basedtransmissionand storagesystemthe fractal code Ø�
�Ü � à must be representedby a numberof bits which
shouldbe assmall aspossible.For the sakeof simplification the fractal codeis treatedin a blockwisemannerwith eachblock
code regardedindependentlyfrom all others,so no inter-block DPCM is performed. The block code itself consistsof four
different parts, the scalingcoefficient ð¸ì î , the index for the codebookentry �¬Ø��¨à , the type of isometric transformationwhich
hasto be appliedto the codebookentry íYî , andthe gray-scaleoffset ñ�ì . The first threeparametersfor all blocksarecontained
in the transformationmatrix 
 and the gray scaleoffset in the vector � . Since ð ì î and ñ ì are real valued,a quantizationstep
is necessaryas outlined below.
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Fig. 1. Histogramof the scaling
coefficient ��� � for ����������� � ! .
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Fig. 2. Dependencyof signal to noiseratio from"�#�$�% andthe quantizationof the scalingcoefficient.

Fig. 1 showsthe Gaussianlike histogramof the scalingcoefficient derivedfrom a large numberof test images.Practical
implementationsrestrict thescalingcoefficientsto the range & " #�$�%(' "�) * ' " #�$�%,+ " #�$�%(-/. . For .(0 " #�$�%1032 convergence
of the reconstructionprocesscanbe guaranteedwithout any additionalcomputationaleffort. Computersimulationshowedthat
alsofor largerscalingcoefficientsa convergentreconstructionis obtainedin mostcases,but thena complexeigenvalueanalysis
of the transformationmatrix 4 is necessaryin order to decidewhetherthe reconstructionconvergesor not. Detailsaboutthe
convergencepropertiesof fractal coding schemesmay be found in [18, 19]. The quantizationof the scalingcoefficients is
ratheruncritical sinceonly this codebookentry 5 * togetherwith its appropriatequantizedscalingcoefficient is selectedwhich
fits bestin the senseof the useddistortionmeasure.In practicalimplementations2, 3 or 4 bit haveprovento be sufficient for
the quantizationof the scalingcoefficients. As can be seenin Fig. 2 the numberof bits spentfor the scalingcoefficients also
influencesthe optimal bound " #�$�% ranging from 1.2 to 2.5.
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Thesecondreal valuedparameterwithin the fractal codeis thevector 6 containingthe gray-scaleoffsets 798 for eachblock
within the image. Its histogramis depictedin Fig. 3. Dependingon the desiredreconstructionquality threeto eight bits have
beenfound to be sufficient for its representation.
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Thecorrelationcoefficient betweenscalingandoffsetparameteris in therange0.7 ... 0.95dependingon the imageandthe
allowedscalingcoefficients. This indicatesthat someadditionalsavingsin termsof bits necessaryfor representingthe fractal
codecanbe obtained,if thosecorrelationsare exploited. Fig. 5 showsthat a prediction NG H IYX[Z\P H^]`_ X[a for the offset, which
is linear in the scalingcoefficient, might be suitedfor thesepurpose.Here X9Zcb<X\a are the parametersdescribingthe regression
line as plotted in Fig. 5.
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entries,representedby 4, 6, 8, or 10 bits respectively.

Due to the restriction of the scalingcoefficients and the rangeof allowed gray-scalevalues,also the offset parameters
are constrainedrestricted. Its permissiblerangeas function of the actualscalingcoefficient is outlined in Fig. 5. Insteadof
quantizingandencodingthe gray-scaleoffset independentlyfrom the scalingcoefficient the prediction ighe servesasan estimate
for g<e and thereforeonly the predictionerror j�g<elkYghenm ighe needsto be transmitted.The advantageof this procedurecan be
seeneasily from the histogramof the offset parameterghe (Fig. 3) and the predictionerror j�g<e (Fig. 4). Sincethe distribution
of the predictionerror hasa significantly smallervariance,it can be encodedwith fewer bits comparedwith direct encoding
of the offset parameter.

Additionally an index oqp�rts for the selectedcodebookentry u f mustbe includedin the fractal code. The requirednumber
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of bits is determinedby the size of the codebookwhich typically containsabout24–210 entriesand significantly influences
the availablereconstructionquality. Moreover the codebookentry might be isometrically transformedin one of eight ways.
Sinceall typesof isometrictransformationsareapproximatelyselectedwith sameprobability a threebit long fixed lengthcode
is additionally needed.Summarizing,one block can be representedby 11–25bits, dependingon the desiredimagefidelity.
The availablereconstructionquality in termsof the SNR for a typical test imageand for variouschoicesof the bit allocation
is displayedin Fig. 6.

3.3. Application to color images
All statementscarriedout in the previoustopics dealt with encodingof gray-scaleimagesor imagesconsistingof only one
imageplane. In order to presenta completeencodingschemefor images,also the treatmentof “multispectralimages” should
be considered.The following paragraphsdescribethe extensionof the ordinaryfractal codingschemeto a schemecapableof
encodingcolor images. We restrict our investigationsto RGB and YUV images,but the algorithm may easily be extended
to other color spaces.

In theareaof computervision color imagesmostlyareassociatedwith threedifferentsetsof dataeachdescribingadifferent
spectraldomainof the samescenery.The color imageitself is the compositionof thesesets. This is due to the fact that the
color of light receivedby thehumanobservermaybespecifiedby a mixture of only threeso-calledprimarycolors. In theRGB
spacethe primary colors arechosento be red, green,and blue. In the YUV spacethe Y componentcontainsthe information
aboutthe intensity of the light whereasthe U and V componentscontainthe color information. For natural imagesthe three
imageplanesarehighly correlated.In the RGB color spacethe correlationcoefficient betweentwo of the planesis about0.78
for blue-red,0.89 for red-greenand0.94 for green-blue,respectively.This indicatesthat significantimprovementsin termsof
compressionand/orreconstructionquality can be expectedif thosecorrelationsare exploited.

Thepresentedalgorithmis basedon theproposalpublishedin [16]. It is shownthatexploitingthecorrelationsbetweenthe
fractalcodesof thedifferentcolorplanesfor oneblock locationresultsin a significantdecreasein bits necessaryfor representing
the fractal codefor the entire image. For this purposethe parametersof the transformdomainratherthan the samplesof the
original domainare treated.It is shownthat for the sameblock location in differentcolor planesnot only the pixel intensities
but also the parametersof the fractal codeare highly correlated.Henceonly slight modificationsof the fractal codefor one
color planeare necessaryin order to describethe other planeswith sufficient accuracy.

For the RGB color spacethe principal encodingproceduremay be describedexemplarily as follows: First the green
or mastercomponentis encodedindependentlyfrom the other oneswhich yields the mastercode vhwyx�z|{~} . Greenhasbeen
chosenfor the mastercomponentbecauseit possessesthe largestcorrelationcoefficient to the othercomponents.This is also
confirmedby a slightly betterreconstructionquality asis reportedin [16]. Initially the mastercodeis alsoassignedto the slave
componentsred and blue, so that v�wyxhzn{��|� ����v�wyxhzM{ } . This is of coursean insufficient descriptionfor someblocks of the
slavecomponents,so that for thoseblocksa successivemodificationof the encodingparametersis performeduntil a sufficient
reconstructionquality for all color planesis achieved.Thenboth slavecodesv�wyx<zM{ ��� � areonly variationsof the mastercode.
The transitionfunctions � � x�� � with v�wyxhzM{ �n� � �/� ��� � vhv�wyx<zM{ } { describingthe modificationsof the mastercodein order to
get the slavecodearemuchlesscomplexandthereforemay be storedwith fewer bits thanthe slavecodesthemselves.Storing
themastercode v�wyxhzn{ } andthetwo transitionfunctions � � x�� � is muchmoreefficient thanstoringall threecodesv�wyxhzn{ ��� �M� }
independentlyfrom eachother. The two slavecomponentsaretreatedequallysincethereis no advantagein regardingthe third
componentas function of the secondone.

step codebookentry type of isometry
scaling

coefficient
gray-scaleoffset

1 old old old old

2 old old old new

3 old old new new

4 old new new new

5 new new new new

Tab. 1. Order of recalculatingthe different encodingparametersfor the slavecomponents.

In detail the processworks as follows: The greencomponentis encodedjust the sameway as an ordinary gray-scale
image.Thenthe fractal codeof the greencomponentis blockwiseassignedto the slavecomponentsredandblue. If someerror
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criterion is metthemastercodeis alsosuitablefor describingtheslavecomponentswith sufficient accuracyandencodingof this
particularblock is finishedafter steponeas is indicatedin Tab.1. If the reconstructionerror is to large a recalculationof the
gray-scaleoffset is performed(step2). If still no sufficient approximationis obtainedtheremainingtransformparameterswhich
are the scaling coefficient (step3), the type of isometric transformation(step4), or even the codebookentry itself (step5)
are recalculated.

In the sameway as describedabovefor the RGB spacethe encodingprocedurecan also be performedon the basisof
the YUV color space.Naturally the luminancecomponentY is chosento be the mastercomponentwhereasthe chrominance
signalsU and V are the slave components.Tab.2 depictsfor the test image “lena” up to which step the slave codemust
be refined in order to get a sufficient reconstructionquality for the RGB and YUV color space. One can seethat for both
color spacesa recalculationof the type of isometric transformation(step4) without also determininga new codebookentry
is very rare. Thereforethis stepmay be omitted so that if no sufficient approximationis obtainedafter determininga new
scalingcoefficient, a new codebookentry togetherwith anappropriateisometrictransformationis selected.Hence,two bits are
sufficient for determiningthe type of slave transformation.

component step 1 step 2 step 3 step 4 step 5

Y - - - - 4096

U 272 3803 19 0 2

V 179 2649 231 14 32

G - - - - 4096

R 281 3088 294 31 402

B 1120 2407 100 14 455

Tab. 2. Numberof slaveblocks for which a refinementof the fractal codehasto be performed.

4. IMPLEMENT ATION, RESULTS AND CONCLUSIONS

The reconstructionquality is essentiallydeterminedby the numberandsizeof blockswithin the image. A variableblock size
hasprovenadvantageousin comparisonto a fixed size. As is reportedin [10] a coding gain up to 3 dB can be expectedif a
variableblock segmentationis applied.For the sakeof a small segmentationoverheada quadtreepartitioninghasbeenchosen
which allows to adjustthe numberandsizeof imageblockswithin a wide range.So thefirst stepof the encodingprocessis to
determinethe numberof blocks togetherwith an appropriateblock partitioning. If the numberof availablebits is prescribed,
a resultingaveragenumberof bits per imageblock can be calculated.

Secondlythe sizeof the codebookis fixed. Accordingto Fig. 6 high reconstructionquality requiresa large codebookbut
on the other hand for high compressiona smallerone provesoptimal.

No differencebetweenthe color componentshasbeenmadefor the scalingcoefficientssincetheir quantizationturnedout
to be uncritical asmentionedabove. This is not the casefor the gray-scaleoffset. Here the larger portion of availablebits is
assignedto the luminanceor greencomponent.The optimal bit allocationfor the gray-scaleoffset is depictedin Tab. 3

overall bits for
gray-scaleoffset

RGB space YUV space

16 R-5/G-6/B-5 Y-6/U-5/V-5

15 R-5/G-5/B-5 Y-6/U-5/V-4

14 R-5/G-5/B-4 Y-6/U-4/V-4

13 R-4/G-5/B-4 Y-5/U-4/V-4

12 R-4/G-4/B-4 Y-5/U-4/V-3

11 R-4/G-4/B-3 Y-5/U-3/V-3

10 R-3/G-4/B-3 Y-4/U-3/V-3

Tab. 3. Bit allocation for the gray-scaleoffset.
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codebookentry type of isometry scaling coefficient gray-scaleoffset
type of slave

transform

mastercomponent 4-10 3 2-4 4-6 -

oneslave
component

0, 4-10 0, 3 0, 2-4 0, 3-6 2

compression4x4
blocks

compression8x8
blocks

compression
16x16blocks

min numberof bits per block 17 21:1 90:1 361:1

max numberof bits per block 73 6:1 23:1 84:1

Tab. 4. Overall bit allocationfor masterandslavecomponent.Zero bits for someof the encodingparametersof
the slavecomponentindicatethat the correspondingparameterof the mastercomponentis taken.

Tab.4 summarizesthe variousbit allocationpossibilitieswhich assignat least17 andat most73 bits to one imageblock
consistingof threedifferent imageplanes.This resultsin a compressionfactor dependingon the sizeof the underlyingimage
block rising from 6:1 for 4 by 4 blocks up to 361:1 for 16x16 image blocks. For typical natural test imagesan average
compressionfactorof 20:1 to 60:1canbe obtainedwith reasonablefidelity. Thesignalto noiseratio representingthe objective
picture quality strongly dependson the type of image. It lies between21–24dB for the test image“baboon” and between
28 and 36 dB for the image “lena”. In contrastto the resultspublishedin [16] encodingof the RGB componentsresulted
in a slightly better reconstructionquality comparedto the YUV components.An additional improvementmay be obtained
if the mastercomponentis permittedto changefrom block to block, so that for eachblock that componentis regardedas
mastercomponentwhich resultsin the bestreconstructionquality. A comparisonwith the commonJPEGalgorithm resulted
in advantagesfor the fractal compressionschemeif high compressionis desiredand in slight advantagesfor JPEGif very
good reconstructionis the issue.
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