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ABSTRACT
This paperreportson investigationsconcerningthe convergence
of fractal transformsfor signal modelling. Convergenceis es-
sentialfor thefunctionalityof fractalbasedcodingschemes.The
coding processis describedas non-lineartransformationin the
finite-dimensionalvector space.Using spectraltheory, a neces-
saryandsufficient conditionfor thecontractivityis derivedfrom
the eigenvaluesof a special linear operator. In the sameway
someconstraintsfor the choiceof the encodingparametersare
deducedwhich arelessstrict thanthoseimposedsofar. Thepro-
posedcontractivity measurecan be calculateddirectly from the
transformationparametersduringtheencodingprocess.Forcom-
plex encodingschemesthecalculationof theeigenvaluesmaybe
infeasible.For thosecasesa contractivitycriterion derivedfrom
the norm of the operatoris suggested.

1. INTRODUCTION
The main purposeof fractal coding schemesis to exploit self-
similar structuresin natural signals for data compressionpur-
poses.Self-similarity in theway we will defineit maybeviewed
asa specialkind of redundancy.In contrastto commontransfor-
mationse.g. DCT, whosecodinggain is due to the correlations
of adjacentsamplesof the signal,fractal codingschemesmainly
exploit the long rangecorrelationswithin the signal.

The basic idea for encodingof imagesusing fractal tech-
niqueshasbeenreportedby Barnsley[1, 2, 3]. A first practical
implementationcapableof encodinggrey-scaleimagesat com-
mon compressionratioshasbeenproposedby Jacquin[4, 5, 6].
Someimprovementsand modifications,e.g. [7, 8, 9, 10, 11]
have beenpublished,but the underlying conceptof blockwise
approximationof the imageby partsof itself is still thesame.A
review on fractal imagecodingmay be found in [12].

A signal � is denotedself-similar if all its partsapproxi-
matelyresembleotherpartsof thesamesignalusingonly scaling,
rotating,mirroring, andshifting operations.A signalof this kind
then fulfills the invariancecondition���������	� (1)

with � representingthe allowed operations. A very simple
methodfor reconstructingthe signal � from the transformation� can be statedif � is contractive. Then � can be viewed

as the fixed point of the transformation � and accordingto
Banach’sfixedpoint theoremit maybereconstructedsolely from
the knowledge of the transformation � . A coding gain is
achieved,if the transformationcan be representedwith fewer
bits than the signal itself.

To the knowledgeof the authors,Lundheimwas the first
who analyzedfractal signalmodellingfor discretesignalsin the
finite dimensionalvectorspaceby useof functionalanalysis.An
excellent introduction in this field containingsomenew results
may be found in [13].

By describingthe coding schemeas affine transformation
in thefinite-dimensionalvectorspace
�� , we obtainsomecondi-
tions for the choiceof theencodingparameterswhich aretighter
than the onesimposedso far. Utilizing theseresults,existing
approachescanbe improvedin termsof convergencespeed,re-
constructionquality, and compressionratio.

After reviewingthe theoryof normedmetric spaces,a nec-
essaryand sufficient criterion for the contractivity of the used
transformationis derivedfrom theeigenvaluesof thecorrespond-
ing operatorwhich also implies constraintsfor the encodingpa-
rameters. As applications,two fractal coding implementations
for grey-scaleimagesarediscussed.Thedirectcalculationof the
eigenvaluesis feasible for rather simple coding schemesonly,
whereasfor a more complexschemea norm basedcriterion is
proposed.The summaryconcludeswith someexperimentalre-
sults obtainedfor naturalgrey-scaleimages.

2. THEORY
Considera signal ��
������������������������ � ��� consistingof � samples
aspoint in the n-dimensionalvectorspace
�� . The components�� "!$#&%�'(% � !)�� +* 
 representthe samplevalues. In order
to measurethe distanceof a point � within this spacefrom the
zero-point , 
-��./��.0����������./��� severalnorms, denotedby 1 � 1 ,
aredefined. For our applicationsthe Euclideannorm1 � 1(2 
43 5 6������87�
 9::; �<  >= �@? �A ? � (2)

definedby thesquareroot of the innerproduct 6�������7 is themost
suitedone. By this definition 
 � becomesa normedspaceand
by inducing a metricB ������C�� 2 
 1 �&DEC 1 ��F)���GC@* 
 � (3)
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a normed metric spacedenotedby H�I	JLK�MON . Transformations
within this spacecanbedescribedby linearoperators.Therefore
a suited operator- or matrix norm is required. One which is
consistentwith the Euclidean vector norm in the sensethatPRQTSUPWVXP�QWPUP�SUP

holds, is the so called spectral- or Hilbert
norm, definedby PRQEPZY>[]\ ^ _�`bac�dfe H�gUhigUN	j k lik�m (4)

It is the squareroot of the largest eigenvaluein magnitudeof
the matrix

Q h Q . Additionally for every linear operator
Q

the
spectralradius n e H Q N is definedbyn e H Q N \ ^ _�`�ac�d/e�o gUp k lik (5)

which is themagnitudeof thelargesteigenvalueof
Q

. Any normPRQEP
andspectralradius n e of a linearoperator

Q
areconnected

throughthe following equations:n e H Q N V�PRQEPn e H Q N ^rqtstuv�w)x vj P�Q v P m (6)

2.1 Fractal encoding
All existing practical implementationsfor block-oriented

fractal coding schemesemerge from an affine transformation
which is capableof performingthe scaling, rotating,mirroring,
andshifting operationsin order to exploit the presupposedself-
similarities of the signal. An affine transformation y of the
entire signal

S
is definedbyy \ I J]z I J|{ S z QTS�}(~

(7)

consistingof a linear part
QTS

and an additive part
~

. The
transformationy is calledcontractiveif thereexistsa constant���X� , such thatMUH�y�H S NRK�y�H���N�N V � M/H S K���Ni� S K��W��I J m (8)

With the definition of the metric (3), the affine transformation
(7), and the contractivity(8) we obtain the sufficient conditionPRQEP�V ����� (9)

for contractivity in the senseof any norm.
The encodingprocessfor a given signal

S
now consists

in finding a matrix
Q

and a vector
~

fulfilling the invariance
condition (1) at least approximately. This means,that the ap-
proximation errorM/H�y�H S N�K S N ^ M/H QTSi}(~ K S N (10)

must be small. Additionally it must be assuredthat y is a
contractivetransformationin order to get the schemework, this
is if

P�QEP ��� holds. Data compressioncan then be achieved,
if the matrix

Q
and the vector

~
can be storedmoreefficiently

than the signal
S

itself.

2.2 Fractal decoding
Banach’sfixedpoint theoremgivesus an ideahow the decoding
processworks:

Let y \ I�J z I�J be a contractive transformation andH�I J K�MON a metric spacewith metric M , then the sequenceof
signals � S	�0� constructedby

S	������^ y�H S	� N convergesfor
any arbitrary initial signal

Si� ��I J to theuniquefixedpointS	� ��I J of the transformationy , i.e.S � ^ y�H S � N ^�QTS � }�~ m (11)

The reconstructionerror M/H Si� K S N betweentheoriginal sig-
nal
S

and its fractal reconstruction
S �

is thenboundedbyM/H S	� K S N V ���� PRQEP M/H�y�H S NRK S N m (12)

Thecontractivitycondition(9) is only sufficient butnotnec-
essaryfor the convergenceof the iterationprocess.A sufficient
andnecessaryconditioncanbe formulatedby using the spectral
radius of the transformationmatrix.

Emerging from any arbitrary initial signal
S �

the decoder
iteratively applies the transformation(7). For the k-th iterate
then follows:S � ^ y�� � H S � N ^�Q � S � }�� �O���� �t  � QT¡>¢�~ m (13)

If and only if the spectral radius satisfies n e H Q N �£� , thenq¤s¥u� w�x Q � ^�¦ and
qts>u� w�x �����§�t  � Q � ^ H�¨ � Q N ��� with the identity ¨

andthenull matrix
¦

[14]. Therebythesequence� S	�0� converges
to the fixed pointS � ^©q¤s¥u� w�x S	��^ H�¨ � Q N ��� ~ (14)

of the transformation.
According to eq. (6) the spectralradius n e H Q N is a lower

bound for every norm
P�QWP

. In literature the special casen e H Q N �ª� V«PRQEP
is termedeventualcontractivity (see[15,

13] andsection4). This is dueto the fact that
PRQEP ��� is only

a sufficient but not necessarycondition for the convergenceof
the iteration process(13).

3. APPLICATIONS

Themostimportantquestionconcerningfractalcodingschemesis
whetherthe reconstructionprocessis convergentor not. Consid-
eringtheabovedefinitionsof thenormandthespectralradiuswe
investigatedthispropertyfor two widely knownschemesusedfor
encodingof grey-scaleimages.Thefirst encodessingleblocksof
thesignalindividually while thesecondoneencodesa blocksde-
pendenton otherpartsof the signal. Hence,the first is a special
caseof the secondscheme.
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3.1 Encoding a single block
An interestingproposalfor encodingof single blocksof a

signal has beenpublishedby Monro and Dudbridge [8]. The
basicideaof theencodingprocessconsistsin mappingtheentire
block consistingof ¬ samplesonto ­¯®�¬T°�± non-overlapping
underlyingsubblockseachconsistingof ± samples.Themapping
is chosento minimize the distancebetweenthe original block
andtheapproximationaccordingto eq. (10). By usingtheabove
notationit can be describedby a linear operator

² ®´³­

µ¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶¶·

m times¸ ¹�º »¼�½�¾�¾�¾¿¼�½ À ¾�¾�¾ ÀÀ ¼�½i¾�¾�¾�¼�½ ¾�¾�¾ ÀÀ À ¾�¾�¾ ...À À ¾�¾�¾Á¼�½i¾�¾�¾�¼�½¼iÂ@¾�¾�¾¿¼iÂ À ¾�¾�¾ ÀÀ ¼iÂ�¾�¾�¾�¼iÂ ¾�¾�¾ ...À À ¾�¾�¾ ÀÀ À ¾�¾�¾Á¼ Â ¾�¾�¾�¼ Â
...

...
...

...¼�Ã�¾�¾�¾¿¼�Ã À ¾�¾�¾ ÀÀ ¼ Ã ¾�¾�¾�¼ Ã ¾�¾�¾ ...
... À ¾�¾�¾ ÀÀ ¾�¾�¾ ¾�¾�¾Ä¼ Ã ¾�¾�¾�¼ Ãº »�¸ ¹

R groups

Å�ÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÆÇ
È (15)

By (4) the spectralnorm É ² É�Ê¤Ë is definedby the largesteigen-
value of the symmetricblock diagonalmatrix

²ÍÌL²
. For the

linear operator(15) one obtains:É ² É Ê>Ë ® Î�ÏAÐÑ�ÒOÓ0Ô�ÕÖÌLÕÖ×�Ø Ù ÚiÙ ® ÛÜÜÝ ³­ ÃÞ ßtà ½ ¼ Â ß È (16)

Obviously É ² ÉWá ³ holds for each Ù ¼ ß Ù á ³ãâ�³Eä�åæä ­ ,
as is presupposedin [8], but the contractivity constraint (16)
allows more freedomin the choice of the parameterssince it
only constrainsthe squaresum of the elements.

Due to the very simple structureof the operator
²

in this
case,notonly theeigenvaluesof theblockdiagonalmatrix

² Ì ²
,

butalsotheeigenvaluesof
²

itself maybecalculated.This gives
us thepossibility to determinethespectralradius ç Ó Ô ² × in order
to obtaina sufficient andnecessaryconditionfor theconvergence
of the decodingprocess.For this purposethe magnitudeof the
largest eigenvalueof the matrix

²
has to be determined. For

arbitraryelements¼ ß�è�é the largesteigenvalueof
²

is bounded
by the constantsumof the absolutevaluesof any columnof

²
,

hence ç Ó Ô ² × ® Î�Ï�ÐÑ�Ò/Ó�ê>Õ�ë Ù ÚiÙ ä ³­ ÃÞ ßtà ½ Ù ¼ ß Ù È (17)

Equality is only met if
²

is non-negative,this is if ¼ ßíìÀ âE³�äÄåîä ­ . In general,the transformationmatrix is not
necessarilynon-negative.Due to eq. (17), negativeelements¼ ß
even improve the convergence. This has also beenconfirmed
experimentally.

3.2 Joined encoding of all blocks

The original proposalfrom Jacquin[6] is a typical repre-
sentativeof this scheme.Theentiresignalis partitionedinto ï�ð
non-overlappingrangeblocksconsistingof ± samples.For each
of theseblocksoneof ï)ñ domainblockswith size ¬ samplesis
chosenwhichfits bestin thesenseof thedistancemeasure(3). So
onesamplein theapproximationof therangeblock is determined
by the averageof ­ò®¯¬T°�± samplesin the domainblock.

²
now describesthe transformationof the whole signal. Therefore
it consistsof a largenumberof matrix elements.Hencethedirect
calculationof the eigenvalueswhich leadsto the spectralradius
is computationallyprohibitive. Insteadthe determinationof the
spectralnorm É ² É�Ê>Ë is presentedfor this scheme.For the case
of decimatingmatrices,this is if eachrow of

²
containsone

and only one non-zeroelement(no averaging),Lundheim[13]
presentedan exactsolution for the eigenvalues.

In the special caseof Jacquin’s proposalone can show
without going too much into detail, that the matrix

ó ® ² Ì ² ® µ¶¶¶¶· ôß ÒOõ¿êtö à ½ ë² Ìß ½ ² ß ½ ÷
.. .÷ ôß Òfõ�Ô¤ö à	ø ñ ×²ÍÌß¤ø ñ ² ßtø ñ

Å ÆÆÆÆÇ
(18)

is a block diagonal matrix with submatricesof size ¬«ù�¬
elements. The matrix

² ß ö ® ³­
µ¶¶¶¶¶¶¶¶¶¶¶· m times¸ ¹�º »¼ ß ¾�¾�¾�¼ ß À ¾�¾�¾ ÀÀ ¼ ß ¾Z¾�¾�¼ ß ¾�¾�¾ À

...
...

. ..
...À À ¾�¾�¾Ä¼ ß ¾�¾�¾�¼ ßº »�¸ ¹

R groups

Å�ÆÆÆÆÆÆÆÆÆÆÆÇ (19)

describesthe mappingfrom the j-th domainblock onto the i-th
rangeblock(seeeq. (15)). ú Ôtû/× is thesetof indicesof thoserange
blocksonto which the j-th domainblock is mapped.The matrixôß Òfõ�ê¤ö�ë ²ÍÌß ö ² ß ö has ±æü timesthenon-zeroeigenvalue

½Ã ôß Òfõ¿êýö�ë ¼ Â ß
and Ô ¬Wü)± × ü times the eigenvaluezero. Due to the special
structureof the matrix

ó
, the eigenvaluesof the submatrices

are also the eigenvaluesof
ó

itself. Therebythe matrix
ó

has
the non-zeroeigenvalues

½Ã ôß Òfõ¿ê¤ö¿ë ¼ Â ß âT³�ä û ä ï)ñ . This way,

thespectralnormof the transformationmatrix É ² É Ê>Ë definedby
eq. (4) may be calculatedby

É ² É Ê>Ë ® Î�Ï�Ð½Rþ ö þ ø ñ�ÿ ³­ Þß Òfõ¿êýö�ë ¼ Â ß (20)
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4. RESULTS AND CONCLUSION

Fisher[10] showedby experimentalanalysisof Jacquin’scoding
scheme,that the constraint � ���������
	�� is not necessaryin
order to obtain a convergent sequenceof iterates. He called
this behavior the eventualcontractivity of the transformation
������������

. This is if thereexistsa positiveinteger� called
the exponentof eventualcontractivityso that the transformation
����������! "
#��
#��$%$%$&���'�(���) *&+ ,

p times

is contractive. According to the

relationshipbetweenthespectralradiusandthenorm(6) eventual
contractivitywith exponent� meansthat -. /(0 - / �#�1	32546� .
Therebyall matrices

0 -87 	5294:� are also contractivein the
senseof the norm ;;

0 - ;; .
Lundheim[13] proved,that eventualcontractivity is not a

questionof thechoiceof thenorm. This meansthatif anoperator
is eventualcontractivein onenorm,it alsois eventualcontractive
in any other norm. This is due to the fact that from all norms
only a sufficient but not necessaryconditionsfor contractivityof
the operatorcan be derived.

Neverthelessnot all normsareequallysuitedfor theconsid-
eredapplicationof signalencoding.Table1 showsa comparison
betweenthe maximumnorm

/(0!/(<�=?>
(seee.g. [10]) which is

mostly applieddue to its easeof computationand the proposed
spectralnorm

/(0@/BA � . As canbe seen,the usageof the spectral

Test
image

� <�=�> /?0@/DCFE?G /(0!/ A � HDI � 0 �
LENA 1.0 0.9953 0.7665 0.4989

1.5 1.4956 0.9120 0.5661

5.0 4.7582 2.8361 0.6695

BOATS 1.0 0.9995 0.7782 0.5273

1.5 1.4973 0.9900 0.5687

5.0 4.9981 2.5559 0.6983

Table 1: Comparisonof maximumnorm
/?0@/ <�=�>

,
the spectralnorm

/%0@/ A � and the spectralradiusH%I � 0 � for sometest imagesand � -bounds � <�=�> .
norm results in contractivetransformationseven if the scaling
parameters� � arenot boundedby one. In thesecases,which are
the most importantones,the maximumnorm is uselesssinceit
yields divergent operators(in the senseof the norm). A tighter
approximationis obtainedby the spectralnorm. The calculation
of the spectralradiusoffers the bestresultsbut this is computa-
tionally feasibleonly for simpleencodingschemesas described
in topic 3.1.

The considerationof the spectralnorm or spectralradius
insteadof the maximum norm for determiningconvergenceof
fractal encodingschemesleavesmore freedomin the choiceof
theencodingparameters,so that reconstructionquality aswell as
convergencespeedcan be increased.
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