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SUMMARY

In order to improve the approximation capability of
fractal coding, a fractal coding method using multiple do-
mains is proposed in which an approximation is carried out
by superposition of coniracted images {rom mulliple do-
main blocks, By combining the multidomain method with
the multiscaling procedure of dividing blocks into regions
and individually providing the scaling coefficients of
brightness, a contraction transform with even better degrees
of approximation is obtained and edge reconstruction is
improved. As a result, excellent reconstructed images are
obtained even for complicated images for which high re-
producibility cannot be realized with the conventional frac-
tal coding. Also, it is possible to reproduce contour regions
containing edges. © 2003 Wiley Periodicals, Inc. Electron
Comm Jpn Pt 3, 87(2): 79~87, 2004; Published online in
Wiley InterScience (www.interscience,wiley.com). DOI
10.1002/ecjc. 10081
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1. Introduction

Due to its high compression capability, fractal coding
which realizes image compression by taking advantage of
the partial sel f-similarity of natural images has been studied
extensively in recent years. Fractal coding has been pro-
posed by Barnsley as an inverse problem of the lterated
Function System (IFS), a system (o gencrate binary fractal
drawings [1, 2], and has been extended to grayscale images
by Jacquin [3, 4]. Many recent investigations have been
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carried out to improve coding performance [5-7]. How-
ever, no performance robust to practices such as applica-
tions to recording and storage media has been realized.

In fractal coding, the image is compressed by using
the partial self-similarity of the image as redundancy. Sell-
similarity well approximating the block (o be coded is
extracted from the image and the transform parameter for
a contraction transformation representing the self-similar-
ity is used as code. Since structural properties aver blocks
are utilized, this method has the characteristics that block
distortion is not very conspicuous. However, since natural
images do not possess rigorous fractal properties, this con-
traction transform is an approximate one. Therefore, the
coding characteristics of fractal coding depend strongly on
the self-similarity of the image. In the case of images with
complicated structures, it is in general difficult to find
contraction transforms which have sufficient degrees of
approximation. Even if many bits are assigned, it is difficult
to obtain high reproducibility, In the present paper, a fractal
coding method based on multiple domains is proposed. In
this method, in contrast to the conventional methods in
which a block is approximated by a single contraction
transform, several domain blocks are extracted and individ-
ual compression transforms are applied to them. The block
is approximated by combining them. In this way, finding a
contraction transform with a better degree of approximation
becomes possible. Also, a multiscaling-domain method has
been proposed in which the multiscaling scheme [8] is
combined with the multidomain method. In multiscaling, a
block is divided into regions and scaling coefficients for
brightness are individually assigned so that contraction
transforms with even higher degrees of approxirmation are
possible. At the same time, the objects within the image
become more clearly defined. Thercfore, in addition to
improvement of the degrees of approximation in the com-
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pression transform, clear edge reproduction becomes pos-
sible.

In this paper, the multidomain method and the mul-
tiscaling method as well as their combination, the multi-
scaling-domain method, are explained briefly in Section 2.
In Section 3, these methods are actually utilized for carrying
out coding configuration. Simulation results and observa-
tions are presented in Section 4. The effectiveness of the
proposed method is discussed in Section 5.

2. Multidomain Fractal Coding

2.1 Fundamental principle

In general, natural images have local approximate
self-similarity. Therefore, a portion of the image can be
approximated by compressing another portion. Using this
property, fractal coding divides the image into blocks and
seeks a compression transform that provides optimum ap-
proximations for each block. The transform parameters are
then used as the codes.

The regeneration error in the fractal coding is guar-
anteed by the Collage Theorem as shown below [2]. Let the
original image be 11, and the reproduced image be v/, and
let 1, and |, be arbitrary images. Then, if the transform A()
satisfies the compression expressed by

d(A(p1), Mp2)) < s-d(p,p2), 0Ss<1 (1)

then the error between the original image and the repro-
duced image is regulated by the following inequality ac-
cording to the Collage Theorem:

1
d(ttorg,¥) < 13 d(ttarg, AlHorg)) ()

where d(,, -} denotes the distance between two images,
d(f,,,¥) is the error between the original and reproduced
images, and d(WL,., ?\.(u‘,,g)) is the approximation error due
to the compression transform. This implies that conver-
gence is guaranteed to a reproduced image well approxi-
mating the original image if a transform providing
sufficient compression and sufficient similarity is given.
Better reproduced images can be obtained if transforms
with higher degrees of approximation are given. Hence,
image reproduction by fractal coding depends on how
effectively a compression transform with high approxima-
tion accuracy can be found.

In conventional fractal coding, the image is divided
into nonoverlapping range blocks R;. A domain block Dy,
with a larger size corresponding to each range block is
sought and then the transform ?\,,.j(-) providing the optimum
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approximation is derived (see Fig. 1). This transform X‘.j(')
is represented by the compression affine transform and is
described by the following:

st (IE, y) = Ri.‘i (:L'u y) et Raue
Dii(z,y) = e(s(Dki(z,y))—Dave) 3
Ri;(z,y) 2 a- Dig(z,y)

where R and Dy, are the range block and domain block
with their average values separated; R, is the average of
the range blocks, D, is the average of the domain blocks,
£(") is the equal length transform, s(-) is the compression
transform, and o is the scaling factor. By means of the
least-squares method, o can be derived from the expression

Y. Ri(=v) Dulz,y)

z,yeBlock

Z D;d(.’l;,y)2

x,yeBlock

“)

Decoding is realized by repeatedly applying the com-
pression transform from the domain block to the range
block. First, an arbitrary initial image divided into range
blocks R is prepared. Subsequently, domain blocks Dy,
corresponding to each R;; are extracted. By means of the
following transform (5), they are replaced by Ry

Rij = E(S(Dkl (03, y)) _Dave)+Raue (5)

The above process is applied to all range blocks; this is
considered as the first decoding process. The compression
transform is again applied repeatedly to the decoded image.
In this way, the gray level of the image converges and a
reproduced image can be obtained.

RII RIJ
RJI R22

Range Block

ij

Domain Block

’11'1' Dkl

m

Fig. 1. Transformation from domain to range.



2.2. Multidomain method

The coding characteristics of the fractal coding de-
pend strongly on the fractal nature of the image. Therefore,
it is difficult to seek a compression transform with a suffi-
cient degree of approximation for images with weak self-
similarily or with violent gray-level changes. As a result,
good image reproduction is difficult. Hence, the present
authors propose the multidomain method in which the
range blocks are approximated by superposition of the
compression images from several domain blocks. In the
multidomain method, the approximation error, which is not
quite approximated by the compression transform from the
domain blocks, is approximated by compression transforms
from several domain blocks. In this way, it becomes possi-
ble to provide a compression transform with a higher degree
of approximation than the conventional method. Better
reproduced images should be obtainable from the images
for which good reproduction cannot be obtained by the
conventional method.

The basic principle of the multidomain method is to
extract several domain blocks while seeking the compres-
sion transform and then to approximate the range block by
a combination of these compression transforms. We wish
to enhance the degree of approximation of the compression
transform, First, in the search for the domain blocks, several
domain blocks are extracted. Each domain block is ex-
tracted from a preset position relative to the central domain
block. After the same compression transform and the equal
length transform are applied to each domain block, average
value separation is applied and then orthogonalization is
carried out by the Gram-Schmidt orthogonalization method
in order to prevent overlap of the components among the
domains. Orthogonalization of the domain blocks is proc-
essed according to the preset sequence. After orthogonali-
zation, the expansion coefficients o, are derived in such a

n

way that an optimum approximation is obtained:

Z Rij(z,y) - DI,H("E’ y)

z,peBlock

Z DI,kl(x’ ?J)2

z,yeBlock

o] =

Qm =

)3

z,yeBlock

m-1
(Rist@,v) = Y an- D} uloy)
n=1

'D:n,kl(m: Y)
Z Djn,kl(my 'U)z

x,yeBlock
(m > 1) (6)

Hence, Eq. (3) can be written as

81

M
Réj (cc, y) = Z O D:n.k:l(m! y) (7}
m—1

(see Fig. 2). Here, Df"‘,\,, is the domain block to which
orthogonalization is applied, and M is the number of do-
main blocks to be superposed. By adjusting the number of
domain blocks, itis possible to adjust the degree of approxi-
mation,

In the multidomain method, the average value of the
block R ... the expansion coefficients a,_,, theequallength
transform g, and the position of the domain block (k, ) are
used as the codes.

2.3. Multiscaling method

The multiscaling method [8] is a method of dividing
the range block into several regions by block truncation
coding (BTC) [9] and providing a compression transform
with a higher degree of approximation with different scal-
ing values. In the present section, the principle of the
multiscaling method and its applications to fractal coding
are described. The number of regions in the range block is
taken to be 2.

Coding using the multiscaling method is carried out
as follows. First, the area within the block is divided into
high-level and low-level regions. Then the average of the
gray levels in the block is derived. The pixels that exceed
the average are assigned to the high-level region and those
below the average are assigned to the low-level region. The
high-level regions are then assigned a value of 1 and the
low-level regions a value of 0 so that a bit plane B;; is
formed:

1, Ry(z,y) =2 R
Bij(z,y) = §28) 2 Fone ®)
07 Rij (:12, y) < Rgve

Further, for the domain block Dy, to which the compression
transform and the equal length transform have been applied,
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Fig. 2. Coding with multidomain.




a bit plane that divides high-level regions and low-level
regions with the same shape as the range block is adopted.
For each region, average value separation is performed and
the scaling coefficients o, and o, for the high-level and
low-level regions are derived by the following equations,
obtained by the least-squares method:

Z R;j(msy) ' D;d(mly)

z,yeHigh

oy = , -
3 Duzy)

z,yeHigh

2

z,yeLow

Ri;(z,y) - Diy(z,y)

oy, = (10
Z Dllcl ($r y)2
z,yeLow
By using oy; and o, Eq. (3) can be rewritten as
ay - Dz, v), Bij{z,y) =
Rij(m,y) o H k:l( )y)s J( 1y) (11

Qr - D;cl($1 y): B'ij (m,y) =0

In the multiscaling method, the average values
Ry and R, of the block, the scaling coefficients ¢, and
o, the equal length transform &, the position (k, /) of the
domain block, and the bit plane B;; are used as the codes.
Many bits are required for representatlon of the bit plane.
By vector quantization treating the bit plane as a binary
vector, the bit rate of the bit plane can be reduced to 0.4 to
0.5 bpp.

2.4. Multiscaling-domain method

Both the multidomain and multiscaling methods are
ways to improve the degree of approximation of the com-
pression transform in fractal coding. By combining the
multidomain and muftiscaling methods, further improve-
ment of the approximation is expected.

Coding by the multiscaling-domain method is per-
formed as follows. First, the range block is divided into
high-level regions and low-level regions. Several domain
blocks are extracted and subjected to the same compression
transform and equal length transform. Subsequently, aver-
age value separation is applied on a region-by-region basis
to each domain block. According to the preset sequence,
orthogonalization is carried out by the Gram-Schmidt
method. Then, the optimum expansion coefficients &, _,, for
each domain block are derived by means of Eq. (6). For the
blocks approximated by the multidomain method, the bit
plane is assigned and approximation by multiscaling is
performed. The scaling coefficients o, and o, for each
region are obtained by the following equations based on the
least-squares method:
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Fig. 3. Coding with multiscaling-domain.
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t 2
Z (z Qm * Dm,kl(m'; y))
x,yeHigh m=1 (12)
Y. (R S am- Dl (o)
,yeLow m=1
or, =

Z (i Qm D:n,kl(m’y))g

zyelow m=1

(13)

By using these expansion coefficients o, _,, and the two
scaling coefficients 0., and 0, Eq. (13) can be rewritten as

( M
(2 %80 Z am‘D
m=1

Bij(z,y) =1

L,kz(mvy)

| Bij(z,y) =0

(see Fig. 3). In the multiscaling-domain, the average values
R,.. and R, . of the block, the scaling coefficients
Oy Oy O, the equal length transform g, the location (&,
) of the domain block, and the bit plane By are used as the

codes.

3. Coding Configuration

In the previous section a coding procedure using the
multidomain and the multiscaling was described. In the
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present section, a coding configuration for the application
of each method to actual coding is explained. The multi-
scaling method is intended to increase the degree of ap-
proximation by division of regions to enhance the
reproducibility of edges. Therefore, it is considered effec-
tive to apply multiscaling to the range blocks in which
strong contrast is contained. Hence, multiscaling is applied
to the blocks with high variance after the block variances
o° are derived. On the other hand, the multidomain method
is applied to the cases where a sufficient degree of approxi-
mation is not realized by coding in a single domain,

The coding composition is shown in Fig. 4, First, for
block discrimination, the image is divided into range blocks
R;and the variance o° of all blocks is derived. By means of
the preset threshold Z,, the blocks with values less than Z,
are judged to be shade blocks and those with values greater
than Z, to be edge blocks. The blocks judged to be shade
have low variances so that the interior of the block can be
approximated sufficiently by using only the average value.
Hence, only the average values are used as the codes. No
search is conducted for self-similarity. Hence, the coding
time and the bit rate can be reduced, On the other hand, the
blocks judged to be edge blocks are divided into two at a
constant rate according to the variance o2, The group with
a lower o° is considered as a single scaling block and
self-similarity is sought by the conventional compression
transform. The blocks with higher 6° are considered (o be
multiscaling blocks, for which self-similarity is searched
by multiscaling. The edge blocks are coded once in the
single domain and the approximation error is derived. With
reference to the preset threshold value Z., the single domain
is still used for coding if the mean-square error is lower than

Range Blocks

1
c'<2Z, l o >Z,

|
Y 3

Shade Blocks

Multi-Scaling

Blocks
A
[ error > Z,

vy

Single-Scaling
Blocks
a

Single-Scaling- Multi-Scaling-
Multi-Dom ain Multi-Dom ain
Blocks Blocks

Fig. 4. Coding composition.
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Z. On the other hand, if the error is larger than Z,, then a
transform with a higher degree of approximation is derived
by the multidomain method. If the edge block is a single-
scaling block, the multidomain method is used, but the
multiscaling-domain method is used if it is multiscaling.

4. Simulation Results

By using “Church,” “Girl,” and “Tulip” (256 x 256
pels, 8 bits in Fig. 5), coding simulation is performed

.
{2) Church

(hy Girl

(¢} Tulip

Fig.5. Original image.




Table 1. Setting of coding
Domain o ¢ Rave MS:SS M Ze
SSSD 10 4(bits] | 3(bits] | 5pvits] | - a .
MSSD 10 4X2 3 [bits] | 5 [bits) 1:1 i -
SSMD (Church) 10 |4xM]bits}| 3[bits] | 5x2 . 5 150
SSMD (Girl) 10 |4xMibits] | 3[bits] | S [bits] . 5 20
MSMD (Church) 10 aMm+2) | 3bits] | sx2 :1 5 150
MSMD (Girl) 10 4(M+2) 3 [bits] 5%2 1:1 5 20

according to the coding composition presented in Section
3. The coding setup is shown in Table 1. Figure 6 shows the
coding characleristics obtained by simulation and Fig. 7
shows the images reconstructed by each method. Let
MSMD be the approach using the multiscaling-domain
method according to Section 3, SSMD be the approach
using the multidomain method considering all edge blocks
as single-scaling blocks, MSSD be the approach using only
the multiscaling method and not the multidomain method,
and SSSD be the conventional method without the multi-
scaling or multidomain method. The bit rate is adjusted by
varying the rates of the shade blocks and edge blocks. In
fractal coding, the PSNR is saturated even if the bit rate is
increased due to the limitation of the degree of approxima-
tion by the compression transform. For “Church,” the value
of the PSNR is improved by 4.9 dB by MSMD and by 2.8
dB by SSMD in comparison with SSSD. In comparison
with MSSD, the improvement is 1.5 dB by the MSMD, so
that reconstruction images with better accuracy than the
conventional method can be obtained. Similar charac-
teristics are also obtained for “Girl™ and “Tulip.” The PSNR
for “Girl” is improved by 2.0 dB compared with SSSD and

by 0.5 dB compared with MSSD. For “Tulip,” the improve-~
ment is 4,0 dB compared with SSSD and 0.9 dB compared
with MSSD. In SSMD, the reproducibility of the image is
improved more by the use of the multidomain method than
by the single-domain method. However, sufficient perform-
ance is not obtained in comparison with MSSD. In the case
of “Church,” there are many locations with strong contrast
such as tree branches, and it is more effective to use the
multiscaling method with two levels at each block. On the
other hand, in “Girl,” with few blocks that have strong
variance, there are places where SSMD provides better
performance. In comparison with JPEG, rather similar cod-
ing performance is obtained in the images containing fine
details such as in Tulip. Coding performance is poorer for
images with many flat locations such as those in Girl.
Figure 8 shows the percentage of the block type at
each bit rate for SSMD and MSSD. Since the amount of
coding needed for the multidomain method is greater than
that required for the multiscaling method, the percentage of
shade blocks is higher in relative terms at the same bit rate.
Also, to reduce the bit rate, it is necessary lo set Z, to a large
value. As Z, becomes larger, the percentage of blocks with

0.4 06038 1.0 1.2 1.4 1.6 1.8 2.0 2.2 24

b, {bppi

(2) Church

0.4 0.6 0.8 1.0 1.2 14 16 1.8 1.0 2.2

b [bpp}

(b) Girl

Fig. 6. Coding property.
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Fig. 7. Decoded image.

greater variance is larger in the edge blocks, so that the
percentage of multidomain blocks in all entire edge blocks
is higher. Therefore, in the present procedure for discrimi-
nating multiple domains, the coding performance is seen to

decrease.
Next, the coding characteristics of MSMD are stud-

ied as the number of domains is varied, The coding setting
is shown in the MSMD column. The results are shown in
Fig. 9. As the number of overlapping domain blacks M is
increased, the saturation value of PSNR is seen to increase.
However, in general, as the approximation error of the
compression transform becomes smaller, the improvement
of the degree of approximation due to the addition of new
domains becomes smaller. Hence, as the number of do-
mains is increased, the improvement of the saturated value
becomes smaller, When more domains are used, the corre-
sponding increase in the number of bits becomes enormous
and is not realistic. The number of domains, which is fixed
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coding property.
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at M = 5 in the present case, can be adaptively changed
according to the degree of approximation required for im-
provement.

5. Conclusions

In this paper, to deal with the problem that in fractal
approximation, high reproducibility becomes troublesome
for images without sufficient fractal nature, a multidomain
method is proposed that allows a higher degree of approxi-
mation than the conventional method by combining the
compression transforms from several domain blocks. In
addition, the multiscaling-domain method—a combination
of the multidomain method and the multiscaling method—
is proposed. Making use of these methods, a high PSNR
was obtained for images for which sufficient approximation
was not realized by the conventional method. In the case of
“Church,” the saturation value of the PSNR was increased
by 4.9 dB. The increase was found to be 1.5 dB in compari-
son with the muitiscaling method. However, since many
bits are needed in the multidomain blocks, the PSNR is
shown to be depressed at low bit rates.

For improvement of coding performance at a low bit
rate, it is necessary to determine adaptively the number of
overlapping blocks in multiple domains. In the present case,
the number of domains in the multidomain method is fixed.
It is possible to increase the number of domains from a
single domain until a sufficient degree of approximation is
achieved, depending on the difficulty of the blocks. As the
block size is increased, the bit rate is decreased. Although
itis difficult to obtain a sufficient degree of approximation,
it is nonetheless possible to obtain a contraction transform
with a high degree of approximation by the multiscaling-
domain method. Hence, there exists an open question to be
investigated for the block size.
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