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Abstract

The most popular “fractal-based” algorithms for both the representation as well as compression of
computer images have involved some implementation of the method of Iterated Function Systems
(IFS) on complete metric spaces, e.g. IFS with probabilities (IFSP), Iterated Fuzzy Set Systems
(IFZS), Fractal Transforms (FT), the Bath Fractal Transform (BFT) and IFS with grey-level maps
(IFSM). (FT and BFT are special cases of IFSM.) The “IFS component” of these methods is a set
of N contraction maps w = {wy, ws,...,wn}, w; : X — X over a complete metric space (X, d), the
“base space” representing the computer screen. Most discussions of these methods, both practical as
well as theoretical in nature, assume that the sets w;(X) are nonoverlapping (or at least ignore any
overlapping), i.e. that w; !(z) exists for only one value * € {1,2,...N}. As such, given an image
function w, its so-called fractal transform (Tu)(z) at any point = € X is given by ¢;«(u(wi'(z)))
(where ¢; : R — R with appropriate restrictions). In the spirit of our earlier works, we consider the
more general overlapping case, when z has more than one preimage, i.e. wi_;:1 (2),1 < k < n(z), and

the question of how to combine the n(z) fractal components ¢;» (u(wl_zl(m)))) to form a generalized
fractal transform (T'w)(z). In this paper, we specify a set of rules for constructing such generalized
fractal transforms, among them the condition that 7' be contractive with respect to the appropriate
metric.

We also provide a unifying treatment of the various IFS-type methods over function spaces (IFS, IFZS,
IFSM) and finally link them with IFSP over the probability measure space M(X). Firstly, we consider
“traditional IFS” on H(X) (the set of nonempty compact subsets of X) as a fractal transform method
over an appropriate function space. This provides the connection between IFS and IFZS which, in
turn, leads to IFSM. The final link with IFSP on the probability measure space M(X) is provided by
a formulation of fractal transforms over D’(X), the space of distributions on X. The IFSP and IFSM
methods may then be considered as special cases of the distributional fractal transform.

AMS Subject Classifications: 41A, 41A35, 46E30, 65D15, 68U10
Key words: Iterated function systems, image representation, image compression, inverse problems



1. Introduction

The aim of this paper is to present a unified treatment of the various fractal transform methods
for the representation and compression of computer images which have been based, in some way,
on the method of Iterated Function Systems (IFS). These methods, which include “traditional”
IFS and IFS with probabilities (IFSP), Iterated Fuzzy Set Systems (IFZS) and Iterated Function
Systems with Maps (IFSM), along with variations, have been designed following a common
pattern. Let (X, d) denote a complete metric space, the “base space” which may represent the
computer screen, e.g. [0,1],[0,1]* with Euclidean metric. The IFS component, consisting of N
contraction maps, w; : X — X, will be written as w. An image or target is then represented as
a point in an appropriate complete metric space (Y, dy). The metric spaces used in the various
IFS-type methods are listed below:

IFS [15, 2, 1]: H(X), the set of nonempty compact subsets of X.

IFZS [5]: F*(X), the set of all functions v : X — [0,1] which are 1) upper semicontinuous
on (X,d) and 2) normalized, i.e. for each v € F*(X) there exists an zo € X for which
1

u(zo) =

IFSM [12, 13, 10]: L?(X, ), the space of p-integrable functions with respect to a measure
p, p < oo. Fractal Transforms [4, 8, 9] are a special case of IFSM. The Bath Fractal
Transform [19, 20] is an IFSM with place-dependent grey level maps.

IFSP [15, 2]: M(X), the set of probability measures on B(X), the o-algebra of Borel subsets
of X.

Along with the IFS maps w (except in the case of IFS on H(X)) there is an associated set
of functions ® = {¢1,ds,...,¢dn}, ¢ : R — R, which satisfy conditions that depend on the
particular metric space (Y, dy) being used. The pair of vectors (w, ®) then determine a fractal
transform operator T' which is designed to map Y into itself. It is desirable that 7' be contractive
on (Y, dy) so that it possesses a unique and globally attracting fixed point § € Y, i.e. Ty = 4.
Given a u € Y, its image Tu will be constructed for each point z € X (or each subset
S € H(X)). Except in the case of IFSP (which is no longer considered for image representation),
most practical as well as theoretical studies devise methods which either assume that the w;(X)
do not overlap, or at least ignore any such overlap. (Indeed, if (Tu)(z) is to exist for all
z € X and X is closed and not discrete or finite, then some sets w;(X) must overlap with
each other, if only at one point.) As a result, each point # € X is considered to have only
one preimage wl_(i)(z) € X. The value of the fractal transform of w at z € w;(X) is simply
(Tu)(2) = di(ulwr (2).

In the spirit of our earlier work on IFS-type methods on function spaces, namely IFZS and
IFSM, we consider the more general non-overlapping case when = has more than one preimage,
ie. wi_zl(w), 1 < k < n(z). Naturally, there remains the question of how to combine the n(z)

fractal components ¢y (u(wi_zl (z)), to form our generalized fractal transform (Tw)(z). In this



paper, we postulate a set of common rules for combining fractal components. Some of these
rules were already considered in the development of IFZS [5]. Understandably, such a method
of generalized fractal transforms may not necessarily be useful in the problem of fractal image
compression since the coding of any region of an image with more than one fractal component is
usually viewed as redundant and contrary to the goal of data compression. Our study, however,
is based on a view of fractal transform methods as viable methods of approximating functions
and measures in the same spirit as Fourier series/transforms, orthogonal function expansions
and, more recently, wavelet expansions.

Previously [12], we compared briefly the various IFS-type methods before outlining a solution
of the inverse problem for IFSM [13]. In this paper, we again consider all of these methods, but
with the purpose of unifying them under one common scheme. The first step 1s to establish the
IFS method, traditionally viewed as a method of geometrically constructing fractal-type sets
in H(X), as a fractal transform method over an appropriate function space whose elements are
bitmap, 1.e. black and white, images. A method of representing images with varying grey levels
is clearly desirable. There is a straightforward transition from this IFS approach to the method
of IFZS which works with the grey level range [0,1]. In the overlapping case for IFZS, the
prescription for combining several fractal components, namely the supremum operator, carries
over from the IFS method. A modification of the IFZS method [10], motivated in part by
restrictions associated with the Hausdorff metric, yields the method of IFSM on the function
space L1(X). It is then natural to consider IFSM on £LP(X).

The final step is to provide a link between the IFS, IFZS and IFSM methods on function spaces
and the method of IFSP on the probability measure space M(X). This is accomplished by
constructing an IFS-type fractal fransform on the space of distributions D’'(X). IFSP and IFSM
correspond to particular cases of this distributional IFS (DIFS). Another noteworthy result of
this method is an expression for integrals of the form [y f(z)u(z)dz, where @ denotes the fixed
point of an IFSM. (This is analogous to the expression for integrals of functions with respect
to an IFSP invariant measure.)

Finally, we mention that the theory described in this paper may be easily extended to the
“block encoding” [17] or “Local IFS” methods [4] which are currently employed in fractal
image compression. In these methods, the IFS maps are assumed to map subsets of X, the
domain or parent blocks, to smaller subsets, the range or child blocks. In a followup paper
presented at this conference (henceforth referred to as Paper II), we consider inverse problems

for generalized fractal transforms.
2. The Theory of Generalized Fractal Transforms

In this section, we formally define generalized fractal transforms of image functions and provide
a set of common rules for constructing such transforms from their fractal components. The

mathematical setting is provided by the following ingredients:

1. The base space: denoted, as above, by (X,d). The space representing the pixels; a
compact subset of R™. Without loss of generality, X = [0,1]" with Euclidean metric.



2. The IFS component: For an N € N, let w = {w;,w,,...,wy}. In many cases we can
relax the condition that the w; be contraction maps on X. Note that different sets w;(X)
may overlap. The principal classes of IFS functions used are:

Con(X) ={w: X — X|d(w(z),w(y)) < cd(z,y) for some ¢ € [0,1),Vz,y € X}, the set

of contraction maps on X.
Coni(X) C Con(X): the set of one-to-one contraction maps on X.

Affi(X): the set of affine maps on X which are one-to-one. The representation of such
maps in X = [0, 1]" is given by

y = Ax+b, (1)
where A is an » X n matrix with nonzero determinant and b is an n-vector. The Jacobian
of the above transformation will be denoted by |J| = |[A1As... A,|, where the A; are the

eigenvalues of A.

3. The image function space: F(X) = {u: X — R, C R*}, the functions which will
represent our images. The grey level range R, will denote the range of a particular class

of image functions used in a given fractal transform method. (In practical applications,

R, is bounded.)

4. The grey level component: Associated with the IFS maps w will be a vector of N
functions ® = {¢1, s, ..., dn}, ¢ 1 Ry — R,;. We may also consider ¢; : Ry x X — Ry,
i.e. “place-dependent” grey level maps. See, for example, Ref. [19, 10].

5. The fractal components of u will be given by f;: X -+ R;, 1 <i < N, where
Bilu(wi(2))). = € wi(X), o)
0, z ¢ w;(X).

In other words, the fractal component f;(z) represents a modified value of the grey level

of u at the ith preimage of z (if it exists).

6. The generalized fractal transform of v € F(X): Fy: [R))* - R,, 1 <k < N,
where

F(t) = F(ty,te,.. . tk), t€R;, 1<i<k (3)

The Fj combine the k distinct fractal components ¢; = f;(z) subject to conditions de-
scribed below. The transform Fy defines an operator T': F(X) — F(X) that associates
to each image function v € F(X) the image function v = Tw. The way in which the F

combine the fractal components depends on the image function space used.
The grey level ranges and fractal transforms for IFZS and IFSM are given below.

IFZS: R, = [0,1]. Fy(2) = supyn{fi(2), fo(0), ... fu(2)}.

IFSM: R, = R*. Fy(z) = XN, fi(=).



We now outline the properties which are to be satisfied by the fractal transform operators Fj,.

This discussion follows the same pattern discussed in [5] with some additional comments.

1.

7.

Fn(ti,ta,...,tn) = Fn(ti,, iy, ..., tiy), where {i1,4s,...,in} is any permutation of the
index set {1,2,..., N} (symmetry).

. Fn(ti,te, ... ty) = Fo(Fnoa(t1, ... tn-1),tn) (recursivity).

Properties 1 and 2 imply that

Fn(ty ta, ... txn) = Fo(Fo(Fa(. .. (Fa(tr ta), ts),ta), - ., 1), (4)

and, in particular, that Fy(Fs(t1,t2),t3) = Fa(t1, Fa(te,t3)). In other words, F» is an
associative binary operation on R™ x R*. We shall let S denote such a binary operation

and assume that it satisfies the following set of additional properties:
S :[R,]* — R, is continuous.

S(0,y) =y, Yy € Ry, i.e. 0 is an identity element; the combination of a pixel with
brightness y > 0 with one of zero brightness yields a pixel with brightness y.

. S is nondecreasing, i.e. @, < xp implies that S(z,,y) < S(zs,y), Yy € R,. The brighter

a pixel, the brighter its combination with another pixel.

S(z,z) > x, V& € R,; the combination of two pixels of equal brightness should not result

in a darker pixel.

For all y € R, S(s,y) = s for s = sup z € R, (s may be infinite), i.e. s is the annihilator.

There is a representation theorem for topological semigroups on R which will be useful for the

construction of appropriate associative operators for our fractal transforms.

Theorem 1 [18] If S : [RT]> — R* satisfies Properties (1)-(7) above, then there exist:

1.

a discrete (finite or countably infinite) index set I,

2. a sequence of disjoint open intervals {(a;,b;)} CRT, i € I, with 0 =a; < by < ag < by <

DY)

3. a sequence of numbers s; € RT, 1 € I and

4.

a sequence of continuous and strictly increasing functions f; : [a;, b;] — [0, 8], ¢ € I, with

fila;) =0 and f;(b;) = si, such that

S(:B,y) = g@(f@(ib) + fZ(y))7 \V/(Zli,y) € [aiabi]27 (5)



where g; : [0,00] — [0, s;], the pseudoinverse of f; is defined as

o= { £ 25l

and finally,
S("va) = sup(:l:,y) Zf ("va) € [R+]2 - U[a’iv bl]z (7)

il
Examples:

1. With the condition that S(z,z) =z for all z € R, = [0,s] C R, we have

S($7y) = sup{w,y} \V/(f!:,y) € [07 3]2' (8)

This represents an extreme case where the index set I = {1} and the sequence {(a;, b;)}
reduces to the interval (0,s). Then all z € [0, s] are idempotents of S, with 0 being the
identity and s the annihilator. This was the natural choice for the IFZS case [5].

2. S(z,z) = x for only # = 0 or # = s. Again, there is only one interval (a,b) = (0,s). If

we choose f(z) = z, then
S(z,y) = min{z +y,s} V(z,y) € [0,s]* (9)
3. R, =R", ie. s=o00. A possible binary operation is the summation operator, i.e.
S(z,y)=z+y V(z,y)€[0,00) (10)

The binary operation in Eq. (10) is employed by the IFSM method [12, 13, 10].

3. From IFS to IFSM Fractal Transforms

In this section, we construct a scheme to unify existing IFS-type fractal transforms on function
spaces, as outlined in the Introduction. At the end we review the basic properties of IFSP on the
space of probability measures M(X), in preparation for Section 4, when fractal transforms of
functions and IFSP are related through distributions. In what follows, we define the contraction
factor of a map w € Con(X) to be

ci= sup d(w(z),w(y))/d(z,y). (11)
z,yeX, x#y
For an N-map IFS w = (wy,ws, ..., wy), the contraction factors of the w; will be denoted by

¢;. We then define ¢ = max;<i<n{ci}.

3.1 IFS



Here Y = H(X), the set of nonempty compact subsets of X and dy is the Hausdorfl metric h,
defined as follows. Let the distance between a point # € X and a set S € H(X) be given by

d(z,S) = iIelgd(iE,Z). (12)
Then for each Sy, S, € H(X),
h(S1,Ss) = max{sup d(z, S2), sup d(z, S1)}. (13)
z€ES 2€52
Now let w = {w;,ws,...,wx}, w; € Con(X). Associated with each contraction map w; is a

set-valued mapping w; : H(X) — H(X) defined by w;(S) = {wi(z)|z € S} for § € H(X).
Then the usual IFS operator w associated with the N-map IFS w is defined as follows:

w(S) = | Jwi(S), S e HX). (14)

=

2=1

The IFS operator w is contractive on (H(X), k) [15]:
h(w(A),w(B) < ch(A,B), VA, BeHX). (15)

The completeness of (H(X), h) guarantees the existence of a unique fixed point §j = A € H(X).
The set A, also called the attractor, is the IFS representation of an image. From Eq. (14), it
satisfies the following self-tiling property,

A= L_J w;(A). (16)

We now formulate the IFS method over an appropriate function space. First, let w; € Af f1(X),
1 <i < N. Let Is(z) denote the characteristic function of a set .S € H(X), i.e.

0, z€S8,
Is(e) = { 1, z¢8. 1"

Now let A, B € H(X) and C = AU B € H(X). It follows that

Io(@) = sup{La(x), In(z)}. (18)

From the property that Iy, s)(z) = Is(w; ' (z)), we then have, from Eq. (18),

2

Lis)(z) = sup {Is(w;(z))}. (19)

1<i<N

Now consider the function space Fgu (X) (for “black and white”) defined by

Few(X)={u: X — {0,1} | supp(u) € H(X)}. (20)



In this case, the support of w € Fg(X) is given by

supp(u) = {o € X | u(e) =1}
= [u]lv (21)

where we have introduced the IFZS notation [u]' to denote the “1-level” set of w. In other
words, u represents a bitmap (black and white) image whose white region [u]' is nonempty and
closed. In fact, F5u(X) C F*(X), the latter being the complete metric space on which IFZS

is formulated. It is thus natural to consider the following metric on Fjy (X):
dpw (u,v) = h([u]', [v]'), Vu,v € Fpy. (22)

The completeness of (Fgu (X),dsw) follows from the completeness of (H(X),h). From Eq.
(19), the generalized fractal transform operator T : Fgu (X) — Fiw(X) associated with the
N-map IFS w is given by
(Tu)(z) = sup {u(wi'(z))}, Vzc X. (23)
1<i<N
The contractivity of T on (Fw(X),dpw) follows immediately from the contractivity of the

IFS operator w on (H(X),h). Thus there exists a unique fixed point @ € Fiy(X) of the
operator T, i.e. Tu = . Moreover, [u]' = A, the attractor of the IFS w so that

' = ). (24)

In this formulation, pixels can assume only two grey level values, namely 0 and 1, or black and
white (or vice versa). As such, only the geometry of an attractor is revealed. “Real” images,
however, are not only black and white. Instead, their pixels can assume a range of nonnegative
grey level values, e.g. wu(z) € [0,1]. For this reason, it would be desirable to modify the
above IFS method so that such a range of grey level values could be produced. This is easily
accomplished by modifying the fractal components in Eq. (23) as follows:

(Tu)(z) = sup {$i(u(w;'(z)))}, VzeX. (25)

1<i<N

where the ¢; : [0,1] — [0,1] are grey level maps. Subject to some conditions on these maps
(which guarantee that T' : F*(X) — F*(X)) we then arrive at the method of Iterated Fuzzy
Set Systems (IFZS) [5].

3.2 IFZS

Here, images are represented by functions u € F*(X) (cf. Section 1). The grey level range is
R, = [0,1]. The metric dy for the space Y = F*(X) is defined as follows. We first define the

a-level sets of u € F*(X) for a € [0, 1] as follows:

[w* = {z € X u(z)>a}, ac(0,1], (26)
[w]® = {z€X:u(z)>0},

8



where S denotes the closure of the set S in (X,d). Clearly, [u]* € H(X) for 0 < a < 1. Then
for u,v € F*(X), define

duo(u,0) = sup h([u]",[o]"). (27)

0<a<1
The metric space (F*(X), dx) is complete [6].

1. The IFS component: w = {wy,...,wy}, w; € Con(X), 1 <i <N,

2. The grey level component: & = {¢;1, ds,...., N}, ¢i 2 [0,1] — [0,1], such that for all
ie{l,2,...,N}:

(7) ¢; is nondecreasing on [0,1],
(%) ¢; is right continuous on [0,1),
(31) ¢:(0) = 0.
In addition,
(1v) ¢i=(1) = 1 for at least one i* € {1,2,..., N}.
The IFZS fractal transform T : F*(X) — F*(X) is defined as

(Tu)(z) = sup {i(i(w; ()}, Vz€X, (28)

1<i<N

where, for B C X, (i) @(B) = sup,g{u(z)}if B # 0 and (ii) @(0) = 0. The conditions imposed
on the functions ¢; guarantee that T' maps (F*(X),dx) to itself. The relation between level

sets of a function w and those of its image T'w is given by

[Tu]* U ([¢ps 0 ul® a € [0,1]. (29)

The contractivity of the IFS maps w; implies that that 7' is a contraction map on (F*(X), dx)
since [5]

doo(Tu, Tv) < cdo(u,v), Vu,ve F*(X). (30)

The completeness of this space gnarantees the existence of a unique fixed point @ € F*(X) of

the operator T'. From Eq. (29), the a-level sets of @ obey the following generalized self-tiling

property:
N

[a]* = |J willp: 0 a]”), o €][0,1], (31)

i=1
which can be compared to the self tiling of a = 1-level sets for the IFS case in Eq. (24).
We draw the reader’s attention to the fact that the use of the sup operator in the IFZS operator
T is a natural choice. The IFZS method is based on the properties of level sets of functions in
F*(X). Taking the sup of two functions u(z) and v(z) for all # € X corresponds to taking the
union of their respective a-level sets.
The Hausdorff metric do, is very restrictive, however, from both practical (i.e. image processing)

as well as theoretical perspectives. In [10], two fundamental modifications were made to the

IFZS approach:



1. For a p € M(X) and u,v € F*(X), define Va € [0, 1],
Gu,v;a) = p([u ]QA[U] )
- / T (2) = Ty (&) (). (32)

where A denotes the symmetric difference operator: For A, B C X, AAB = (AU B) —
(AN B).

2. Now let v be a finite measure on B(R,) and define

gluviv) = [ Glu,v;a)dv(a). (33)
An application of Fubini’s Theorem yields
guviw) = v{NRP AR + [ v((o(e),u(e))duz)
+ [ vl((@).v(@)])dp() (34)
where X, ={z € X | u(z) > v(z)} and X, = {z € X | v(z) > u(z)}.

It can be shown that g(u, v;v) is a pseudometric on £L*(X, y1). In the particular case that v = m,
the Lebesgue measure on the grey level range R,, Eq. (34) becomes

(w,v;m) / lu(z) — v(z)|du(z), (35)

the £1(X, p) distance between v and v. The restrictive Hausdorff metric d,,, over a-level sets has
been replaced by a weaker pseudometric (metric on the measure algebra) involving integrations
over X and R,. The result is a fractal transform method on the function space £*(X, u). While
it appears that only the £! distance can be generated by a measure v on B(R,), it is still natural

to consider fractal transforms over the general function spaces L£P(X, u).
3.3 IFSM

Let p be a measure on B(X) and for any integer p > 1, let L?(X, 1) denote the linear space of
). We choose Y = LP(X, p).
d

The metric dy is defined by the usual LP—norm, i.e. dy(u,v) := d,(u,v), where

all real-valued functions w such that «? is integrable on (B(X

1/p

do0) =l w0 = [ [ Ju(e) o) au@)] (30
The IFSM is then defined by the following:
1. The IFS component: w = {wy,...,wy}, w; € Affi(X),1<i<N,
2. The grey level component: ® = {¢1, ¢s, ..., dn}, ¢ € Lip(R; R), where
Lip(R;R) = {¢: R = R | [¢(t1) — ¢(t2)] < Kltr —1af,
Y 1ty € R for some K >0}, (37)

10



Since our function space involves integrations, it is natural to define the following fractal trans-

form operator T corresponding to an N-map IFSM (w, ®):

(Tu)(2) = kX_: fi(2), (38)

where the fractal components f;, are defined in Eq. (2). The above conditions on the w; and ¢;
guarantee that T : LP(X, m) — LP(X, m) for all p € [1, oo], where m denotes Lebesgue measure
on X.

Now let X =[0,1]P, p =m and 1 < p < oo. Also let u,v € LP(X,m) with fractal components
fr and g, 1 < k < N, respectively. Then from the relation

| Tw—=Tv ||y | ;[fk(fv) = gr(2)] [l

N
< 30 (@) = gr() [l (39)
k=1
we obtain the result
N
dp(Tuv TU) S dep(uvv)v CIJ = Z |Jk|1/pKk7 (40)
k=1

where |Jy| is the Jacobian associated with the affine transformation = wy(y). In the special
p-nonoverlapping case, i.e. where the sets w;(X) overlap only on sets of zero p-measure (the

standard assumption in practical applications in the literature), we may use the relation

N
| Tu—To|b= > | fulz) — grlz) | (41)
k=1
to obtain the result
N 1/p
BT T0) < Cfu). Gy | 1IEE) (12)
k=1
Note that
C,<C, <K, K = 11;%2%)](\[ K. (43)

In the nonoverlapping case, with p = oo, we also have
| Tu —Tv ||< K || v —2 |, Yu,v€LTX,m). (44)

This is the usual bound presented in the literature on fractal transforms [4, 9].

In applications, we shall be using affine IFSM, i.e. wy € Af f1(X) and
oty =art+ Gk, t€eR, 1<k<N. (45)

11



If the associated operator T' is contractive on L?(X,u), then its fixed point @ satisfies the

equation
N

E () + Brxr(z)], (46)

where ;(z) = @(wy;")(z) and xi(z) = Ly, (x)- In other words, @ may be written as a linear
combination of both functions 95 (z) and piecewise constant functions xx(z) which are obtained
by dilatations and translations of @ and Ix(z), respectively. This is somewhat reminiscent of

the role of scaling functions in wavelet theory.

The following result guarantees that the use of affine IFSM is sufficient from a theoretical

perspective.

Theorem 2 Let X = [0,1]° and p € M(X). For ap > 1 define L5(X,pn) C LP(X, ) to be
the set of fized points @ of all contractive N-map affine IFSM (w,®) for N > 1. Then L% (X, p)
is dense in (LP(X, p),d,).

The proof of this theorem is based on the property that the set of all step functions in X is
dense in (LP(X, p),d,).

3.3.1 “Place-Dependent” IFSM

The above IFSM method may be easily generalized to “place-dependent” IFSM (PDIFSM),
that is, IFSM with grey level maps having the form ¢ : R x X — R, 1 < k < N. In other
words, the ¢; are dependent both on the grey-level value at a preimage as well as the location
of the preimage itself. (This is analogous to IFS with place-dependent probabilities [3].) Much
of the theory developed above for IFSM easily extends to place-dependent IFSM as we outline
below. This is the basis of the “Bath Fractal Transform” and its effectiveness in coding images
has been discussed in the literature [19, 20, 24].

The fractal components fi(z) of a function u € £?(X, ) will be given by

The operator T associated with an N-map PDIFSM (w, ®) will have the form

N
=Y dr(w(wi (2)), wy (z)), (48)
k=1
We first define the following set of uniformly Lipschitz functions,

Lip(R,X;R) = {¢:RxX = R:|d(t1,8) — d(ta,8)| < Kt — taf,
Vi1, ta € R, Vs € X for some K € [0,00)}. (49)

If w; € Affi(X) and ¢; € Lip(R, X;R) for 1 < ¢ < N then T : LP(X,m) — L?(X,m) for
1 < p < co. Furthermore, if X C RP, D € {1,2,...}, and u = m then the relation in Eq. (40)
holds.

Some possible forms for the place-dependent grey level maps ¢ are as follows:

12



1. ¢(t,8) = 20, a;(s)t, where the a; : X — R, bounded on X,

2. ¢(t,s) = f(t)+9g(s) (“separable”) with suitable conditions on f and g, e.g. f € Lip(R; R)
and g : X — R bounded on X.

It is convenient to work with ¢ maps which are only first degree in the grey-level variable ¢, 1.e.

d(t,s) = at+pP+9(s), g: X — R, bounded on X, (50)
d(t,s) = a(s)t+p6(s), a,f: X — R, bounded on X. (51)

The action of the first set of maps can be considered as a “place-dependent” shift in grey-level
value. The second set of maps produce a more direct interaction between position and grey-

level value.

In Figure 1 are presented histogram approximations of fixed points @ of two rather simple affine
PDIFSM in order to show the effects of place-dependence.

3.4 IFSP

Associated with an N-map IFS w, w; € Con(X), is a set of probabilities p = {p1,ps, ..., pn},
pi > 0, with ¥ p; = 1. Let B(X) denote the g-algebra of Borel subsets of X generated by all
the elements of H(X). Then Y = M(X), the set of all probability measures on B(X). Here,
the (Markov) operator associated with the IFSP (w, p) is defined as follows: For a p € M(X)

and each S € H(X),
N

(Tp)(S) = (Mp)(S) = pin(w; (5)). (52)

=1

The metric dy on Y = M(X) is the so-called Hutchinson metric dg(p,v):

du(p,v) = s [/X fdp — /deV] , Yp,v € M(X), (53)
where
Lipi(X :R)={f: X = R | |f(z1) — f(z2)| < d(z1,%2), Vm1,22 € X}. (54)

The contractivity of the IFS maps w; implies the contractivity of M on (M(X),dgn) [15]:
du(Mp, Mv) < cdu(p,v), Vp,v € M(X). (55)

Thus there exists a unique g € H(X) such that (1) Mg = g and (2) dg(M"™u, i) — 0 as
n — oo. Moreover, supp(fi) C A, with the equality when all p; > 0. From Eq. (52) it follows
that

A(S) = 2 pin(w;'(5)), VS € H(X), (56)

which leads to the following “change of variables” result for integration: For f € C(X) (or

simple functions),

| f(@)d(z) = > [ (f ow)(@)di(). (57)
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It is well known that by setting f(z) = 2™, » = 1,2,..., one can obtain recursion relations for

the moments g, = [x "dji of the invariant measure.

If we use the notation
< fu>i= [ f@)du(z),  feC), peMX). (58)
then
<[, Tp>=<T'f p>, (59)
where the adjoint operator T : C(X) — C(X) (referred to as T in [2]) is given by

(T f)(z Zpl (f o w;)( (60)

We may iterate this procedure to obtain, for n = 1,2,.. .,

<fThu> = <(THY'fu>

= Z pil"'pinA(fowil o...ow;,)(z)du(z). (61)

For an zy € X, let pp = d,,, a Dirac unit mass at z¢. Since dg(T"u, 1) — 0, one obtains

[ F@)di(e) = lim 30 piopi,(f 0w 00wy, ) (o). (62)

This formula has been used to provide estimates for integrals involving z which cannot be
solved recursively. The computation of the multiple sums involve the enumeration of an N-tree
to n generations.

By setting f(z) = Is(z), where S C X, the above relation becomes

= lim Z Diy - Pin Is(wi, o...0ow; (mg)). (63)

n—)oo .
.....

In Eq. (63), the term involving [s indicates whether or not the point w;, o ...w;, (zo) lies
in S. The quantity p;,pi, ...p;, represents the probability of choosing the finite sequence
{0i,,0i,,...,0;,}. Therefore for each n > 0, the sum is equal to the probability that the

point z,, lies in S.

There is a connection between Eq. (63) and the Random Iteration Algorithm or “Chaos Game”

[1], defined as follows: Pick an ¢ € X and define the iteration sequence
Tpy1 = Wy, (), n=01,2 ..

., (64)

where the o, are chosen randomly and independently from the index set {1,2,..., N} with

probabilities P (o, = i) = p;. A straightforward coding argument shows that for almost every
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code sequence 0 = {01, 03,...) the orbit z,, is dense on the attractor A of the IFS w. As such,
the Chaos Game can be used to generate computer approximations of A. However, it also
provides approximations to the invariant measure i as a consequence of the following ergodic
theorem for IFS [7]: For almost all code sequences o = (01, 09,...),

) 1 & _

lim —— " f(oe) = [ f(@)ale) (65)

n—co q, 1 o

for all continuous (and simple) functions f : X — R. By setting f(z) = Is(z) in Eq. (65) for
an S C X, we obtain

1 n
o
AS) = lim Ty 2

0
In other words, i(S) is the limit of the relative visitation frequency of S during the chaos game.

4. IFS on the Space of Distributions D'(X)

In what follows X = [0,1] although the extension to [0,1]" is straightforward. Distributions
[21, 22, 23] are defined as linear functionals over a suitable space of “test functions”, to be
denoted (following the standard notation in the literature) as D(X). In this paper, D(X) =
C§°(X), the space of infinitely differentiable real-valued functions with compact support in
X. The space of distributions on X, to be denoted as D'(X), is the set of all bounded linear
functionals on D(X), that is, F': D(X) — R, such that

1. |F(¢)| < oo for all ¢ € D(X),
2. F(Cl’lpl + 621#2) = ClF('l)bl) + C2F(¢2)7 C1,Ca € R7 ¢17¢2 € D(X)
The space D'(X) will include the following as special cases:

1. Functions f € £P(X,m), 1 < p < oo, for which the corresponding distributions are given
by
F(y) = [ fl@)p(o)ds, W€ D(X), (67)

2. Probability measures p € M(X), for which the corresponding distributions are given by
F() = [ #(o)du(x). ¥ € D). (68)

3. The “Dirac delta function”, d(z — a), which may be defined in the distributional sense
as follows: For a point a € X, F(¢) = 9(a) for all ¢ € D(X). This is often written

symbolically as
F(¢) = [ ¥(@)d(a— a)d. (69)
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Our goal is to construct an IFS-type fractal transform operator T' : D'(X) — D'(X) which,
under suitable conditions, will be contractive with respect to a given metric on 7’'(X). In the
spirit of Section 2.1, the fractal components of a distribution « € D'(X) would be defined
(symbolically) as fi(z) = ¢i(u(w; " (z))) and then combined to form T. Such a transform would
serve to join the IFSM method over function spaces and the IFSP method over measure spaces

under one common scheme.
The following property is very important in establishing a representation theory for distributions

in D'(X).

Theorem 3 [23] For any distribution/linear functional F € D'(X), there exists a sequence of
test functions f, € D(X), n =1,2,..., such that for all ¢ € D(X),

lim F,( = lim / falz

n—oo n—oo

= (70)

By recourse to this result, it will be convenient to express the linear functional F' € D'(X)

symbolically as
F() = [ f@)i(e)da
= <9, f>, (71)

even though there may not exist a pointwise function f(z) which defines the distribution F.
The sequence of test functions f, in the above theorem will then be said to converge to the

distribution f “in the sense of distributions”. For notational convenience we shall write that

Mf E D/(X)”‘

Lemma 1 Let w € Affi(X) with Jacobian |J| # 0 and w € D'(X) with associated linear

functional
F(y) = [ u@)p(o)ds, ¢ € D(X). (72)
Then the distribution v =uow™" € D'(X) may be defined (symbolically) as
Gy) = [ uw(@)p(a)ds
- |J|/ )% o w)(z)de, o € D(X). (73)

Proof: Since u € D'(X) there exists a sequence u,, € D(X) which converges to w in the sense
of distributions, i.e.

lim un($)¢($)dx:/ w(@)p(z)dz, Vi € D(X). (74)

n—oo X X
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For n > 1 define v,,(z) as

on(z) = { un(w™l(z)), =€ w(X), (75)

0, otherwise.

By the change of variable & = w(y) (with Jacobian |J| # 0),

[ onlwyp(@)da = 17| [ ualy) b o w)(y)dy. (76)

Since w is affine, ¥ o w € D(X) for any ¢ € D(X). Therefore for each n > 1,

lim [ v,(z)Y(x)de = |J| 11 Oo/ un(y) (¢ o w)(y)dy

n—oo fx

I
~
\

y)(Yow)(y)dy, Vi¢peDX) R (77)

Example: Let w(z) = jz and u(z) = d(z), the “Dirac delta function” at a = 0. Then

u(w™(z)) = 6(2z) = 30(z).
Definition 1 Let f € D'(X) and {f.} any sequence in D(X) such that f, — f in the sense
of distributions. Now let g : R — R be such that

L) i=Jim [ g(fale)p(e)ds

n—oo
exists for all 1 € D(X) independently of the sequence {f.}. Then we define the distribution
go f € D'(X) in terms of the above limits, i.e.
<pugof> = Jim [ gfue)pla)s, Ve D(X)
=: (Go F)(¢). (78)

If g is affine on R, i.e. g(z) = az + b, where a,b € R, then trivially the distribution go f exists
for all f € D(X). Note, however, that if g is Lipschitz on R, then the distribution g o f need

not exist. For example, sin(d(x)) is not defined.

Definition 2 A function g : R — R will be said to satisfy a weak Lipschitz condition on D'(X)
if there exists a K > 0 such that for all ¢ € D(X),

‘/X[(g o f1)(z) — (g0 f2)(@)](x)da

If g is affine on R, then it satisfies a weak Lipschitz condition on D'(X).

Lemma 2 Let g : R — R satisfy a weak Lipschitz condition on D'(X). Then for any f €
D'(X), go f € D'(X) exists.
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Proof: Let f € D'(X) and, from Theorem 1, f, € D(X), » = 1,2,... such that f, — f as
n — oo in distribution. This implies that for any ¢ € D(X), given an € > 0, there exists an
M, > 0 such that

‘/ [fulz fm(@) ] (x)de| <€, Ym,n > My. (80)
Since
[l £)@) = (ge )@ p(@)ds| < K|[ [£a(o) = fulo)l(o)do
< Ke Vm,n > My, (81)
we may define, for each ¢ € D(X),
[ (g0 H@)(@)de = lim [ (g0 fu)(@)h(a)do. W (82)

We now define an N-map IFS on Distributions (IFSD) (w, ®) as follows:
1. The IFS component: w = {w;,w,, ..., wy}, w; € Af f1(X), with Jacobian |J;| # 0,

2. The grey level component: & = {¢;,¢ds,....dn}, ¢ : R — R satisfies a weak
Lipschitz condition on D'(X) (with Lipschitz constant Kj;).

An operator T : D'(X) — D'(X) will now be associated with this N-map IFSD. For any
f € D'(X), the distribution g = T'f will be defined by the linear functional

) = [ gleypla)ds
= [ @N))b(a)ds
= ;/X«ﬁi o f 0wy ) () (x)d. (83)

From Theorems 3 and 4, it follows that 7" maps D’(X) into itself. We now define the following
metric on D'(X):

dp(f, ¢€p1 ‘/ z)dx —/Xg(:n)¢(w)d$ ,

where D;(X) = C*(X) N Lip: (X; R).

Vf, g€ D (X). (84)

Theorem 4 The metric space (D'(X),dp) is complete.

Proof: Let {f,}22; be a Cauchy sequence in (D'(X),dp), that is, for any € > 0, there exists
an N(e) such that dp(fo., fn) < € for all m,n > N(e). From the definition of dp in Eq. (84),
it follows that for any fixed ¢ € D;(X), the sequence of real numbers {t,(¥)}>,, where

= [ Fulayib(a)da. (85)
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is a Cauchy sequence on R. Let #(3) denote the limit of this sequence. By setting F(v) = t(¢)
we define a bounded linear functional F on D;(X). This procedure can easily be extended
to all test functions ¢ € C§°(X) by noting that M~1¢ € C°(X) N Lip;(X;R), where M =
maxgex ¥’ (2) < oo. Therefore (D'(X),dp) is complete.

Remark: By restricting D;(X) to D(X) N Lip;(X; R (as opposed to using the entire space
C$°(X)), we ensure that the set of Cauchy sequences in D'(X) is nonempty.

Theorem 5 Let (w,®) be an N-map IFSD, w; € Aff1(X). Then for any f,g € D'(X),
N
dD(va Tg) < ODdD(fag)v OD = |‘]| [Z |J1|KZ] ) (86)
=1

where |J| = max;<j<n{|Ji|}

Proof: Let ¢ € D(X). Then

‘/X[(Tf)(f”) — (Tg)(2)](z)de

3 [ [ F i (2)) — du(g(wi (@) (z)de

S [ 6 F0) = il o wi)<y>dy‘

N

< S| [ ) — oI 0w )ty
< YL [ 170 - a0 o w01
= |J|§; K| [ 1F() = 9(w)los(y)dy). (87)
where pi(z) = |.J|~1 (3 o w;)(z) € Dy(X). The_desired result follows. M
Corollary 1 Let (w,®) be an N-map IFSD, w; € Affi(X), such that
Cp = |J] fj ;| K; < 1. (88)

=1

Then there exists a unique distribution @ € D'(X) such that Tu = @, where T is the operator
asssociated with the IFSD. Furthermore, dp(T"u,u) — 0 as n — oo for all u € D'(X).

4.1 Affine IFSD and the Connection with IFSP and IFSM
We now consider the special case of affine IFSD (w, ®) on X = [0, 1]. The IFS and grey level

maps have the forms
wi(z) = s;z +a;,  $i(t) =it + B, 1<i <N, (89)
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with ¢; = |s;|. Given an operator T' : D'(X) — D'(X) associated with an affine IFSD, an
adjoint operator Tt : D(X) — D(X) may be defined as follows:

<, Tf> = <Thp, f>

- Z:aici@powz —I—Zﬁzcz/ (Y ow;)(z)de, V¢ € D(X). (90)

In the special case that a; > 0and 3; =0, 1 <4 < N and ¥, ¢;a; = 1, then T becomes the
adjoint operator on C(X) associated with the N-map IFSP (w,p) with probabilities p; = ¢;a;,
cf. Eq. (60). The associated IFSD operator T coincides with the Markov operator M on M(X).
Note that the contraction factor of T', namely, Cp = |J|, also coincides with the contraction
factor ¢ of M in the dg metric. This provides the connection between IFSD and IFSP.

Now let the fixed point distribution @ of an N-map affine IFSD be considered as a density

function for a measure i on B(X), i.e.

a(S) = A Is(2)a(z)de = /S a(z)dz. (91)

(Note that g is not necessarily a probability measure although we may suitably rescale @ to
make it so.) From Eq. (46),

N N

a(S) = Y axcri(wi ' (5)) + Y Prexm(wy ™ (S)), (92)
k=1 k=1

where m denotes Lebesgue measure. Again in the special case that @; > 0and 3; =0,1 <¢: < N

and YN, a;e; = 1, Eq. (92) is identical to Eq. (56) for invariant measures of IFSP.

2

Examples: In all cases X = [0,1] and N = 2 with w;(z) = ;= and ws(z) = 1z + 3
(X

1. $1(t) = ¢a(t) = 3t + 3. The fractal transform T is contractive in (7’ dp) with
contraction factor Cp = ;. The fixed point @(z) = 1 is an element of D'(X) as well as of
LP(X,m) for all p € [0, 00], since T is also contractive in (L?,d,).

2. $1(t) = ¢2(t) = 3t. The fractal transform 7' is again contractive in (D'(X),dp) with
Cp = 3. Here, u(

3. ¢$1(t) = ¢a(t) = t. The fractal transform T is contractive in D'(X),dp) with Cp = %.

2
However, T is not contractive in (£?,d,). In fact, the functions u(z) = ¢ (a.e.), ¢ € R,
are fixed points of T'. The fixed point attractor « € D’(X) is the Lebesgue measure on
[0,1]. In order to see this, let us take uo(z) = (), the Dirac delta function at = 0 and

form the sequence u,41 = T'uy, for n > 0. From Eq. (83), ui(z) = 16(x) 4+ 30(z — 3) and

() = 2in kg__j 5z — 2%). (93)

Let F, denote the linear functionals associated with the w,, i.e. F,(v) = [x un(z)(z)dz.
Then lim,,,~ Fn(¥) = [x ¥ (z)de
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4.2 Integrals Involving Affine DIFS

Let (w,®) be an N-map affine DIFS on X = [0,1] as in Section 3.3, with associated operator
T:D(X)— D(X). Then if f € D'(X) is defined by the linear functional F(¢) =< ¢, f >,
the distribution g = T'f will be given by G(v), where

zazcz/ )3 o wi)(y dy+Zﬁcz/ (4 0 wi)(y)dy (94)
By iterating this procedure, we obtain, for n = 1,2, ...,
<, T"f> = < (T, f>
= Y pa-opi Af(y)@ 0wy, 0...0w;,)(y)dy

F3 Y e pat Lo w ow o w0y, (95)

k=1 21,..., ik

where p; = a;¢; and ¢; = Bi¢;, 1 < ¢ < N. (This result may be compared with the IFSP case in

Eq. (61).)
If T is contractive then it possesses a fixed point @ € D'(X). Moreover, T"f — % as n — oo in
distribution for any f € D'(X). Setting f = @ and » = 1 in Eq. (92), we obtain

/X d:B—Zach/ (% o w;)(y dy—l—Zﬁcz/ (v o w;)(y)dy. (96)

For example, in the case 9(z) = 2", we obtain a set of equations which permit the recursive
computation of the moments g, = [y «"u(z)dz. These equations necessarily coincide with those
obtained from the IFSM method [10]. In the special case §; = 0,1 < i < N, and SN, p; = 1,

we obtain the recursion equations for moments g, of an invariant measure of the affine IFSP

(w,p) [10],
In general, however, integrals involving the fixed point @ can not be solved recursively or in
closed form, e.g. [y z*/%4(z)dz. We may, however, use the fact that

/Xﬁ(:c)¢(1:)d1: — lim [ (T"f)(@)¢(z)de, Vo€ D(X). (97)

n—oo Jx

For an zy € X, set f(z) = §(x — o), the Dirac delta function at z, to obtain
N
[ @ @@ = 3 pip(ow o 0w, )(m0)

+ Z Z ail...aik_lﬁik/ ' _¢($)dw, (98)
k=1 41,...4

where X

ir gy = Wiy 0W;, 0. .. 0w;, (X). This expression is somewhat more complicated than

Eq. (61), its counterpart for measures. However, the integrals are generally easy to compute.
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As with Eq. (61), the evaluation of this expression involves the enumeration of N-trees to n

generations.

Example: We consider the following 3-map affine IFSM:

’ll)l(:E) = 04177 ¢1(t) =1,
wy(z) = 04z +0.3,  $at) = 0.25¢ +0.25,
ws(z) = 0.4z + 0.6, ¢s(t) =t. (99)

The associated operator T' is contractive in (£P(X,m),d,) for p = 1. A histogram approxima-

tion of the attractor @ of this IFSM is shown in Figure 2. The power moments g,, of w,
gn = / z"u(z)de, n=0,1,2,..., (100)
b'e

may be computed in closed form via Eq. (90) [10]. The first four moments are:

1 431 217

9o y g1 9’ g2 1984’ gs 356 ( )

In Table 1 are shown approximations to these moments as well as to the integral g,/ =
[x z*/%u(z)dz, as computed from Eq. (98). (There is no closed form expression for gy/2.)
The convergence of the approximations with increasing n is evident. (The results for g; are not
shown since all approximations were in agreement to at least seven digits of accuracy.) Also

note that the Hausdorff inequalities must be satisfied by the moments. In this case, we observe

that go > g1/2 > g1 > g2 > gs.
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