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ABSTRACT

Fractal imagecoding hasbeenusedsuccessfullyo encodedigital grey levelimages.Especiallyat very
low bitrates fractal coders perform better than cosine-transform-based JPEG coders.

A block-basedractal imagecoderis able to exploit the redundancyof grey levelimagesby describing
image blocks through contractivelytransformedblocks of the sameimage. Previousfractal codersused
affine linear transformationsin combinationwith 1St order luminance transformationsthat changethe
brightness and scale the luminance values of image blocks.

Weproposean extensiorto high order luminancetransformationghat operatein the frequencydomain.
With this trandormation and an adaptivecoding schemea better approximationof image blockscan be
achieved. Bitrate reductions ahégherthanthoseachieveddy "spatial-domain'fractal codingschemesAn
additional effect of this new transformation is a better convergence at the decoder.

I. INTRODUCTION AND OVERVIEW

The principle of fractalimagecodingconsistsin finding a constructiorrule that producesa fractal image
which approximateghe original image.Redundancyeductionis achievedby describingthe original image
through contracted parts of the same imag#-transormability).

Fractalimagecodingis basedon the mathematicatheoryof iteratedfunction systemgqIFS) developedy
Barnsley [1]. Jacquin [2] was the first to propose a block-based fractal coding scheme for grey levelnimages.
[3] we haveshownthat the codingperformancecanbe greatlyimprovedby applyinga vector quantzationto
the optimal luminance traftsmation and using a better geometrical search scheme.

In this paperwe describea new luminancetrangormation in the frequencydomain. With this trans-
formation the coding efficiency can be further enhanced At the decoderfewer iterations are neededto
reconstruct the image.

In sectionll, we briefly presenthe principle of a block basedractalimagecoder.An improvedcodebook
designandan adaptivegeometricalsearchschemeare describedn sectionlll. The proposedew luminance
transformatioris presentedn sectionlV. The descriptionof the newcodercanbe foundin sectionV. Finally,
in section VI, we present some results and discuss the merits of the new coding scheme.

II. THE PRINCIPLE OF A FRACTAL BLOCK-CODER

Theimageto be encodeds partitionedinto non-overlappingsquareblocks.R ; is theimageblock at the
position {, j) and is called aange block

The task of a fractal coderis to find a good approximationfor all rangeblocks. Each rangeblock is
approximated by a transformed larger bl@k of the same imagel¢main blockas shown in figure 1.



original image transformed approximation

Fig. 1. Approximation of a range block through a transformed domain block

The transformationt; ; combinesa geometricaltransforméion and a luminance trangormation. The
geometricaltransformationis an affine linear transformationthat consistsof a spatial contractionand a
positionshift that mapsthe domainblock to the positionof the rangeblock. The domainblock that hasbeen
scaled down to the size of the range block is referreddodebook block

Jacquinproposeda 15t order luminancetransfomation that scalesthe dynamic range and changesthe
brightness of the pixel values of a codebook block.

In matrix formt, ; can be expressed as follows:
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zdenotes the pixel intensity of an image at the positign (a, b, k, |0 R)

Only the transformationsof eachrange block have to be transmittedto the decoder.The set of all
transformation<an be seenasthe fractal codefor the original image. This code,iteratively appliedto any
initial image,generateshereconstructedmage.To ensurehe convergencat the decodetthe transformations

T;; have to be contractive. This means:
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The processof fractal encodingis lossy. The approximationerror €, that is determinedat the coder
increasesluring the decodingprocesssincethe codebookblocksare generatedt the decoderfrom the fractal
reconstructionmagewhich is not free of errors.If the scalingfactor a is assumeaonstantthe upperbound
for the approximation error after the decoding is giverelby1-jg| ).

As the total numberof transformationsiasto be keptlow, hierarchicalcoderswith variablerangeblock
sizesareused.If theapproximatioreror for a largerangeblock exceedsa givenlevd, this block is split into
up to four smaller range blocks for which dafial transformations are determined.

For high coding efficiency well chosen coding parameters in combination with efficient codnegraictal
transformation parameters are necessary.

<1 and |a<1 (2)

Ill. GEOMETRICAL TRANSFORMATION

The searchfor a geometricatransformatiorcanbe seenasa searchin a codebookthat containsthe setof
contracteddomainblocks. Coding efficiency strongly dependson the constructionof this codebook Another
important aspect is the order in which this codebook is searched.



Whenconstructinghe codebookthe setof all possibleaffine-lineartransformationgequationl: k., ., Ax,
and ay) hasto be reducedto a suitablesubset.As digital imagesare sampledimageswith a given spatial
resolutionnot all affine linear transformationsre possible.The sizeratio of rangeto domainblock is usually
choserto 1:2in x- andy-directions.A smallercontractionratio allows a betterapproximationof rangeblocks
but resultsin a highererror propagationat the decoder.Using higher contractionratios leadsto decreasing
similarities between range and codebook blocks.

To assurecontractivity the codebookblocks are generatedrom the filtered and sub-sampledriginal
image. Jacquinproposeda simple averagingdfilter. We obtainedbetter coding resultsusing a 10-tap anti-
aliasing filter with a cut-off frequency below?.

We determined an efficient search path by examining the distributmydeboolblock positionsthatyield
the best approximation fargivenrangeblock. Very oftenthe bestcodeboolblock correspond$o the domain
block directly aboveor closeto the position of the rangeblock to be encodedThis fact can be usedfor an
optimized adaptivesearchscheme.The codebookblocks being the most probableare examinedfirst. The
search path has the form of a spiral and swttsthe codebookblock directly abovethe rangeblock (Fig. 3).
By introducingsearch regions variable length of the search patpassible The searchis abortedat the end
of eachsearchregionif the approximationerror is below a thresholdvalue. This searchschemereducesthe
encodingtime and the averagesearchindex. Figure 2 showsthe probability density function of the search
indices.In the givenexampleanimagewasencodedvith an 8 bit geometricatodebookas shownin figure 3.
The entropyof the searchindicesis reducedif additional smallersearchregionswith error thresholdsare
introduced. Note that we use a relative addressing of the codebook blocks and a variable domain block shift.
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Fig. 2. Probability density function of the geometrical codebook indices using a search scheme as shown in fig. 3.
The maximum search region was 8 bit. The additional search regions used a search width of O and 4 bits.
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Fig. 3. Adaptive search scheme using a minimum search region



IV. LUMINANCE TRANSFORMATION

Problems of Bt order luminance transformations

The 15t orderluminancetransformatiorn\; proposedby Jacquinscalesthe dynamicrange(a) andchanges
the brightness of the pixel valuds 6f a codebook bloc:

A(g)=algy+b (3)
This 2t order transformation has two ddvantages:

- Only small and 'simple structured' range blocks can be approximated well.

- The convergence at the decoder is poor. In péatica high approximatiorerroris toleratedat the coder,
the error propagatiorat the decodeiis very high. In this casethe numberof iterationsnecesaryto decode
the reconstruction image will rise.

Modified 15t order luminance transformation

Figure 4 shows the didition of optimal non-quantizeslb-valuesobtainedirom a fractal coderusingthe
conventional  order luminance traf@rmation.
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Fig. 4. Distribution of the optimad/b-coefficients using Fig. 5. Distribution of the optimad/b-coefficients using
the conventional & order luminance transformation the modified $torder luminance transformation

From eq. (3) it can be seen that theffsetserveso adjustthe scaledmeansof the codebookblocksandis
dependenbn a. Decreasinga-valuesgenerallyrequireincreasingb-values.This leadsto a triangularshaped
a/b-distribution (Fig. 4).

Thereis a strongaccumulatiorof the a/b-valuesin the regionof a-valuesnearl. This indicatesthat the
dynamic range of most codebookblocks is kept almost constant.Scaling values close to 1 have the
disadvantagéhat theyresultin a high error propagatiorat the decoderThe a/b-distributionandthe fact that
the meangepresenthe largestenergycomponenof the codebookblocksresultin a high uppererror bound.
Avoiding the scaling of the codebook means by largalues reduces the error propagation at the decoder.

We proposea simple modificationof the luminancetransformationWe decorrelatehe a/b-valuesby only
scaling the dynamic part of the codebook blocks. With this modified transformatiioiia approximatiorof
the rangeblocksis possible.With a well-chosenfactor a, a lower uppererror boundat the decodercan be
achieved.

Almod(g):amg_p'g)"'aomg"'b (4)

The constant facta, can be chosen from 0 foandis foundasa compromiseFor a, = 1 the varianceof the
a/b-coefficientsreachests minimum, but the luminancetransforméon is not contractiveanymorelf a, is set



to 0 we obtain a minimal error propagationand a minimal decodingtime at the decoder.In this casethe
varianceof the a/b-distributionis maximum.Our studieshaveshownthat with quantizeda/b-coefficientsthe
bestcodingresultsare reachedor a; = 0.5. Figure 5 showsthe distribution of optimal non-quantized/b-
values of thenodified 2t order luminance trarfermation

Figure 6 compares the convergence at the decoder for a critical part of the "Clown"-imagenysesthe
conventionabndthe modified luminancetransfomation with quantizedandnon-quantizeaoefficients.It can
be seenthat the modified luminance transformationoutperformsthe conventionaltrangormation in the
reconstructiorerror and the numberof iterationsneeded Decodingexamplesare shownin figure 7. The
significanceof the artifacts as shownin figure 7b is image dependentind they only occur with quantized
parameters. By using the modified luminance transformation these artifacts can always be avoided.
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Fig. 6. Comparison of the conventional and the modifietortier luminance transformation:
conventional: 1 non-quantized, 3 quantized, modified: 2 non-quantized, 4 quantized
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Fig.7. Original and decoded images using the conventional and the modiftedelr luminance transformation
with quantized a/b-values.



High order luminance transformations in the frequency domain

Any improvemenin the approximationof rangeblockswill improvethe imagequality and canreducethe
total number of trarisrmations needed to describe fhectal approxination of the image to be encoded.

One approachto do this is to use additional '‘basic codebookblocks' [4], such as simple polynominal
blocks.We feel that suchan approachis not very promisingbecausehesesimple blocks are easyto encode
with the fractal coder itself.

Anotherpossibility is the useof squaredand cubic scalingof the pixel intensitiesof the codebookblocks.
The optimal scaling parameters are diffidoldeterminebecaus®f the dependencyf the parametersn each
other. A further problem is to guarantee the contractivity of such a transformation.

A high order luminance transformation has to fulfill the following conditions:

« To enable their individual adaptation the tfansation coefficients should be independent of each other.

« To assurea control of the contractivity, the requirementdor the contractivity should be cortrollable
independently by the transformation coefficients.

Our proposal for a high order luminance transfation is arextensiorof our modified 15t orderluminance
transformation:

First we transform all range and codebook blocks via the discrete cosine trafi3f@rinIn the frequency
domain we obtain the energy compacdipdctraof rangeandcodebookblocks. Thenby individually settingor
scalingthe spectralvaluesof the codeboolblock G(u,v) we canapproximatehe spectrumof the rangeblock
F(u,v).

-1 N-1 0
A(g) =IDCT Ua(u,v) [G(u,v) +b(u,v)% G(u,v) =DCT(g), F(u,v) =DCT(f) )
=0 v=0

wherebyN denotes the size of the blocks, the IDCT is the inverse DCT

Many coding schemesare possibleusing subsetsof this general luminancetransformation(5). If all
spectralvaluesweresetor scaledthe numberof transformatiorparameterso be transmittedwould increase
drastically. However, many range blocks can be approximated with low order luminanceriratisfe.

In this paperwe proposea coding schemeusing one or more scalingfactorsfor the dynamicpart of the
codebookspectrum.For a luminancetransformationof order K we mergesubsetsf the spectralvaluesto
non-overlappingegions R, to R,. The meanis approximatedhe sameway aswith the modified 15t order
luminance transformation.

If usinga 15t order luminancetransformationall dynamic coefficientsare scaledwith only one scaling
factor @,). A 2"d order luminancéransformatiorhasgot threeregions,sothe dynamicpart of the spectrunis
scaledwith two coefficients(a,, a,). For luminancetransformation®f order2 and highervariousfrequency
domain partitionsare possible. Figure 8 shows some examples of partitions for 2, 3, and 4 regions.
These high order luminance transformations can be expressed the following way:

[N-1 N-1CR [G(u,v) +b if u=0,v=00

AK(9)=IDCTEJL:JO g%a(u’v)@(u’v) e 0 auv=a if @YOR, i=1.K ()

For every regioi; the optimal scaling facta; ., can be evaluated :
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To assure contractivitg; ., must not exceed a value ofd}.again is set to 0.5.




If the aj/b-parameters are limited or quantized, we get an approximation error plus a quantization error:
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Fig. 8. Examples of different frequency domaiartitions for luminance transformations 6f 2%, and 3' order
(block size 8x8)

V. DESCRIPTION OF THE CODER

Before describingour new coding schemewe suggestsomeimportantmodificationsof the conventional
fractal coding scheme:

Improvements of the fractal coding scheme

Partial approximation:

To reducethe total numberof transformationgienerallyhierarchicalcoding schemeswith variablerange
block sizesareused.In a first step,transformationgor the largestrangeblocksof the highesthierarchylevel
aredeterminedIf the approximationerror is too high for any of the four rangeblocks of the next hierarchy
level, the large rangeblock containingthesesmaller blocks is split into sub blocks. For thesesub blocks
additionaltransformationsire determinedThe transformatiorfor the largerangeblock is keptif the number
of additional transformations does not exceed two.

The total numberof transformationscan be significantly reducedif new transformationparametersare
determinedor the remainingpart of the large rangeblock. The coding procedureor large rangeblocks can
then be describedas follows: The transformationof a large rangeblock and the resultingerrorsin the sub
blocks are determined. The sub block that is responsible for the highest error compexwndesnda new
transformatiorfor the remaining¥-blockis searchedlf necessarythis procedurds repeatedor the %-block
and leads to &-block Many large range blocks that were totalplit usingthe conventionaschemecannow
be coded as Y%- or ¥%-blocks.



Codebook-update anda/b-update:

Oneproblemof fractalimagecodingis the error propagatiorat the decoderlt resultsfrom the fact that at
the decoderthe codebookis generatedrom the reconstructedmage whereasat the coderthe codebookis
generatedrom the original image.The error propagatiorat the decodercanbe reducedf the codercodebook
is updated with the coded versions of the range blocks.

The a/b-updateis comparabldo the codebook-updatedt the end of the coding processhe bestpossible
approximationof the original imageis known. Now the codercould start coding the imageagainand again
getting a better and better approximationof the decodercodebook.As this increaseghe coding time we
propose to keep the geometrical transformations, but to redetermine théhwedties. The a/b-updatecanbe
repeated. We found that 1 tab-updates are useful.

Using the modified luminancetransformatiorand the describedupdateproceduresthe error propagation
canbe reducedanda slightly highercodingefficiencyis obtained.The increaseof the decodingerror canbe
reducedto approximatelyl - 4 % of the coding error comparedo morethan 10 % using the conventional
scheme.

Coder description

We usea coderwith a threelevel hierarchywith rangeblock sizesof 16x16,8x8 and4x4 pixels. For the
guantization of the luminance transformation we apply a vector quantization (VQ) technique.

We use an adaptive seagorithmto determinehe orderof the luminancetransformatiorandthe search
region that is used for the geometrical transformation.

For eachhierarchylevel we definea setof searchclassesA searchclasscontainsa fixed searchregion
and a luminancetransformatiorwith fixed order and VQ-codebooksize. Thesesearchclassesare searched
successivelylf the approximationerror after searchingone classfulfills a given searchstop criterion (error
threshold)the searchs aborted otherwisethe nextsearchclassis examinedTo obtaingoodcodingefficiency
the bit costsareincreasediuring the search.This assuredo encodea rangeblock with the lowestnecessary
rate. Simulations have shown that it is useful to increase both the VQ-codebook size and the search width.

If evenwith the maximumsearchclassno good approximationcan be found, thenthis transformationis
rejectedand additional transformationsare determinedusing the partial block approximation.For smaller
rangeblocksthis schemes repeatedintil the highestsearchclassof the lowesthierarchylevelis reachedAs
the splitting criterion we check all errors of the smallest range block size.

The advantageof this coding schemeis that we canlocally adaptthe bitrate to the image contents.No
classificationof the rangeblocksis donebeforethe codingprocessFigure9 showsthe searchclassef the
lowest hierarchy level (block size 4x4 pixels). A complete set of coding parameters is shown in table 1.
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Fig. 9. Adaptive search scheme combining geometrical and luminance transformation (search classes 1 to 4)
The applied frequency domain partitions of the luminancesteamations are shown.



Transformation parameters to be transmitted to the decoder are:
- splitting partition of range blocks of the higher hierarchy levels,
- search class,
- geometrical index of the codebook block and the isometry (if used) and
- codebook index of the luminance transformation VQ (scaling faajdsa, and the offsel).
(The search class of a block and the splitting partition are entropy-coded.)

The imagequality respectivelythe bitrate canbe controlledover a large rangeby only adjustingthe error
thresholds.For very low bitrateshowever,the block sizeshaveto be enlargedto 32x32, 16x16, and 8x8
pixels.

hierarchy | block | search split search stop luminance geometrical
level size class error error transformation transformation
threshold | threshold
[msq] [msq] | order VQ codebook codebook size
size pits] (search) Ipits]
3 16 1 60 15 1st 8 3
2 1st 8 7
2 8 1 90 30 1st 8 3
2 1st 8 7
1 4 1 - 120 1st 6 2
2 1st 6 7
3 2nd 8 10
4 3d 9 14 + 3(isom.)

Table 1. : Coding parameters used for the coding results shown in table 2.

level and classification | partition | geometry| luminance| sum number | product
search class [bits] [bits] [bits] [bits] [bits] | of blocks [bits]

3_X 2 - - - 2 350 700
3.1 2 - 3 8 13 313 4069
3_1x 2 3.13 3 8 16.13 148 2387
3.2 3 - 7 8 18 68 1224
3_2x 3 3.13 7 8 21.13 145 3063
2_X 2 - - - 2 378 756
2.1 2 - 3 8 13 517 6721
2_1x 3 3.22 3 8 17.22 236 4063
2.2 2 - 7 8 17 394 6698
2_2x 3 3.22 7 8 21.22 340 7214
11 1 - 2 6 9 1301 11709
12 2 - 7 6 15 461 6915
13 3 - 10 8 21 371 7791
14 3 - 17 9 29 225 6525

total : 69835

PSNR = 33.45 dE 0.266 bpp

Table 2. : Coding results for the Lena image (512 x 512 pixels).
k__x: levelk, block is totally split;
k j: levelk, search class block is not split;
k_jx: levelk, search clags block is partially split (the splitting partition is additionally coded)



VI. SIMULATION RESULTS AND CONCLUSION

We haveproposeda new block-orientedfractal coding schemeusing an adaptivesearchschemewith an
extendeduminancetransformationn the frequencydomain.This transformatioris ableto betterapproximate
codebook blocks to range blocks and has a better convergence at the decoder.

The bitrate is reducedbecausdewer transfomations are neededo describethe fractal approxmation of
the image tde encodedThe subjectivequality of imagescodedwith our newschemds superiorcomparedo
conventional fractal coded images. Blocking artifacts are reduced and detailed structures are better preserved.

In our simulationswe useda hierarchicafractal coderwith variableblock sizes.Our resultsshowthatthe
'‘Lena’-imagg(512x 512 pixels) canbe codedat the rate of 0.1 bpp to yield a peak-to-pealSNR of 30 dB.

Figure 10 shows the coder performance compared to JPEG.

Due to the high number of parametersdetailed investigationsare neededto achieve optimal coding
efficiency. With optimized parametersand better codebooksfor the luminance transformationfurther
improvements are to be expected.

Many different coding schemesare possible using the generalluminancetransformationexpressedn

equations. A newefficient codingschemaunifying fractalandtransformcodingwill be presentedn a further
publication.
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Fig. 10. Coding results of the new fractal coding scheme compared to JPEG. (Image: Lena 512x512 pixels)
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