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Abstract
Standard graphics systems encode pictures by assigning an address and colour attribute for each point
of the object resulting in a long list of addresses and attributes. Fractal geometry enables a newer
class of geometrical shapes to be used to encode whole objects, thus image compression is achieved.
Compression ratios of 10,000:1 have been claimed by resedrichthis field. The fractal equations
describing these shapes are very simple equations. Specifitathted function system (IFS)
codes are investigated.
The difficult inverse problem of finding a suitable IFS code whose fractal image is to represent the
real image and hence achieve compression is investigated through the use of:

a) a library of IFS codes amdmplex moments

b) the method o§imulated annealing for solving non-linear equations of many parameters.

Image Compression
Image compression is reducing the number of bits required to represent an image in such a way that
either an exact replica of the imag®sEless compressignor an approximate replicdogsy

compression of the image can be retrieved.

1 M.F.BarNsLEY, A.D. SLoan, “A better way to compress imageBYTE, Jan 1988, p.215-223.
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Canonical Representation of Digital Images

A digital picture consists of amx m array of integer numbers or picture elements (pels), see Fig.1.

n pixels

<«——— mpixels >

Fig.1 Canonical Representation of Digital Images.
If it takes B bits to encode each pel, thenx m x B bits are required to represent the picture
digitally. Thus for a 512 612 raster with 8 bits/peb12 x 512 x 8 = 2,097,152 bits. (A large

number!)

Reasons for Compressing Images

1) To reduce the speed of transmission of data files. The larger the file, the longer it takes to transmit.
2) To reduce storage space.

3) Compressed images cost less to transmit, archive, process, retrieve, than uncompressed images.

4) Faster processing of image data which is important in knowledge based systems computing.

Applications
1) Transmission of medical images by telephone.
2) Video modem: standard telephone speed: 9600 bits/s

single video image requires: 128 x 128 x 8 = 131,072 bits

@ 25 frames/s = 3,276,800 bits

Thus required compression ratiq,€341.
3) Movie channel over Integrated Services Digital Network (ISDN) 64 kbit/s telephone lines.
4) To achieve High Definition Television (HDTV) and Advanced Television (ATV) in a reduced

bandwidth medium.
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5) DVI - digital video interaction.

6) FAX: presently 4 pages/min, if € 10, then 40 pages/min could be achieved.

Advantages of using fractal transforms
“. .. a highly complex structure is generated from a simple concise kernel of data which is easy to
produce. (Such largelatabase amplificationis a primary advantage of fractal techniques in

general.)?

Database amplification - the generation of complex images from small databases.

Fractals - a brief introduction

Coastlines, mountains and clouds are not easily described by traditional Euclidean geometry. The
natural objects may be described and mathematically modelled by Mandelbactal geometry.

This is another reason why image compression using fractal transforms are investigated. The word

fractal was first coined by Mandelbrot in 1975.

Properties of fractals
1) The defining characteristic of a fractal is that it h&setional dimension, from which the word
fractal is derived.

2) The property o$elf-similarity or scaling is one of the central concepts of fractal geometry.

Self-similarity

The property of objects whereby magnified subsets appear similar or identical to the whole and to
each other is known aself-similarity. It is a characteristic of fractals and sets them apart from
Euclidean shapes which generally become smoother. Thus fractal shapes are self-similar and

independent of scale or scaling and possess no characteristic size.

2 P.E.OpPenHEMER “Real Time Design and Animation of Fractal Plants and Tre@sthputer Graphics
(Siggraph 86), Vol.20, No.4, 1986, p.55-64.
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Euclidean shapes may be described by a simple algebraic formula whereas fractals are generally

constructed using a recursive algorithm suited to computers.

Self-similarity and dimension
The fractal dimension need not be an integer, it may have fractional values, unlike the Euclidean

dimension.

Interpretation of standard integer dimension figures in terms of exact self-similarity

and extension to non-integer dimensioned fractals

12 ... N 1-D N parts, scaled byratio rzﬁ
Nri=1

1
2-D N parts, scded byratio r=—/
N2
Nr2=1

1
VA S— 3-D N parts, scded byratio r=—
NP= 1 N

Generalisdor an object oN parts, each scaled down by a ratio r from the whole:

defines the fractal (similarity) dimensid@n

_ logN

log §

Self-affinity
The non-uniform scaling, where shapes are (statistically) invariant under transformations that scale

different coordinates by different amounts, is knowsel&affinity .

8 H.-O. Perrcen anp D. Saurg, The Science of Fractal Imag8pringer Verlag, New York, U.S.A., 1988,
Fig.1.4, p.29.
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The computer description of natural objects

The natural graphics system encodes pictures by assigning an address and colour attehate for

point of the object - resulting in a long list of addresses and attributes. The problem is alleviated by
using a newer class of geometrical shapes which are both flexible and controllable. These
geometrical shapes posses the property that they can be made to conform to clouds, feathers, leaves

and other natural objects. These shapes may be found in the domain of fractal geometry.

Iterated Function Systems (IFS) and their use in Image Compression

Using fractals to simulate natural effects is not new. The innovation is to start with an actual image
andfind the fractals that will imitate it to the required degree of accuracy. Since these fractals are
represented in a compact way, the whole image will be represented by a highly compressed data set,

thus data compression is achieved.

Iterated Function System(IFS) codes are used to represent the fractal transforms. IFS codes use
affine transformations to express relations between parts of an image. They are able to define and
convey intricate details of a picture.

Fractal compression is a lossy compression technique. The high compression ratio may be increased
further by applying the best lossless compression algorithm currently available to the IFS codes

itself.

Affine Transformations

These are combinations of rotations, scalings and translations of the co-orditesein
n-dimensional space. Fig. 2 shows an example of an affine transforma&tioperated on a smiling
face,F, lying on thexy plane, moving it to a new fac@/(F). W always moves points closer together

- it is contractive.
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o

g W(F)

VA

» X

Fig.2. An example of an affine transformation W.

General form for an affine transformation
Ox O Oa b Odx ax+by+e [

U OeO_ U
WHy H: Ec d EHy H+ Ef H: Ecx+dy+f E

If the translations, rotations, and scalings that maké/ape known in advance, then the coefficients

may be calculated by:

a=rcos® b=-sng
c=rsin@ d=scos@

where r = scaling factor om, s = scaling factor oy
6 = angle of rotation oR, @= angle of rotation o
e = translation orx, f = translation oty

What is an IFS?

An IFS is a collection of contractive affine transformations which express relations between parts of
an image. The relations are able to define and convey intricate details of a picture. An example of an
IFS code for the generation of a fractal fern leaf is given below, consisting of four affine

transformations, in matrix form:

W a b c d e f p

1 0 0 0 0.16 0 0.01
2 0.2 -026 0.23 0.22 0 1.6  0.07
3 -0.15 0.28 0.26 0.24 0 0.44 0.07
4 0.85 0.04 -0.04 0.85 0 1.6  0.85
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In general, an IFS consists ai affine transformationsW,, W,, . . ., W,, with an associated
probability each. The probabilities affect the rate of filling-in of the various regions and attributes of

the image.

Complex form of IFSs
The points X, y) in the real 2-D space may be thought of as paiimshe complex plan€, then the
affine transformationy, can be expressed in the complex fayfz) where:

z=x+iyand

w@=6z+dz)+b, i=1,...N, wherez*=x-iy.

If this is compared with the polar form of the affine transformation then the complex variables of the

affine transform are found to be:

¢/ =% ( cosf +scosg) r’=(c' +d)?+(c°+d°?
c=%(fsinf +ssing tanf= (c°-d°/ (c'+d)
d" =% { cosf -scosq =" -d)?+ (c*+d9?

d°="% (+ sin@ +ssing) tanf= (c+d)/ (¢ -d)

The probabilities stay the same in either case.

Relationship between Complex Moment and Complex form of IFS

The moment of an IFS is defirfelly:
Mnb = [ 2"du(2) n=0,1,2,...

wherez = points generated by affine transformatign

Consider our fractal image to be made umgfointsz,, then momenm, is:

*  M.F. BarNsLEY, V. ErviN, D. HarDIN, J. LANCASTER, “Solution of an inverse problem for fractals and other

sets’; Proc. Natl. Acad. Sci, USA, Vol. 83, April 1989, p.1975-77.
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m n
Mn = Z (Z)™
k=1
For an IFS withr =sand@ = ¢(e.g. of the formw(z) =g z+b,i =1, .. N) then:
N
Mn =2 pif (aiz+b;)"du(2)
i=1

expanding using the binomial theorem:

n

Mo =2 93 ('C)f, (@2 ] du
i=1 j=0

=3 p3 ("C)alb] [, 2 du(@

izl j=0

where"C, = [n(n-1), . . ., (-j+1)] /]! andj! =j(-1)(¢-2)...1

Knowing thatf, Zdu(2) = M;, M, can be simplified to:

N n .
M,=2 pi2 ("C)ab; 'M;

i=1 j=0 !
N
=2p
i=1

n-1 . . N
12 ("Calb'M; + X pia’M,,
=0 i=1

An equation is obtained givird, in terms of the previous momen, j = 0,...,n-1 and the form of
the affine transformatioa, b, andp, i=1,...N
SinceM, = 1, the rest of the moments may be calculated, without the need to generate thg.points z

Thus saving valuable computation time where 10,000 or more points may need to be generated to

obtain accurate moments.

Thus an IFS that describes an image may be found by attempting to make the moments of the IFS as

close to the moments of the image. This only holds for thercaseand8 = .

For the more general case, the general moment definition has to be used:
Mk =J’k Z2zZ%du(z  j,k=0,1,2...
In this case a matrix equation for the momeMtswith j+k = n has to be solved, this is in the form

of*:

- [C] = (A - [1]) M)

®  D.Wiuson, “Fractal Image Compressian¥.Sc. Thesis, Sept 1988, Dept. of Comp. Sci., Imperial College
of Science, Technology & Medicine, Univ. of London, U.K.
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where [M,a] = vector My, My 1 My Myo),

array.
[A] = matrix of dimension ri+1) x (n+1) whose elements are IFS parameter
dependant,

[11 = Identity matrix, } 1,1,

j = 0ifi#j,
[C] = IFS parameters and momeMg (wherej+k < n) dependant vector.

Thus usingM,, = 1 and the IFS code, the moméhtcan be solved.

1) The moment library search method

The moments have to be normalised so that fractal images that are the same except for a global
scaling may be compared. By having a large database of IFS codes and its associated normalised
moments, this library may be used to search for an IFS code whose moment is closest to the

normalised moment of an image to be encoded.

This IFS code may then be retained and passed as the fractal transform of that image segment to use
directly to compress that segment or instead the IFS code obtained may be used as a starting point to

some non-linear solution method to find a closer IFS code to that segment.

2) Newton’s Method to find an IFS code close to an image
Newton’s method can be used to solve an equation of the ff%’?%zo. The problem is
essentially:

f%;() %2 flgi E—h%&) imagesegment%

where flgi’ %z normalised moments function of an IFS code

flgi’ image segment %z normalised moments of an image calculagdlicitly from the points of

the image.

When f %’? %: 0, then the vector form of the IFS cc X, has been found.
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3) Simulated Annealing method to find an IFS code close to an image
This is a better method of minimising functions of many variables as it will not go immediately to the

local minima of a function - a problem inherent with the Newton method.

The problem concerns the thermodynamics of metal cooling and annealing given by the equation:
~ (rEC
where E = energy of system

T = temperature (Kelvin)

k = Boltzmanns constant.

The method requires parameters that are analoguesvbbse value is lowered as the method gets

closer to the minima, and energywhere energy is the value of the system to be minimised.

At initial higherTs, changes to higher energy states are much more likely to be accepted and it is this
feature of the method that allows the algorithm to find the global minima of a function rather than

one of many local minima.

The method may be used to find an IFS whose moments are close to a given set of moments. The

following are required:

1) Description of system - use vec X " of sizeN,,, whereN,, is the number of points in the image

ofx?

segment

- T
X = b ¢, didS, by, b, .. dydS b bS H

Natine” ~ Naitine? "~ Nagtine* "~ Nattine [ ]

2) A random system change generator. Accomplished by random '(j_;(;mlvariable of length

randomly chosen between 0 and the given ledgi® andT were lowered simultaneously creating a

NeW VECtOl X ey
;() new — ;() old + dX

The vector was checked for valid IFS code production, if the code obtained was invalid then a new

dx was generated.

®  S.KIrRkPATRICK, C.D. GELATT JR., M.P. VEccH,, “Optimisation by simulated annealing3cience Vol. 220,

No0.4598, 13 May 1983, p.671-679.
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3) The energy of the systels, whose minimisation was required, was substituted by the function:

E=[1(%)] = /Efi(?)z

L [N
wheref %’? Ez fl%? %—fl mageE. Unnormalised moments were used flgi’ % and f; mageg.

4) The parameter and a method of lowering. T governs the changes in the functiénThe value

of E should be considered carefully as it affects the energy chakigethat can be acceptable.

How to decode an IFS code - the Random lIteration Algorithi
1) Initialisation x = 0,y = 0.

2) Forn =1 to Number_of_points_ in_image, do steps (3) and (4).
3) Choosk to be one of the numbers 1,2, .m, with probabilityp,.

4) Apply the transformatiolV, to the pointX,y) to obtain X, Y.

5) Set k,y) equal to the new poink=x',y =V".

6) If n > number_points_required_to_obtain_attractor, then plgf)(

7) Loop.

More points are added to an image by increasing the variable Number_of_points_ in_image. This
may be required to obtain an image with a greater resolution. Zooming may also be achieved by
using an increased scale factor. The variable of (6) is around 100, but may be minimised by empirical

methods.

The ability of the random iteration algorithm to produce the same image time and time again

independent of the random sequence of events chosen has been proven in two ways:

1) By carrying out computer-graphical maths experiments;
2) By rigorous theoretical foundation of the mathematician John Elton of Georgia Institute of

Technology (Atlanta, USA).

7 BARNSLEY AND SLOAN, op. cit.
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