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Abstract. In this paper we present a terminating, sound and complete algorithm for the verification of
recursively defined data structures. To mention some,nat, list and tree data types and alsorecord are
commonly used examples of such structures. Recursively defined data structures are of value for use in soft-
ware verification. Many programming languages support recursive data structures. The best known example
on this kind is the LISP programming language, which useslist. Our algorithm,GDPLLWD, which is an
extension of the Davis, Putnam, Logemann and Loveland (DPLL) procedure solves satisfiability problem of
recursive data types through providing witness assignments.

Introduction

DPLL [13, 14] named after Davis, Putnam, Logemann and Loveland, is mainly used to decide satis-
fiability of propositional formulas, represented in conjunctive normal form (CNF). Unit propagation,
is the main idea of this recursive procedure. We extend this technique to the theory of recursive data
structures, or Ground Term Algebra with Destructorsas we call. In applicationdestructorsare exten-
sively used. They are almost a necessary element of the theories involving constructors. An example
of a formula in ground term algebra with destructors could be:

(succ(x) = y ∨ x = succ(head(tail(z)))) ∧ (z 6= cons(w, t) ∨ x 6= node(y, leaf))

As mentioned in [6], a known reference for the quantifier-free term algebra over constructors is
the approach introduced by Oppen in [22]. Oppen’s algorithmgives a detailed decision procedure for
a single inductive data type with a single constructor. Thisis where, as in [6], we are interested in
any set of recursive data types, with multiple constructors, where each constructor has one or more
destructors (orselectors) that can be used to retrieve the inner terms. In contrast to [6, 22], we use the
idea of unification. Combining unification and DPLL, to our knowledge, was first introduced in [4].
Since every formula can be transformed into a conjunctive normal form (CNF), we do not only handle
conjunctions of literals but also all formulas inside the theory.

We also consider destructors as partially defined functions. They are well-defined over their cor-
responding constructors (e.g.pred over succ in nat, andcar over cons in list) and are undefined
elsewhere (e.g.car overnil in list) . Later, inside the algorithm, we deal with undefined terms in
a way that will keep us from attaining false satisfiability results. For the question of how to define
destructors over irrelevant constructors in general, we cite the following from [6]:

There is no obviously correct thing to do in this case since itwould correspond to an error
condition in a real application. Our axiom specifies that in this case, the result is the designated
ground term for that selector... It is important to notice that as a result, our procedure may
give counter-intuitive results if given as input a formula whose satisfiability depends on the
application of a selector to the wrong constructor... [and then in Section 6.2] it is not clear
how best to interpret the application of a selector to the wrong constructor. One compelling
approach is to interpret selectors as partial functions. Anevaluation of a formula then has three
possible outcomes: true, false, or undefined.



The current procedure is a generalization of the previous approach [3, 4] where an extension of DPLL
over the theory ofground term algebrawas introduced. There, theories are assumed to only contain
constructors. Our contribution in this paper is mainly three folded:

– We deal with destructors.

– Our algorithm works over formulas ofConjunctive Normal Form, where disjunction is also present.
Therefore, verification is a lot more complex than over a pureconjunction of literals.

– The previous work is augmented to aproofprocedure, where an assignment is provided to witness
the formula’s satisfiability. This is to assure us of the verification’s correctness, and besides, to
have a set of values to substitute the variables with. Unsatisfiable formulas will be refuted by an
empty set of assignments.

Related work. Decision procedures, for many theories already exist. Mostof the approaches which
treat recursive data types only deal with conjunctions of (negated) equations. Examples of these are [6,
19, 22]. Although, using a DNF transformation, it is sufficient to solve any boolean combination, but
unfortunately, the DNF transformation itself may cause an exponential blow-up. For this reason we
base our algorithm on DPLL, where after each case split the resulting CNFs can be reduced.

In [27, 30] other approaches for treating recursive data types, are introduced. As said in [6] the
idea oftype completion guessintroduced in [30] unfortunately seems to be very expensivein practice.

DPLL(T ) approach introduced in [16, 20, 21, 29], deals with combining decision procedures for
different theories, called Satisfiability Modulo Theories(SMT). These papers, unfortunately, do not
give concrete algorithms for use in verification. In [16] DPLL(T ) calculus is used to provide a new
approach for satisfiability in the logic of uninterpreted functions with equality (EUF), also EUF logic
with successor and predecessor. SVC [8], CVC [28], CVC lite [5] and ICS [15, 25] are examples of
SMT provers. CVC lite verifies a very rich sub-theory of first-order logic, yet it does not include alge-
braic data types. For this reason a new version of CVC called CVC3 [7], has recently been introduced,
where the algorithm of [6] is incorporated.

Other approaches encode the satisfiability question for a particular theory into plain propositional
logic. For the logic of equality and uninterpreted functionsymbols, one can use Ackermann’s re-
duction [1, 10] to transform this logic to propositional logic, so any propositional logic satisfiability
checker can be used.

Our decision procedure for ground term algebras borrows ideas from the well-known unification
theory, originated in [24]. Unification solves conjunctions of equations in the ground term algebra.
Colmerauer [11] studied a setting with conjunctions of bothequations and inequations. The full first-
order theory of equality in ground term algebras is studied in [12, 18] (both focus on a complete set of
rewrite rules) and [23] (which focuses on complexity results for DNFs and CNFs in case of bounded
and unbounded domains). Our algorithm is consistent with Pichler’s conclusion that for unbounded
domains the transformation to CNF makes sense.

Other works on, linear and integer programming for arithmetic over integers or reals, and congru-
ence closure algorithms which deal with uninterpreted functions can be found in [19, 26].

Road map.Section 1 explains the language, its semantics and some primary definitions. In Section 2
we extend the algorithm of previous work [3, 4]. This new algorithm, calledGDPLLW, is an automatic
Proof producer for the entire theory of ground term algebra. In Section 3, we lift the method to yet
more expressive logic wheredestructorsare present too. The respective theory is then called ground
term algebra with destructors and the algorithm isGDPLLWD. We conclude the work in Section 4.
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1 The Language

Our terminology here is built over that of [3, 4] with some subtle modifications.

1.1 Syntax

In this paper, a signatureΣ is a pair(Fun,=) of a setFun = {f, g, h, . . . } of function symbols, and
a binary predicate=. With eachf ∈ Fun is associated a non-negative integern, called thearity of f .
Functions of arity zero are calledconstant symbols, we display them byc, ci, . . . . Var = {x, y, z, . . . }
represents a set ofvariables. Var andFun are disjoint sets. Terms are built from variables, constant
symbols and functions over variables and constant symbols.The setTerm(Σ,Var) of termsover the
signatureΣ is inductively defined as:

– Var ⊆ Term(Σ,Var).
– For allf∈ Fun and all termst1, . . . , tn wheren is the arity off , f(t1, . . . , tn) ∈ Term(Σ,Var).

Term(Σ) denotes the set ofground terms, which is defined asTerm(Σ, ∅).
An atoma is considered to be an expression of the formt = s, wheret ands are terms. We use

notations likea, ai, b for atoms. Aliteral l is either an atom itself or a negated atom e.g.¬a. If l ≡ ¬a,
for some atoma then¬l ≡ a. A literal l is positiveif it is an atom; it isnegativeif it is a negated atom.
We use notations likel, li, for literals. Clearly, each atom is also a literal. Aclauseis a finite set of
literals. The empty clause represents⊥. Here,Cl,Cli are notations used for clause.

In this paper, we work withconjunctive normal form(CNF) formulas. Each CNF is represented
by a finite set of clauses. As of now, by formula we mean CNF, unless explicitly stated otherwise.

Definition 1. Here, we introduce a number of notations that we will use frequently. Below,ϕ stands
for formula,l, l′ for literal,Cl for clause,t ands for terms,S for set:

– pos(ϕ) is the number of all occurrences of positive literals inϕ.
– ‖S‖ denotes cardinality ofS, i.e. number of its elements.
– Cl is a unit clause if‖Cl‖ is equal to1.
– Cl is apurely positive clauseif all its literals are positive.
– ϕ|t→s is obtained by replacing each occurrence oft in ϕ with s. Same meaning holds forϕ|l→l′ .
– Var(ϕ) is the set of all variables occurring inϕ (analogously forVar(t) andVar(Cl)). At(ϕ) (resp.

Term(ϕ), Lit(ϕ) andCls(ϕ)) is the set of all atoms (resp. terms, literals and clauses) occurring in
ϕ. PLit(ϕ) andNLit(ϕ) are respectively the set of all positive and negative literals inϕ.

– ϕ|l = {Cl − {¬l} | Cl ∈ Cls(ϕ), l /∈ Cl} removes all the clauses inϕ containingl, and further,
removes¬l from the other clauses.

– ϕ ∧ l is a shortcut forϕ ∪ {{l}}.
– ϕ ∧ Cl is a shortcut forϕ ∪ {Cl}.

1.2 Semantics

Here we present some general semantics of this paper. To prevent any notational confusion we use≡
for semantical equivalence.

Definition 2. A structureD over a signatureΣ ≡ (Fun,=) consists of:

– a non-empty setDM called thedomainofD,
– for everyf ∈ Fun of arity n a mapfD : DMn → DM,
– for =, a binary predicate=D representing the syntactic equality.
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A functionα: Term(Σ,Var) → DM is calledassignment, if it is identical over constant symbols, and
it is distributive over other terms. This means that for constant symbolsc, α(c)≡cD, and for terms of
the formf(t1, . . . , tn), α(f(t1, . . . , tn))≡fD(α(t1), . . . , α(tn)). We useα, β to denote assignments.

We sayα satisfiesϕ, denotedα |= ϕ, if in each clauseCl ∈ Cls(ϕ) there exists a literalt = u (or
t 6= u) such thatα(t) ≡ α(u) (respectivelyα(t)6≡α(u)). Obviously ifα |= ϕ for some assignment
α thenϕ is satisfiable (in the respective structure). Given a structureD and a formulaϕ, we sayϕ is
satisfiablein D, if there exists some assignmentα such thatα |= ϕ.

Definition 3. Let [ ] be a new constant symbol which does not occur inΣ. A contextF is a term in
Term(Σ ∪ {[ ]}), and it can be expressed as an incomplete term or a term with holes. However a
context can have zero, one or more holes [9], but for our purpose we would only consider contexts
with (at most) one hole.F [t] denotes the result of replacing the hole with a termt.

1.3 Substitutions and Most General Unifiers

Here, we bring a list of the standard definitions and properties of substitutions and unifiers, taken
from [2, 17].

A substitutionis a functionσ : Var → Term(Σ,Var) such thatσ(x) 6= x for only finitely many
xs. Dom(σ) := {x ∈ Var | σ(x) 6= x} is called it domain. IfDom(σ) ≡ {x1, . . . , xn}, then we
alternatively writeσ asσ := {x1 7→ σ(x1), . . . , xn 7→ σ(xn)}. We denote byEq(σ) the set of
equations obtained fromDom(σ), that isEq(σ) ≡ {x1=σ(x1), . . . , xn=σ(xn)}. Later we will use
negation of this set, which is¬Eq(σ) ≡ {x1 6= σ(x1), . . . , xn 6= σ(xn)}.

Substitutions are extended to set of terms/literals/clauses as follows:
Over terms:xσ := σ(x), f(t1, . . . , tn)σ := f(tσ1 , . . . , t

σ
n).

Over literals:(t=u)σ := tσ=uσ and(t 6= u)σ := tσ 6=uσ.
Over clauses:Clσ ≡ {l1, . . . , ln}

σ := {lσ1 , . . . , l
σ
n}.

Finally over formulas:ϕσ ≡ {C1, . . . , Cn}
σ := {Cσ

1 , . . . , C
σ
n}.

Definition 4. Thecompositionσ.ρ of substitutionsσ andρ is defined in a way thatσ.ρ(x) ≡ σ(ρ(x)).
A substitutionσ is more generalthan a substitutionσ′ (notation:σ . σ′) if there is a substitutionδ
such thatσ′ ≡ δ.σ. A substitutionσ is idempotentif σ.σ ≡ σ. We will later useσ2 instead ofσ.σ.

Definition 5. A unifier or solutionof a setS ≡ {s1=t1, . . . , sn=tn} consisting of a finite number of
atoms, is a substitutionσ such thatsσ

i ≡ tσi for i ≡ 1, . . . , n. A substitutionσ is a most general unifier
of S, denotedmgu(S), if:

– σ is a unifier ofS and
– σ . σ′ for each unifierσ′ of S.

A straightforward result of Definition 5 is thatmgu({x=x}) ≡ ∅.
A literal t=u is in solved-formif it is of the form x=u, wherex is a variable,u is a term, andx

does not occur inu. Otherwise it isnon-solved. A literal ¬a is in solved-formif a is in solved-form.
A set is in solved-form if all its members are in solved-form.

Lemma 1.
1. If a setS of atoms has a unifier, then it has an idempotentmgu.
2. If σ ≡ mgu(S) andσ is idempotent, thenEq(σ) is in solved-form.

Some notation and conventions.
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– Let ϕ≡{C1, . . . , Cn} be a set of positive unit clauses. Then, byσ≡mgu(ϕ) we meanσ ≡
mgu(

⋃
1≤i≤nCi).

– We often simply writemgu(s=t) instead ofmgu({s=t}).
– We use the notationmgu(S) ≡ ⊥ if S has no unifier.
– As of now we only consideridempotentmgus, which exist whenever there is a unifier (Lemma 1(1)).

We use the notation ofimgu to stress that the most general unifier isidempotent. It can easily be
derived that using Lemma 1(2), ifσ ≡ {x1 7→ t1, . . . , xn 7→ tn} is an imgu, thenxi /∈ Var(tj) for
all 1 ≤ i, j ≤ n. In the previous work [3, 4] we presentedGDPLL algorithm, a generalization of the

well-known DPLL procedure of Davis-Putnam-Logemann-Loveland. Although this algorithm would
determine the (dis)satisfaction of CNFs over the logic of Ground-Term-Algebra, yet it will not give
any hint to why the formula is satisfiable in case it is. In the next section we would introduceGDPLLW

which will provesatisfiable inputs. All the algorithms will operate over some ground-term-algebra.

2 Proof for the theory of Ground Term Algebra

Before starting with the algorithm, we need to bring forth some definitions and results from [3, 4]. A
structureD is a ground term algebraoverΣ if first, its domain consists only of ground terms, i.e.
DM≡Term(Σ), and second, if for allf, g∈ Fun and all t, t1, . . . , tn, s1, . . . , sm∈ DM, the following
properties hold:

1. if f 6= g, thenfD(t1, . . . , tn)6≡gD(s1, . . . , sm)

2. if (t1, . . . , tn)6≡(s1, . . . , sn) thenfD(t1, . . . , tn)6≡fD(s1, . . . , sn)
3. for all contextsF 6= [ ]: t 6≡F [t]

As of now, the background theory is considered to be a ground term algebra unless stated otherwise.
For simplicity, we drop the subscriptD from fD and=D. In this paper we apply the same reduction
system as in [3, 4]:

Definition 6 (Reduction System).Given a formulaϕ we apply the following reduction rules on it:

1. If t = t ∈ Cl ∈ Cls(ϕ) thenϕ −→ ϕ− {Cl}.
2. If ⊥ ∈ ϕ andϕ 6= {⊥} thenϕ −→ {⊥}.
3. If ϕ = ϕ1 ⊎ {Cl ⊎ {t 6= u}}, t=u is non-solved, andσ=imgu(t=u) then

– if σ = ⊥, thenϕ −→ ϕ1

– otherwiseϕ −→ ϕ1 ∪ {Cl ∪ ¬Eq(σ)}
4. If ϕ1={Cl | Cl ∈ Cls(ϕ) is a positive unit clause}6=∅, andσ=imgu(ϕ1) then

– if σ = ⊥, thenϕ −→ {⊥}.
– otherwise letϕ2 = ϕ− ϕ1, andϕ −→ ϕ2

σ.
5. If ϕ = {{¬a}} ⊎ ϕ1 anda ∈ At(ϕ1) thenϕ −→ {{¬a}} ⊎ ϕ1|¬a.

By ϕ
i

−→ ϕ′, we mean that rulei is applied overϕ and thatϕ′ is deduced. We say that rulei is
applicableon ϕ if ϕ′ andϕ are syntactically different. The intention is to apply the reduction rules
on a given formula only until they are applicable. When no rule is applicable, we stop the reduction
process and call the entailed formulaof reduced form. This last result is denotedReduce1(ϕ). It is
worth saying that since there is no priority order for applying the reduction rules on a formulaϕ, we
may obtain various reduced forms forϕ, see [3] Chapter 4. In this paper, as in the previous work,
we consider onlyinfinite ground term algebras, i.e. either there exists a function symbol of arity> 0
(non-constant), or there are infinitely many constant symbols. The following lemma is proved in [4]:
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Lemma 2. For a formulaϕ in reduced form, the following properties hold:
1. ϕ contains no literal of the formt = t.
2. If ⊥ ∈ ϕ thenϕ ≡ {⊥}.
3. All its negative literals are in solved-form.
4. ϕ contains no positive unit clause.
5. If ϕ = {{¬a}} ⊎ ϕ1 thena /∈ At(ϕ1).

Lemma 3. Given a formulaϕ:

1. The Reduction System (Definition 6) is terminating overϕ.
2. Supposeσ |= l, wherel is a literal. Then,σ |= ϕ if and only ifσ |= ϕ|l.
3. Given a literall, ϕ is satisfiable iff eitherϕ ∧ l or ϕ|¬l ∧ ¬l is satisfiable.

4. If ϕ
1,2,3,5
−→ ϕ′, i.e.ϕ′ is obtained from applying one of rules1, 2, 3 or 5 onϕ. Then,α |= ϕ′ implies

α |= ϕ for any assignmentα.

Proof. See the Appendix.�
In order to obtain awitness(proof) for satisfiable formulas, we need to consider each reduction

rule of Definition 6 at a time. Below, theReduce algorithm is introduced for computing a reduced
form for input formulas. The output will be a reduced formulatogether with a substitutionσ.

Reduce(ϕ)
begin

σ := ∅;
while either of the rules of Definition 6 are applicable onϕ then

choose one of the applicable rules;
if the rule is one of the rules 1, 3 or 5 then apply that onϕ and

call the resultϕ;
if the rule is rule 2then return(⊥, ∅);
if the rule is rule 4then

ϕ1 := {C | C ∈ ϕ is a positive unit clause};
ϕ2 := ϕ− ϕ1;
if imgu(ϕ1) ≡ ⊥ then return(⊥, ∅);
σ := imgu(ϕ1).σ andϕ := ϕ2

σ ;
return(ϕ, σ);

end

f.g denotes functional composition off andg, i.e.f.g(ψ)≡f(g(ψ)). Also, ∅ is the identity element,
i.e. composition of any function with∅ is equivalent to the function itself,f.∅≡∅.f ≡ f . Composition
with ⊥ results in⊥. Functional composition is not commutative.

Theorem 1. Given a formulaϕ and a literalt=u ∈ Lit(ϕ) we have (see Definition 1):
1. pos(Reduce1(ϕ ∧ (t=u)))<pos(ϕ) andpos(Reduce1(ϕ|t6=u ∧ (t 6= u)))<pos(ϕ).
2. A formulaϕ is satisfiable iffReduce1(ϕ) is satisfiable.

Proof. Proofs are in [3] Chapter4. ThereReduce(ϕ) is equivalent to what we callReduce1(ϕ) here.

Corollary 1. Given a formulaϕ, if Reduce(ϕ)≡(Reduce1(ϕ), σ) thenσ 6≡⊥ andσ2≡σ. Moreover if
β |= Reduce1(ϕ) for an assignmentβ, thenβ.σ |= ϕ.

Proof. See the Appendix.�

For an example on howReduce algorithm works see Example 3 in the Appendix. Below two
essential parts of the final algorithm are uttered. These procedures will disclose an assignment for
satisfiable formulas, with respect to the theory of background. Based on whether the language has
any non-constant function symbols or not, the next two algorithms are used. If there exists some
non-constant function symbol in the theory, thenFunc should be applied:
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Func(ϕ, σ)
begin

chooseg ∈ Fun;
choose a constant symbolc;
let F [ ] ≡ g([ ],c, . . . , c

| {z }

arity(g)−1 times

);

M := 0;
X1 := ∅;
X := ∅;
i := 0;
while ϕ 6= ∅

chooseCl ∈ Cls(ϕ);
ϕ := ϕ− {Cl};
choosex 6= u ∈ Cl;
M := max(M,depth(u) + 1);
if x /∈ X1 then

i := i+ 1;
X1 := X1 ∪ {x};
X := X ∪ {(x, i)};

end if
end while
α := {x 7→ F iM [c] | (x, i) ∈ X} ∪ {z 7→ c | z /∈ X1};
return α.σ;

end

Before explaining some properties of the aforementioned algorithm, let us define thedepth function.
This function is used in the algorithm to measure the maximumdepth of the nested function symbols
inside a term:

Definition 7. Given a termt, depth(t) is inductively defined by:
depth(x) ≡ depth(c) ≡ 0 for any variablex, and any constant symbolc, and

depth(f(t1, . . . , tn)) ≡ 1 + max
1≤i≤n

depth(ti) if n ≥ 1

Corollary 2. Assume that the background theory contains some non-constant function symbol, and
Reduce(ϕ)≡(ψ, σ), whereψ contains no purely positive clauses. Then,Func(ψ, σ)≡α.σ for some
assignmentα, whereα.σ|=ϕ, andα.σ 6≡⊥.

Proof. See the Appendix.�

When all function symbols in the theory are constant, thenCons is applicable:

Cons(ϕ, σ)
begin

let n ≡ ‖ϕ‖;
let C ≡ {c1, c2, . . . , cn+1} of n+ 1 distinct constant symbols which do not occur inϕ;
X1 := ∅;
X := ∅;
i := 0;
while ϕ 6= ∅

chooseC ∈ ϕ andx 6= u ∈ C;
ϕ := ϕ− {C};
if x /∈ X1 then

i := i+ 1;
X1 := X1 ∪ {x};
X := X ∪ {(x, i)};

end if
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end while
α := {x 7→ ci | (x, i) ∈ X} ∪ {z 7→ cn+1 | z /∈ X1};
return α.σ;

end

Corollary 3. Assume that the background theory consists only of constantfunction symbols, and that
Reduce(ϕ)≡(ψ, σ), whereψ contains no purely positive clauses. Then,Cons(ψ, σ)≡α.σ for some
assignmentα, whereα.σ |= ϕ, andα.σ 6≡⊥.

Proof. Similar to Corollary 2. The only difference is that here thej + 1 elements ofC, will entail that
α |= x 6= u. �

GDPLLW. Now, We have all the necessary components to build the proof algorithm. This algorithm
will determine whether or not a formula is satisfiable and in parallel it will construct a witness (proof)
for it. The input is a (CNF) formula, and the output is either (SAT, α) or (UNSAT, ∅). In case result is
(SAT, α), thenα will be a proof for the formula (which makes ittrue).

GDPLLW(ϕ)
begin

(ϕ, σ) := Reduce(ϕ);
if ⊥ /∈ ϕ then

if ϕ has no purely positive clausethen
if there exists a non-constant function symbolthen

return (SAT,Func(ϕ, σ));
return (SAT,Cons(ϕ, σ));

end if
choosea ∈ PLit(ϕ);
if GDPLLW(ϕ ∧ a) ≡ (SAT, α) then return(SAT, α.σ);
if GDPLLW(ϕ|¬a ∧ ¬a) ≡ (SAT, α) then return (SAT, α.σ);

return (UNSAT, ∅);
end

This algorithm is always terminating:

Theorem 2 (Termination). The GDPLLW(ϕ) is terminating for any formulaϕ in the theory of
ground term algebra, i.e. it always terminates with a final result of(SAT, α) or (UNSAT, ∅).

Proof. See the complete proof in the Appendix.�

This algorithm is complete, meaning that it decides only in finite steps whether the input formula
is satisfiable or is unsatisfiable. Moreover,ϕ is satisfiable if and only ifGDPLLW(ϕ) reports so, and
in addition it delivers an assignmentα such thatα |= ϕ.

Theorem 3 (Soundness and Completeness).

– ϕ is satisfiable if and only ifGDPLLW(ϕ) returns(SAT, α), whereα |= ϕ andα6≡⊥.
– ϕ is unsatisfiable if and only ifGDPLLW(ϕ) returns(UNSAT, ∅).

Proof. See the detailed proof in the Appendix.�

For an example on howGDPLLW algorithm finds a witnnes, see Example 4 in the Appendix.
Next section is about adding destructors to the theory, as well. Having this extension, we will be able
to express many theories of interest in our language. Destructors are those functions which decompose
their associated constructors.
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3 Completing with Destructors

Here, we consider signaturesΣ of the form(Const ∪DestConst,=), whereConst≡{C1, C2, . . . , Cn}
andDestConst≡{D11,D12, . . . ,Dnm} are disjoint. With eachCj ∈ Const (called constructor) of arity
k, k separate destructorsDj1,...Djk are associated. EachDji ∈ DestConst is a unary function.

The setTerm(Σ,Var) of termsover aforementionedΣ is recursively defined by:
– Var ⊆ Term(Σ,Var).
– For allCi ∈ Const of arity n and termst1, . . . , tn, Ci(t1, . . . , tn) ∈ Term(Σ,Var).
– For eachDij ∈ Dest and each termt,Dij(t) ∈ Term(Σ,Var).

Here, as well, we work with the set of ground termsTerm(Σ), and we consider onlyinfinite structures
(Ground Term Algebra with Destructors). Meaning that either there exists a function symbol of arity>
0 (non-constant), or there are infinitely many constant symbols.

Ground Term Algebra with Destructors . A structureD overΣ≡(Const ∪ DestConst,=), is a
ground term algebra with destructors if first its domain consists only of ground terms, i.e.DM≡Term(Σ),
and second, if for allC,C ′∈ Const, all Dij∈ DestConst and allt, t1, . . . , tn, s1, . . . , sm∈ DM the fol-
lowing properties hold:

1. if C 6= C ′, thenCD(t1, . . . , tn)6≡C ′
D(s1, . . . , sm)

2. if (t1, . . . , tn)6≡(s1, . . . , sn) thenCD(t1, . . . , tn)6≡C ′
D(s1, . . . , sn)

3. for all contextsF 6= [ ]: t 6≡F [t]
4. Dij(s) = tj if ∃t1...tn∈DM such thats = Ci(t1, ..., tn), otherwiseDij(s) = undefined.

As defined above, a destructorDij , identifies a unary partial function, which un-conceals thejth
element oft, when it operates onCi(t).

Definition 8 below, is motivated by the fact that when a CNF is set totrue by some assignmentα,
then each of its clauses are set totrue by α, since, otherwise the formula will not be satisfied byα.
Hence, there have to be at least one literal inside each clause which evaluates totrue byα. Therefore,
adding a new literal to this clause will not damage the value of the whole clause under application of
α, even if the added literal isfalse.

Definition 8. dest−free is a function which operates over clauses and simplified formulas, as below:

– dest−free(Cl) := {l ∈ Cl | l contains no destructor symbol}, i.e. it removes fromCl all the
literals which contain some destructor symbol in their sub-terms.

– dest−free(ϕ) :=
⋃

Cl∈Cls(ϕ)
dest−free(Cl), which does the same over formulas.

Example 1.Considerϕ to be{{D21(C2(x, z))=z}, {C1(s)6=z,C1(D21(x))6=y}, {D21(C1(x, z))6=z},
{D12(C1(x, y)) = t}}. Then,dest−free(ϕ)≡{{}, {C1(x) 6= z}, {}, {}}.

Lemma 4. Given a formulaϕ, if dest−free(ϕ) is satisfiable then so isϕ. Moreover, ifα 6≡ ⊥ is an
assignment which provesdest−free(ϕ), then, it will proveϕ, as well.

Proof. See the Appendix.�
It is noticeable that the converse of this lemma is not correct. For exampleϕ := {{D21(C2(x, z)) =
x}} is satisfiable under any assignment butdest−free(ϕ) is not satisfiable. In the following parts, we
will sometimes need to remove only those literals which contain a specific term, e.g.t. In such a case,
there will be a call to the functionfree(., t). We define this function below:

Definition 9. Given a formulaϕ and a termt, free(ϕ, t) is obtained fromϕ by removing all positive
literals which contain a sub-termt; and further replacing all negative literals containingt with a
valid term, e.g.c0 = c0 (c0 is a constant symbol). We do this using the following algorithm:
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free(ϕ, t)
begin

while t occurs inϕ
choosea positive literala containingt;
ϕ := {Cl − {a} | Cl ∈ ϕ};
choosea negative literall containingt;
ϕ := ϕ|l→c0=c0 ;

end while
return ϕ;

end

This algorithm removes all positive literals which containt as a sub-term. It then further substitutes
negative literals, of this type, with a valid literal.

Lemma 5. Given a formulaϕ and a termt, free(ϕ, t) terminates.

Proof. ϕ only contains a finite number of occurrences oft. �

Corollary 4. t 6∈ Term(free(ϕ, t)).

Proof. This is obvious, becauseϕ has finitely many occurrences oft, and the algorithm continues only
until it removes all occurrences oft. �

Below we use the nameidle for those terms which are obtained from applying a destructor on
some constructors except its associated one or on some constant symbol, e.g.Djk(Ci(t1, ..., tn)),
wherej 6≡ i. for some destructor symbolDjk and some constructor symbolCi wherej 6≡ i. The first
step to find a satisfying assignment for a formula, is to purify it from all the redundant sub-terms. To
this end, we introduce an algorithm which simplifies the formula by removing all itsidle 1 sub-terms.

Definition 10. Given a formulaϕ, we define:

Simplify(ϕ)
begin

while there is a sub-termDik(Ci(t1, ..., tn)) occurring inϕ
ϕ := ϕ|Dik(Ci(t1,...,tn))→tk

;
while there is anidle sub-termt in ϕ

ϕ := free(ϕ, t);
return ϕ;

end

TheSimplify algorithm removes positive literals containing subtermsDjk(Ci(.)) wherej 6≡ i, and
replaces negative ones with a valid literal. This is becauseinequality will always hold if someidle

term occurs in either side. Furthermore, the algorithm replacesDik(Ci(.)) with the term it entails. In
Example 1,Simplify(ϕ) ≡ {{x=z}, {C1(s) 6= z,C1(D21(x)) 6= y}, {c0 = c0}, {y = t}}.

An immediate result ofϕ having only finitely many occurrence of destructor symbols,is that:

Lemma 6. For any formulaϕ, Simplify(ϕ) terminates.

Corollary 5. If Dij(t) ∈ Term(Simplify(ϕ)) thent is neither a constant symbol nor it contains any
constructor symbols.

1 As far as we know, these terms are always being consideredundefinedin theories which contain destructors for more
than one constructors (e.g. list structure withnil andcons). For more information on this see [19].
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Proof. See the Appendix.�

It is important to make sure that simplifying a formulaϕ via this algorithm maintains its satisfiability.
Because, if it does then by knowing thatSimplify(ϕ) is (un)satisfiable one can conclude thatϕ is
(un)satisfiable too. Below, we prove even an stronger property of theSimplify algorithm, i.e. not only
ϕ andSimplify(ϕ) are equi-satisfiable for any formulaϕ, but also they have the same set of models
(assignments which prove them):

Lemma 7. ϕ is satisfiable andα |= ϕ if and only ifSimplify(ϕ) is satisfiable andα |= Simplify(ϕ).
Proof. See the Appendix.�

Given a formulaϕ we identify byDest(ϕ) the set of all sub-terms inϕ which are of the formDij(y)
for somei, j∈ N and somey ∈ Var. In Example 1,Dest(ϕ)≡{D21(x)} and‖Dest(ϕ)‖ is 1.

So far we have introduced all the auxiliary procedures to be used inside the main algorithm in order
to derive the result that we are looking for. The main algorithm is calledGDPLLWD:

Definition 11 (GDPLLWD). For a formulaϕ which is possibly containing destructors, the following
algorithm returns(SAT, α) if ϕ is satisfiable; and in this caseα will be a proof forϕ. The algorithm
returns(UNSAT, ∅) if ϕ is not satisfiable:

GDPLLWD(ϕ)
begin

ϕ := Simplify(ϕ);
ψ := dest−free(ϕ);
if GDPLLW(ψ) ≡ (SAT, α) then return(SAT, α) else
while ‖Dest(ϕ)‖ ≥ 1

chooseDij(y) ∈ Dest(ϕ);
t := Dij(y);
n := the airty of Ci;
choosen fresh variablesz1, ..., zn;
ψ := ϕ|y→Ci(z1,...,zn);
if GDPLLWD(ψ) ≡ (SAT, α) then

ᾱ := {y 7→ α(Ci(z1, ..., zn))} ∪ {x 7→ α(x) if x 6≡ y};
return (SAT, ᾱ);

else
ϕ := free(ϕ, t);
ϕ := Simplify(ϕ);

end while
return (UNSAT, ∅);

end

In this algorithm we replace each occurrence of a termy inside a destructor (e.g.Dij(y)), with a term
in the image of the destructor’s associated constructor (e.g.Ci(z1, ..., zn) for Dij(y)).

Theorem 4 (Termination). GDPLLWD is terminating over any formulaϕ in a theory of ground term
algebra with destructors.

Proof. See the Appendix.�

Finally, the main property of our algorithm is that:

Theorem 5 (Soundness and Completeness).For any formulaϕ in a theory of ground term algebra
with destructors:

– ϕ is satisfiable iffGDPLLWD(ϕ) returns(SAT, α), whereα |= ϕ andα6≡⊥.

12



– ϕ is unsatisfiable iffGDPLLWD(ϕ) returns(UNSAT, ∅).

Proof. This theorem is thoroughly proved in the Appendix.�

Below, we exemplify our technique by a simple example from the theory of list data structure, with
constructorsnil andcons of arity 0 and2 respectively, wherenil is also the only constant symbol.
Formuals will then be like:cons(nil, cons(nil, nil)), etc.

Example 2.Considerϕ ≡ {{nil=z, y 6=head(cons(nil, x))}, {nil 6=z}, {y=tail(z)}}. We investi-
gate satisfiability ofϕ, together with a proof for it, by applying theGDPLLWD algorithm.

Applying Simplify algorithm onϕ, we obtain:ϕ := {{nil=z, y 6=nil}, {nil 6=z}, {y=tail(z)}}.
dest−free of this formula will then be:ψ := {{nil=z, y 6=nil}, {nil 6=z}, {}}. For this formula, we
obtain:GDPLLW(ψ) ≡ (UNSAT, ∅). Hence, according to theGDPLLWD algorithm, we should apply
the next immediate loop, since‖Dest(ϕ)‖ ≥ 1.

The only sub-term with occurrence of some destructor, inϕ, is t := tail(z). The associated
constructor fortail is cons which is of arity2. Hence,n := 2 and letz1, z2 be the two fresh variables.
Then, in the next step we haveψ := ϕ|z→cons(z1,z2). This is equivalent to the following formula:
{{nil=cons(z1, z2), y 6=nil}, {nil 6=cons(z1, z2)}, {y=tail(cons(z1, z2))}}.

Now, in the recursive step,GDPLLWD(ψ) should be computed. Here,ψ := Simplify(ψ) =
{{nil=cons(z1, z2), y 6=nil}, {nil 6=cons(z1, z2)}, {y=z2}}. This formula contains no destructor sym-
bols, hence it is equivalent to itsdest−free version. Therefore,GDPLLW(ψ) should now be computed:
(ψ, σ) := Reduce(ψ)≡({z2 6=nil}}, σ := {y 7→ z2}), because, we apply rules 5,3 and 4 from
the reduction system (Definition 6), respectively. Therefore, GDPLLW(ψ) := (SAT,Func(ψ, σ)).
ComputingFunc(ψ, σ)) with F [ ] ≡ cons([ ], nil), results in{y, z2 7→ cons(nil, nil)} ∪ {x 7→
nil if x ∈ var, x6≡y, z2}. Finally back to the mainGDPLLWD algorithm:

We deriveᾱ := {z 7→ cons(nil, cons(nil, nil))}∪{y, z2 7→ cons(nil, nil)}∪{x 7→ nil if x ∈
var, x /∈ {z, y, z2}}. Therefore, the final result isGDPLLWD(ϕ)≡(SAT, ᾱ).

4 Conclusion

The idea of extending the existing theorem provers to more expressive logics has recently attracted
much research. Having a powerful theorem prover which tackles larger theories, will prevent users
from the obligation of converting a formula to some propositional formula; and instead would provide
a technique for validating formula by means of a direct approach. Among many different methods,
extensions of DPLL algorithm have been of much interest (cf.Introduction). In this paper, we intro-
duced an extension of the DPLL procedure to the theory of Ground Term Algebra with Destructors.
Our algorithm provides witness assignment for satisfiable formulas and will terminate with an empty
set of assignments in case the formula is not satisfiable. In practice, destructors are extensively used;
they are almost a necessary element of those theories which employ constructors. Many program-
ming languages support recursively defined data structures, e.g. in LISP. Destructors are also widely
recognized by designers of security protocols (cf. Introduction).

The technique of backtracking is a feature of DPLL-based verification algorithms. Recently, a
more efficient version of this technique, which is called backjumping (or non-chronological back-
tracking) is introduced. For future work, we plan to apply the ideas of backjumping and (conflict)
clause learning intoGDPLLWD, and also to implement the algorithm.
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A Proofs of Lemmas and Theorems

Proof of Lemma 3.
The first two items are entailed in [3] Chapter 4.

3. If σ satisfiesϕ ∧ ¬l then it will satisfy bothϕ and¬l. Therefore, by item 2 above, we obtain that
σ satisfiesϕ|¬l ∧ ¬l. Analogously, ifσ satisfiesϕ|¬l ∧ ¬l thenσ satisfiesϕ ∧ ¬l. So,ϕ ∧ ¬l is
satisfiable if and only ifϕ|¬l ∧ ¬l is satisfiable. Now, we benefit from yet another lemma in the
abovementioned references: Given a literall,ϕ is satisfiable iff eitherϕ∧ l orϕ∧¬l is satisfiable.
Summing up these two latter results, we deduce item 3.

4. If the applied rule is either of1, 2, 3 then it is trivial. If rule 5 is applied then using item 2 above,
this will be straightforward too.�

Proof of Corollary1.
According to the algorithm, the value ofσ is never⊥. For the rest of the proof we consider a case
distinction:

- If Reduce1(ϕ)6≡⊥. Then rule4 is applicable: It can easily be observed that none of the rules1, 2, 3
in Definition 6 add more positive unit clauses to a formula, and rule5 only removes somepositive
literal. This, too will not cause any new purely positive clause. Therefore, rule 4 is applicable
atmost one time. According to the algorithm, rule 4 is the only rule which effects the value ofσ.
So, if we considerϕ ≡ ϕ1 ⊎ ϕ2 with the same meanings as in rule4 of the Reduction System,
thenσ ≡ imgu(ϕ1), sinceσ 6≡∅. Hence,σ |= ϕ1 andσ2 ≡ σ. Now,
• If ϕ

1,2,3,5
−→ ϕ′ then by Lemma 3(4), ifβ |= ϕ′ thenβ |= ϕ.

• If ϕ
4

−→ ϕ2
σ (it is noticeable that thisϕ might be different than the original one) and if

β |= ϕ2
σ thenβ.σ |= ϕ2. On the other-handσ |= ϕ1 (above), thereforeβ.σ |= ϕ1. These two

result inβ.σ |= ϕ1 ⊎ ϕ2, and henceβ.σ |= ϕ.
Now, since rule4 is applicable atmost once, then the reduction sequence willbe something like

ϕ
1,2,3,5
−→ · · ·

1,2,3,5
−→ ψ

4
−→ ψ′ 1,2,3,5

−→ · · ·
1,2,3,5
−→ Reduce1(ϕ). So using the two items obtained above,

we get: ifβ |= Reduce1(ϕ) thenβ |= ψ′ andβ.σ |= ψ and henceβ.σ |= ϕ. Notice that if rule4
is not applicable thenσ ≡ ∅ andβ.σ ≡ β, and hence proof is complete according to Lemma 3(4).

- If Reduce1(ϕ) ≡ ⊥ then there is no such assignmentβ. �

Example 3.We show how to reduceϕ ≡ {{x 6= f(a, b)}, {x = f(y, z)}, {y = a, x = f(a, b)}}
using theReduce algorithm.
In the first stepα := ∅ and so since rules 5 and 4 are applicable onϕ we should enter thewhile loop.
Let us choose rule 4, then according to the algorithm, we get:ϕ1 := {{x = f(y, z)}},
ϕ := {{x = f(y, z)}} ⊎ {{x 6= f(a, b)}, {y = a, x = f(a, b)}},
σ := {x 7→ f(y, z)}, ϕ := {{f(y, z) 6= f(a, b)}, {y = a, f(y, z) = f(a, b)}} and
α := σα ≡ σ∅ ≡ {x 7→ f(y, z)}. Now rule 3 is the only applicable rule onϕ. So by applying this
rule we getϕ := {{y 6= a, z 6= b}, {y = a, f(y, z) = f(a, b)}}. We can see that none of the rules are
applicable onϕ anymore, therefore the algorithm stops and returns

({{y 6= a, z 6= b}, y = a, f(y, z) = f(a, b)}}, {x 7→ f(y, z)}).

Obviously depending on the rules we choose to rewriteϕ with, we may derive different results from
this algorithm.
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Proof. of Corollary 2.
Clearly,Func(ψ, σ) ≡ α.σ whereα6≡⊥ is the assignment which is built insideFunc(ψ, σ). Then,
using Corollary 1, we immediately obtain thatα.σ 6≡⊥ (sinceσ 6≡⊥), and also in order to deriveα.σ |=
ϕ we only need to show thatα |= ψ (sinceψ ≡ Reduce1(ϕ)). Below, we prove that indeedα |= ψ:

Assume that(x, i) ∈ X for a literal x 6= u which is picked up from a clauseCl ∈ Cls(ψ).
Then,α(x) ≡ F iM (c) wherei ≥ 1, M ≥ depth(u) + 1. To show thatα |= x 6= u (or equivalently,
α(x)6≡α(u)), we first notice thatdepth(α(x)) ≡ i.M and then we consider two separate cases:

- Assume thatVar(u) ∩X1 ≡ ∅, or if y ∈ Var(u) ∩X1 thendepth(y) does not effect the value of
depth(u). Meaning that, ifdepth(u) ≡ 1 + depth(t) for some subtermt ∈ u theny /∈ Var(t).

Therefore, we will havedepth(α(u)) ≡ 1 + depth(α(t))
ii
≡ 1 + depth(t) ≡ depth(u) (ii. when

z /∈ X1 thenα(z) ≡ c). So,depth(α(u)) ≡ depth(u) < depth(u) + 1 ≤ M ≤ M.i ≡
depth(α(x)). Thereforeα(x)6≡α(u), which means thatα |= x 6= u.

- If ∃z ∈ Var(u) ∩ X1, wheredepth(α(u)) ≡ depth(u) + depth(α(z)). For such a variable,
there existsj ∈ N such that(z, j) ∈ X, and thereforedepth(α(z)) ≡ j.M . Now, sinceψ ≡
Reduce1(ϕ), therefore by Lemma 2(3)x 6= u is in solved-form, i.e.x /∈ u. Soz 6≡x and hence
j 6≡i. Now if α(x) ≡ α(u), then by applying thedepth function on both sides we will geti.M ≡
depth(u) + j.M . This entails thati ≥ j and soi > j (sincei6≡j), thereforei ≥ j + 1 since
i, j ∈ N. So,depth(u) ≡ (i− j).M ≥M (sincei ≥ j + 1) ≥ depth(u) + 1. Because, this false
result is obtained from assuming thatα(x) ≡ α(u), hence it yields thatα(x)6≡α(u). Therefore,
α |= x 6= u.

Now, sinceψ ≡ Reduce1(ϕ) hence by Lemma 2, it contains no purely positive clause or⊥, and all
of its negative literals are of solved-form. Thus each of itsclauses contains some negative literal, of
solved-form. Hence, from each clause a negative literalx 6= u is selected for whichα |= x 6= u, by
the above results. Therefore,α satisfies at least one literal from each clause inψ, soα |= ψ. �

Termination Proof, Theorem 2.
We benefit from the following two results, entailed in [3] Chapter 4, and [4]: 1) The Reduction System
of Definition 6 is terminating over any formulaϕ. 2)pos(ϕ∧(t = u)) < pos(ϕ) andpos(ϕ|t6=u∧(t 6=
u)) < pos(ϕ), wherepos counts the number of occurrences of positive literals in theformula. So far
we can deduce:

- Reduce(ϕ) terminates.
- Func(ϕ, σ) andCons(ϕ, σ) terminate, sinceϕ contains only finite number of clauses.

Now, we use induction over the number of positive literals. If pos(ϕ) ≡ 0 then the algorithm ter-
minates, because of the two items above. We assume that the algorithm terminates for all formu-
las with pos(ϕ) ≤ n, and we show that it will terminate also for formulas withpos(ϕ) = n + 1.
GDPLLW(ϕ∧a) andGDPLLW(ϕ|¬a∧¬a) are terminating. We know thatpos(ϕ∧(t = u)) < pos(ϕ)
and sopos(ϕ ∧ (t = u)) ≤ n, analogously forϕ|t6=u ∧ (t 6= u). So, by the induction hypothesis, the
two algorithmsGDPLLW(ϕ ∧ (t = u)) andGDPLLW(ϕ|t6=u ∧ (t 6= u)) would terminate; Therefore,
GDPLLW(ϕ) will terminate. �

Soundness and Completeness proof ofGDPLLW, Theorem 3.
We start with the first item:

– We prove each side of the first item separately:
⇒ Supposeϕ is satisfiable, andReduce(ϕ) ≡ (Reduce1(ϕ), σ). We show thatGDPLLW(ϕ)

returns(SAT, α), whereα6≡⊥ is a satisfying assignment forϕ. Using Theorem 1(2), we derive
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that Reduce1(ϕ) is satisfiable and so,⊥ /∈ Reduce1(ϕ). We continue the proof by using
induction, we show that the theorem holds for formulasϕ with pos(Reduce1(ϕ)) ≡ 0. Then
we prove that if the theorem holds for all formulas withpos(Reduce1(ϕ)) ≤ n then it will
also hold for those withpos(Reduce1(ϕ)) ≡ n + 1. literals inψ. For the sake of simplicity,
below we will useψ to denoteReduce1(ϕ):

1. If pos(ψ) ≡ 0 then according to the algorithm, eitherGDPLLW(ϕ) ≡ (SAT,Func(ψ, σ))
or GDPLLW(ϕ) ≡ (SAT,Cons(ψ, σ)), since⊥ /∈ ψ.

a. If GDPLLW(ϕ) ≡ (SAT,Func(ψ, σ)) then according to Corollary 2,Func(ψ, σ) ≡
α.σ for some assignmentα, Func(ψ, σ)6≡⊥ andα.σ satisfiesψ (i.e. Reduce1(ϕ)). Thus,
using Corollary 1,(α.σ).σ satisfiesϕ, besidesσ2 ≡ σ. Because the functional operation
(.) is associative, we obtain thatα.σ2 and thusα.σ satisfiesϕ. Summing these up, we
obtain thatFunc(ψ, σ) is not equivalent to⊥ and it satisfiesϕ.

b. If GDPLLW(ϕ) ≡ (SAT,Cons(ψ, σ)), then similar toa, one can deduce thatCons(ψ, σ)
is not equivalent to⊥ and it satisfiesϕ.

2. If pos(ψ) ≡ n + 1 and, as the induction hypothesis, for each satisfiable formula χ with
pos(Reduce1(χ)) ≤ n the theorem holds, i.e.GDPLLW(χ) ≡ (SAT, α) whereα6≡⊥
satisfiesχ. Then, we show that the theorem holds also forϕ:

a. If ψ contains no purely positive clauses, then the rest of the proof will be similar to the
previous case (whenpos(ψ) ≡ 0).

b. If ψ contains some purely positive clauses, then we chose a positive literal a from
one of its purely positive clauses, and continue as it does intheGDPLLW algorithm. By
Lemma 3(3), eitherψ ∧ a orψ|¬a ∧ ¬a is satisfiable.

∗ If ψ ∧ a is satisfiable: By Theorem 1(1),pos(Reduce1(ψ ∧ a)) < pos(ψ) ≡ n + 1
therefore using induction hypothesis we derive:GDPLLW(ψ ∧ a) ≡ (SAT, α) and
α6≡⊥ satisfiesψ ∧ a, and hence satisfiesψ. Thus,GDPLLW(ϕ) ≡ (SAT, α.σ) where
according to Corollary 1,α.σ satisfiesϕ with σ 6≡⊥, and thereforeα.σ 6≡⊥.

∗ If ψ|¬a ∧¬a is satisfiable: Then the rest of the proof is analogous to the previous case,
except that this timeGDPLLW(ψ|¬a ∧ ¬a) ≡ (SAT, α) whereα satisfiesψ|¬a ∧ ¬a.
Using Lemma 3 (2), we getα satisfiesψ. Therefore, similar to above,GDPLLW(ϕ) ≡
(SAT, α.σ) whereα.σ 6≡⊥ satisfiesϕ.

⇐ SupposeGDPLLW(ϕ) ≡ (SAT, α). Similar to the other direction above (⇒), it cab be proved
thatα6≡⊥ andα |= ϕ.

– This is an immediate result of Theorem 2 together with the first item. �

Example 4.Considerϕ ≡ {{f(x)=y, g(y)=h(z, x)}, {x6=z}}. We build an assignmentα such that
α |= ϕ.

Applying GDPLLW algorithm onϕ, first we get(ϕ,α) := Reduce(ϕ) ≡ (ϕ, ∅), because none of
the rules of the reduction system (Definition 6) are applicable.

Now we can see that⊥ /∈ ϕ and alsoϕ has a purely positive clause. Therefore according to the
algorithm we need to choose a positive literala ∈ PLit(ϕ). We choosea := g(y) = h(z, x). Then we
need to computeGDPLLW(ϕ∧(g(y) = h(z, x))) whereϕ∧a ≡ {{f(x) = y, g(y) = h(z, x)}, {x 6=
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z}, {g(y) = h(z, x)}}. The first immediate step is to computeReduce(ϕ∧ (g(y) = h(z, x))). Rule 4
of the reduction system is applicable. By applying this ruleonϕ ∧ (g(y) = h(z, x)) we getσ := ⊥,
and hence it should be reduced to⊥. Therefore according to the algorithmReduce(ϕ ∧ (g(y) =
h(z, x))) ≡ (⊥, ∅). SoGDPLLW(ϕ ∧ (g(y) = h(z, x))) ≡ (UNSAT, ∅).

Hence according to theGDPLLW algorithm we have to compute
GDPLLW(ϕ|g(y)6=h(z,x) ∧ (g(y) 6= h(z, x))). By Definition 1 we haveϕ|g(y)6=h(z,x) ≡ {{f(x) =
y}, {x 6= z}}, and soϕ|g(y)6=h(z,x) ∧ (g(y) 6= h(z, x)) ≡ {{f(x) = y}, {x 6= z}, {g(y) 6= h(z, x)}}.
As the first immediate step we imply theReduce algorithm to get a reduced form. Rule 4 is the only
applicable rule; we deriveσ ≡ {y 7→ f(x)} and{{x 6= z}, {g(f(x)) 6= h(z, x)}}. Now, rule 3 can
be applied ong(f(x)) 6= h(z, x). Here, we obtainimgu(g(f(x)) = h(z, x)) which is equivalent to
⊥. So, the formula should be reduced to{{x 6= z}}, and then,({{x 6= z}}, {y 7→ f(x)}) would
be the outcome of this algorithm, because no other rule of thereduction system is applicable. This
means that(ϕ, σ) ≡ ({{x 6= z}}, {y 7→ f(x)}). Now, ⊥ /∈ ϕ so we continue with the next step.
ϕ contains no purely positive clauses, and there exist some non-constant function symbols in the
theory. So, the next step is to computeFunc(ϕ, σ). Inside the algorithm,C := {x 6= z} and(x 6=
z) ∈ C are the only possible choices. Thereafter, we obtain:ϕ:=∅, i:=1,X1:={x},X:={(x, 1)} and
M :=max(0, depth(z) + 1) ≡ 1.

We chooseF [ ] ≡ g([ ]) as the function symbol, and alsoc as the constant symbol. So,F 1(c) ≡
g(c) and thereforeα := {x 7→ g(c)} ∪ {z 7→ c | z 6= x}. Henceα.σ := {x 7→ g(c), y 7→ f(g(c))} ∪
{z 7→ c | z /∈ {x, y}}, for σ ≡ {y 7→ f(x)}. So thatFunc(ϕ, σ) ≡ α.σ ≡ {x 7→ g(c), y 7→
f(g(c))} ∪ {z 7→ c | z /∈ {x, y}}. Therefore the mainGDPLLW algorithm returns

(SAT, {x 7→ g(c), y 7→ f(g(c))} ∪ {z 7→ c | z /∈ {x, y}})
as the outcome. Meaning that the original formulaϕ is satisfiable and

α := {x 7→ g(c), y 7→ f(g(c))} ∪ {z 7→ c | z /∈ {x, y}}
is a proof assignment to that (i.e. it satisfiesϕ).

Proof. of Lemma 4.
According to Definition 8dest−free(ϕ) ≡

⋃
Cl∈Cls(ϕ)

dest−free(Cl). Now,α 6≡ ∅ provesdest−free(ϕ)

and henceα proves each clause indest−free(ϕ). Since empty clause is unsatisfiable, this would mean
that each clausedest−free(Cl) in dest−free(ϕ) contains a literal which is satisfied byα. Each clause
Cl of ϕ is obtained by adding certain literals todest−free(Cl). These literals, even in case they are
being unsatisfiable, will not change the value ofCl, and therefore the value ofϕ, underα. Hence,α
will satisfy ϕ. This shows thatϕ is satisfiable sinceα 6≡ ⊥. �

Proof. of Corollary5.
TheSimplify algorithm continues as long as the formula contains some sub-term which is ofDlm(Cl(...))
or idle form. So, obviously the outcome of the algorithm cannot be simplified further, using the
Simplify algorithm.

If t is a constant symbol thenDij(t) would be anidle term, and hence it will be removed fromϕ
by the algorithm. This contradicts the fact thatϕ can no more be simplified. So,t cannot be a constant
symbol. Now, we show that ift ≡ f(s) wheres is neither a constant symbol nor it contains any
constructor, then so ist. If f ≡ Ck for some constructor symbolCk, thenDij(t) is either anidle term
(whenk 6≡i) or k ≡ i. If the first case holds thenDij(t) will be removed by the algorithm, and if the
latter case holds thenDij(t) will be further simplified. These contradicts the fact thatϕ cannot be
simplified further. �
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Proof. of Lemma7.
It is noticeable that we consider any negative literal whichcontains someidle subterm to be valid
under any assignment; also, any positive literal containing someidle subterm to be invalid under any
assignment.

Regarding this, we only need to prove thatα proves a literal which contains some subterms of the
formDlm(Cl(t1, . . . , tn)) if and only if then it will still satisfy the literal after replacing this subterm
with tm. According to our definition of destructors,Dlm(Cl(t1, . . . , tn)) is equivalent totm and hence
this replacement must be eligible under any assignment. So,doing this replacement will not effect the
value ofα over the literal. This completes the proof.�

Termination Proof, Theorem 4.
According to Lemma 6Simplify(ϕ) is terminating. So without loss of generality we can assume that
ϕ is simplified, i.e.Simplify(ϕ) ≡ ϕ. We use induction on‖Dest(ϕ)‖. If ‖Dest(ϕ)‖ ≡ 0 then the
algorithm is terminating because of Theorem 3. Now, if the algorithm terminates for all formulas with
‖Dest(ϕ)‖ ≤ n, then we show that it terminates also for formulas with‖Dest(ϕ)‖ ≡ n+ 1.

As an immediate result of Corollary 5, each subterm involving some destructor symbol should be
of the formDij(t) wheret can either be a variable or it can contain some other destructor symbols.
We distinct two cases: 1. when all sucht terms inϕ are variables 2. when there is such a termt
which contains yet another destructor, sot ≡ Dlm(s) for some terms andl,m ∈ N. Below, we prove
termination for each of these two cases separately:
1. The inner variable of these terms are replaced by an associated constructor, the resulting term

would be something likeDlm(Cl(z1, ..., zn)). Then in the next stepGDPLLWD is applied on the
resulting formulaψ. Inside thisGDPLLWD, firstψ is being simplified bySimplify. It is noticeable
that‖Dest(Simplify(ψ))‖ < ‖Dest(ϕ)‖, because of this recent replacement. Therefore, by induc-
tion hypothesisGDPLLWD(ψ) terminates. IfGDPLLWD(ψ) ≡ (UNSAT, ∅), thenϕ is replaced
with free(ϕ,Dlm(y)). It is obvious that‖Dest(free(ϕ,Dlm(y)))‖ < ‖Dest(ϕ)‖. Therefore, by
the induction hypothesisGDPLLWD terminates over this recent formula. Hence, the original algo-
rithm will terminate.

2. We prove this case using induction on destructor-depth ofthe formula, which will be the maxi-
mum layers of destructors occurred in its subterms. According to the case 1. above, the algorithm
terminates if the destructor-depth of the formula is not more than1. Supposing thatGDPLLWD(ϕ)
terminates for eachϕ where destructor-depth(ϕ) ≤ k, we prove termination for when destructor-
depth(ϕ) ≡ k+1. Assume thatϕ contains a sub-termDij(t) with the maximum layers of destruc-
tors which isk + 1. The innermost sub-term of this term is of the formDlm(y) for some variable
y, because of Corollary 5. According to the algorithm,Dlm(y) will be chosen in thewhile loop,
and its corresponding variabley will be replaced with its associated constructor over some fresh
variables. So the result will beDlm(Cl(z1, ..., zn)) for some fresh variablesz1, ..., zn. Obviously,
inside the next immediate call toGDPLLWD this term will have a destructor-depth of less or equal
to k. Similarly, each time one of these terms withk + 1 layers of destructors are being chosen
they will be reduced to a term with less destructor symbols. There are only finite number of such
sub-terms insideϕ. Hence, after finite steps they all will be reduced to some term with a smaller
destructor-depth. Thus, after finite number of steps, we will have destructor-depth(ϕ) ≤ k. There-
fore, by the induction hypothesis,GDPLLWD will terminate. �
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