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Abstract

We present a new algorithm, called K∗, for finding
the k shortest paths between a designated pair of ver-
tices in a given directed weighted graph. Compared
to Eppstein’s algorithm, which is the most prominent
algorithm for solving this problem, K∗ has two advan-
tages. First, K∗ performs on-the-fly, which means that
it does not require the graph to be explicitly available
and stored in main memory. Portions of the graph will
be generated as needed. Second, K∗ is a directed al-
gorithm which enables the use of heuristic functions
to guide the search. This leads to significant improve-
ments in the memory and runtime demands for many
practical problem instances. We prove the correctness
of K∗ and show that it maintains a worst-case runtime
complexity of O(m+k n log(k n)) and a space complex-
ity of O(k n + m), where n is the number of vertices
and m is the number of edges of the graph. We provide
experimental results which illustrate the scalability of
the algorithm.

Introduction

In this paper we consider the k-Shortest-Paths prob-
lem (KSP) which is about finding the k shortest paths
in a directed weighted graph G for an arbitrary natu-
ral number k. In other words, for a pair of designated
vertices s and t in a given digraph G, we aim at enu-
merating the paths from s to t in a non-increasing or-
der with respect to their length. Application domain
examples for KSP problems include computer chess,
sequence alignment and probabilistic model checking.
Quite a few approaches to solve the KSP problem or
particular variants of it have been published. With re-
spect to the worst-case runtime complexity the most
advantageous approach is the algorithm presented by
Eppstein (Eppstein 1998). A lazy version of Eppstein’s
algorithm, also referred to as Lazy Eppstein, has been
presented in (Jiménez & Marzal 2003). It improves the
practical performance of Eppstein’s algorithm in terms
of runtime and memory consumption. Both algorithms
require the graph to be completely available when the
search starts. They also require that in the beginning
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an exhaustive search must be performed on G in order
to determine the shortest path from every vertex to t.
This is a major performance drawback, in particular if
the graph G is large.

In order to solve the KSP problem more efficiently
when the availability of memory is constrained, we pro-
pose an algorithm called K∗. It is inspired by Eppstein’s
algorithm. For a graph with n vertices and m edges,
the asymptotic worst-case runtime complexity of K∗ is
O(m + k n log(k n)). This is actually worse than the
worst-case complexity of Eppstein’s algorithm, which
is O(m + n log(n) + k log(k)). However, K∗ achieves
the following major advantages over the existing KSP
algorithms cited above:

• K∗ performs on-the-fly in the sense that it does not
require the graph to be explicitly available, i.e., to
be stored in main memory. The graph is partially
generated as the need arises.

• K∗ takes advantage of heuristics-guided search, which
often leads to significant improvements in terms of
memory and runtime effort.

For Eppstein’s algorithm we determined the worst-case
space complexity to be O(n2 + m + k) (c.f. the supple-
mental materials), whereas K∗ possesses a space com-
plexity of O(k n + m). Since n is usually significantly
greater than k, we consider this an improvement.

Preliminaries
Let G = (V, E) be a directed graph and w : E → R≥0

be a length function mapping edges to non-negative real
values. The length of a path π = v0 → v1 → . . . → vn is
defined as the sum of the edge lengths, formally, l(π) =
n−1
∑

i=0

w(vi, vi+1). For an arbitrary pair of vertices u and

v, Π(u, v) refers to the set of all paths from u to v.
d∗(u, v) denotes the length of the shortest path from u
to v. If there is no path from u to v, then d∗(u, v) is
equal to +∞. Let s, t ∈ V denote vertices which we
consider as a source and a target, respectively.

The Shortest-Path Problem (SP)
In many application domains one is interested in finding
a shortest s-t path, i.e., a path π∗ ∈ Π(s, t) with l(π∗) =



d∗(s, t). This is commonly referred to as the Shortest-
Path problem (SP).

Dijkstra’s algorithm is the most prominent algo-
rithm for solving the SP problem (Dijkstra 1959). Di-
jkstra’s algorithm stores vertices on the search front in
a priority queue open which is ordered according a dis-
tance function d. Initially, open contains only the start
vertex s with d(s) = 0. In each search iteration, the
head of the queue open, say u, is removed from the
queue and expanded. More precisely, for each successor
vertex v of u, if v has not been visited before, then d(v)
is set to d(u) + w(u, v) and v is put into open. If v has
been visited before, then d(v) is set to smaller distance
of the old d(v) and d(u) + w(u, v). We distinguish be-
tween two sets of visited vertices, namely Closed and
Open vertices. Closed vertices are those which have
been visited and expanded, where as open vertices are
those which have been visited but have not yet been
expanded, i.e., vertices in the search queue. For each
visited vertex v, d(v) is always equal to the length of
the shortest path from s to v that has been discovered
so far. The set of these paths forms a search tree T . Di-
jkstra’s algorithm ensures that for each closed vertex v
it holds that d(v) = d∗(s, v) which means that the path
selected in the search tree T is a shortest path from s
to v. In other words, the search tree T is a shortest
path tree for all closed vertices. Notice that a shortest
s-t path is found as soon as t is closed, i.e., selected
for expansion. In order to retrieve the selected shortest
path to some vertex the structure of T is needed, and
hence a link T (v) is attached to each visited vertex v
referring to the parent of v in T . The retrieved path
can be constructing by backtracking these T references
to s.

On-The-Fly: In many application domains the
graph G is not explicitly given. Only an implicit de-
scription of G is available where a function succ : V →
P(V ) returns for each vertex u an explicit representa-
tion of the set consisting of its successor vertices, i.e.,
succ(u) = { v ∈ V |(u, v) ∈ E }. Search algorithms
which can directly perform the search on the implicit
representation of G as given through succ are called
on-the-fly. Dijkstra’s algorithm can be modified to fol-
low an on-the-fly strategy using an additional set closed,
which is usually implemented as a hash table, to save
closed vertices.

A∗. The A∗ algorithm (Pearl 1986) is derived from
the on-the-fly version of Dijkstra by exploiting addi-
tional graph or problem structure information in order
to determine the order in which vertices should be vis-
ited. In A∗, the open queue is sorted by a heuristic
evaluation function f which indicates the desirability
of expanding a vertex. For each vertex v, f(v) is de-
fined as d(v) + h(v), where d(v) is as defined in Dijk-
stra’s algorithm. h(v) denotes a heuristic estimate of
d∗(v, t) which is the shortest distance from v to the
target vertex t. Notice that h(v) must be computed

based on information external to the graph since at the
time of reaching v it is entirely unknown, whether a
path to a target node exists at all. We can convince
ourselves easily that f(v) = d(v) + h(v) is an estimate
of the length of the shortest s-t path going through v.
The heuristic function h is called admissible if it is op-
timistic, i.e., if h(v) ≤ d∗(v, t). h is called monotone
or consistent if for each edge (u, v) in G it holds that
h(u) ≥ w(u, v)+h(v). It can be easily proven that every
monotone heuristic is also admissible. Using an admis-
sible heuristic guaranties the optimality of A∗, i.e., that
a shortest s-t path will be found. If h is monotone, then
A∗ ensures that the search tree T is a shortest path tree
for all closed vertices. Vertices are expanded by A∗ in
a non-decreasing order regarding their f -values in case
the heuristic is monotone. If h(v) = 0 for all v, then A∗

behaves exactly like Dijkstra.

The k-Shortest-Paths Problem (KSP)

When solving the KSP problem one is interested in enu-
merating the s-t paths in G in a non-decreasing order
with respect to their lengths.

Eppstein’s Algorithm finds the k shortest paths in
a given directed graph G = (V, E). It first applies Di-
jkstra’s algorithm on G in a backwards manner, i.e.,
starting from t following edges backwards. The result
is a “reversed”shortest path tree T rooted at t, i.e., the
shortest path from any vertex in G to t. Then, a special
data structure called path graph P(G) is used to save
all paths through G using an implicit representation.
Finally, the k shortest paths are delivered by applying
Dijkstra search on P(G). A central notion in our ap-
proach that we inherit from Eppstein’s algorithm is that
of a sidetrack edge: an edge (u, v) ∈ E either belongs to
the shortest path tree T , in which case we call it a tree
edge, otherwise we call it a sidetrack edge. As Eppstein
shows, any s-t path π can be uniquely described by the
subsequence of sidetrack edges taken in π, denoted as
α(π). The notion of a sidetrack edge is also interesting
because any such edge (u, v) ∈ G − T may represent
the fact that a certain detour compared to the shortest
path is taken. Sidetrack edges are therefore closely re-
lated to the notion of opportunity costs for choosing an
alternate path to some given s-t path.

The asymptotic runtime complexity of Eppstein’s al-
gorithm in worst-case is O(m + n log(n) + k log(k)).
Unfortunately, the memory space complexity has not
been declared. We computed for Eppstein’s algorithm
a worst-case space complexity of O(n2 + m + k). The
main point in our computation is that P(G) contains
amongst others n tree heaps. Each heap may contain
up to n elements. Hence we obtain a complexity of
O(n2). To store the explicitly given graph G we need
O(m+n) memory locations. In order to find k shortest
s-t paths the algorithm visits k nodes, which induces
a complexity of O(k). This gives a total complexity of
O(n2 + m + k).



The K∗ Algorithm

The design of K∗ is inspired by Eppstein’s algorithm. In
K∗ we determine a shortest path tree T of G and use a
graph structure P(G) which, as in Eppstein’s algorithm,
is searched using Dijkstra to determine s-t paths in the
form of sidetrack edge sequences. However, as men-
tioned before, K∗ is designed to perform on-the-fly and
to be guided by heuristics. The following are the main
design ideas for K∗:

1. We apply A∗ on G instead of the backwards Dijk-
stra construction in Eppstein’s algorithm in order to
determine the shortest path tree T .

2. We concurrently execute A∗ on G and Dijkstra on
P(G). Consequently, Dijkstra will be able to deliver
solution paths before G is completely searched by A∗.

In order to accommodate this design we have to make
fundamental changes compared to Eppstein’s algorithm
to the structure of P(G).

A∗ Search on G. K∗ applies A∗ search to the prob-
lem graph G to determine a shortest path tree T , which
requires a monotone heuristics. Unlike Eppstein’s algo-
rithm, in K∗ A∗ is applied to G in a forward manner,
which yields a shortest path tree T rooted at the start
vertex s. This is necessary in order to be able to work on
the implicit description of G using the successor func-
tion succ. Each edge discovered during the A∗ search
on G will be immediately inserted into the graph P(G),
the structure of which will be explained next.

Path Graph Structure. P(G) will be incrementally
constructed by adding the edges as they are discovered
by A∗. For an edge (u, v), δ(u, v) indicates the disad-
vantage of taking this edge as a detour compared to
the shortest s-t path via v. Both values are usually
not known when using an on-the-fly search. They can
only be estimated using the evaluation function f . Let
f(v) be the f -value of v according the search tree T and
fu(v) be the f -value of v according to the parent u, i.e.,
fu(v) = d(u) + w(u, v) + h(v). δ(u, v) is then defined
as:

δ(u, v) = fu(v) − f(v)
= d(u) + w(u, v) − d(v)

(1)

The following lemma, which was originally proposed by
Eppstein, shows that the length of an s-t path can be
computed using the δ function.

Lemma 1. For any s-t path π, it holds that

l(π) = d∗(s, t) +
∑

e∈α(π)

δ(e) = d∗(s, t) +
∑

e∈π

δ(e).

Proof. Let π be v0 → . . . → vn with v0 = s and vn = t.
Then, consider

∑

e∈α(π)

δ(e) =
∑

e∈π

δ(e)

=
n−1
∑

i=0

δ(vi, vi+1)

=
n−1
∑

i=0

d(vi) + w(vi, vi+1) − d(vi+1)

= d(v0) +
n−1
∑

i=0

w(vi, vi+1) − d(vn)

= d(s) +
n−1
∑

i=0

w(vi, vi+1) − d(t)

Presuming that h is admissible, it holds that d(t) =
d∗(s, t). Further, it holds that d(s) = 0. Then, we get
that

d∗(s, t) +
∑

e∈α(π)

δ(e) = d∗(s, t) +
∑

e∈π

δ(e)

=
n−1
∑

i=0

w(vi, vi+1) = l(π).

For each visited vertex v, a min heap structure Hin(v)
is created in order to build P(G). Hin(v) contains a
node for every incoming edge of v discovered so far. The
nodes of Hin(v) will be ordered according the δ-values
of the corresponding edges such that the node possess-
ing the edge with minimal detour is on the top of the
heap. We refer to the root of Hin(v) as Rin(v). When
adding a new edge (u, v) into P(G), it is determined
whether Hin(v) exists. This is not the case in case v is
a new vertex. An empty heap is then created and as-
signed to v and (u, v) will be inserted into Hin(v). The
construction ensures that the top node of Hin(v) is the
tree edge of v. For each node n of Hin(v) carrying an
edge (u, v), a pointer referring to Rin(u) is attached to
n. We call such pointers cross edges, whereas the point-
ers which reflect the heap structuring are called heap
edges. The derived structure P(G) is a directed graph,
the vertices of which correspond to edges in G. An ar-
bitrary path σ = n0 → . . . → nr through P(G) which
starts at Rin(t), i.e., n0 = Rin(t) can be interpreted as
a recipe for constructing a s-t path. Each heap edge
(ni, ni+1) in σ represents the decision to take the in-
coming edge associated with the node ni+1 instead of
the one associated with n. The move via a cross edge
(ni, ni+1), where ni corresponds to an edge (u, v), to the
heap Hin(u) with root ni+1 represents the selection of
(u, v) as an incoming edge. Based on this interpretation
we derive from σ a sequence of edges seq(σ) using the
following procedure. For each cross edge (ni, ni+1) in σ
we add to seq(σ) the edge associated with ni. Finally,
we add to seq(σ) the edge associated with the last node
of σ, i.e., nr. We obtain the s-t path from seq(σ) after
completing it with the possibly missing tree edges up
to s. We recall that any s-t path is fully characterized
by the subsequence of sidetrack edges it takes. Thus,
the presence or absence of tree edges in seq(σ) does not
influence the construction of the s-t path. For simplic-
ity we hence assume, w.l.o.g., that seq(σ) contains only



sidetrack edges. The structure of P(G) ensures that
this procedure results in a valid s-t path:

Lemma 2. For an arbitrary path σ through P(G) start-
ing at Rin(t) it holds that ∃π ∈ Π(s, t) : π = β(seq(σ)).

Proof. W.l.o.g., we assume that seq(σ) contains only
sidetrack edges. We build a path π as follows. We be-
gin with the single vertex t, i.e., π = t. Let (u, v) be
the last edge in seq(σ). Then, v is either equal to t or
there is a path in the shortest path tree T leading form
v to t. Otherwise, there would be no way to get from
Rin(t) to Rin(v) without sidetrack edges in which case
(u, v) can not be the last element in seq(σ). Then, there
is a unique way of prepending tree edges to π until v is
reached, i.e., until first(π) is equal to v. We prepend
the edge (u, v) to π. Further, for each successive pair
of edges (u1, v1) and (u2, v2) we can argue in a simi-
lar way as before that there is a path in T from v1 to
u2. We prepend the edges of this tree paths followed
by the sidetrack edge (u1, v1). We repeat this step un-
til all edges from seq(σ) are handled. Afterwards, we
repeatedly prepend the tree edge of first(π) until the
start vertex s is reached, i.e., first(π) = s. At the end,
the constructed path π is a path from s to t using no
side edges but the ones from seq(σ). This means, the
result is a solution path π such that α(π) = seq(σ).
Consequently it holds that π = β(seq(σ)).

We now define a length function ∆ on the edges of
P(G). Let (n, n′) denote an edge in P(G), and let e
and e′ denote the corresponding edges from G. Then
we define ∆(n, n′) as follows:

∆(n, n′) =

{

δ(e′) − δ(e), (n, n
′) is a heap edge

δ(e′) = 0, (n, n
′) is a cross edge

(2)

This means that l(σ), i.e., the length of σ, is equal to
∑

e∈σ

∆(e). Note that ∆ gives zero for all cross edges. We

can also infer from the definition of ∆ that the length of
any sequence of heap edges is equal to the δ-value of the
edge associated with the target node of the last edge in
the sequence. Note that this is the edge which will be
added to seq(σ), if this sequence is a part of the path σ.
Consequently, we can deduce that l(σ) =

∑

e∈seq(σ)

δ(e).

Further, let π be the s-t path derived from σ, i.e., π =
β(seq(σ)). Note, that π exists due to Lemma 2. From
Lemma 1 we know that l(π) = d∗(s, t) +

∑

e∈α(π)

δ(e)

which is equal to d∗(s, t) +
∑

e∈seq(σ)

δ(e).

Lemma 3. Let π be the path obtained from a P(G)
path σ, i.e., π = β(seq(σ)). Then, it holds that

l(π) = d∗(s, t) + l(σ) = d∗(s, t) +
∑

e∈seq(σ)

δ(e).

Proof. Let σ = n0 → . . . → nr be a path starting at
Rin(t). We consider the subsequences σ0, . . . , σl which
we get by splitting σ at cross edges. Note that each

σi contains only heap edges. Then, for each σi it holds
that

∑

e∈σi

∆(e) = δ(ei), where ei is the edge associated

to the last node of σi. Note that seq(σ) is equal to the
edge sequence 〈e0, . . . , el〉. Together with the fact that
∆ is zero for all cross edges, we imply that

l(σ) =

r−1
∑

i=0

∆(ni, ni+1) =
∑

e∈seq(σ)

δ(e).

Now, let π be the s-t path obtained from σ, i.e.,
π = β(seq(σ)). It holds then, assuming that seq(σ)
consists of sidetrack edges, that α(π) = seq(σ). Due to
Lemma 1, it holds then that

l(π) = d∗(s, t) +
∑

e∈α(π)

δ(e)

= d∗(s, t) +
∑

e∈seq(σ)

δ(e)

= d∗(s, t) + l(σ).

This means that the length of σ is equal to the dis-
tance penalty of π compared to the shortest s-t path
π∗.

The importance of the Lemma 3 lies in the fact that
it establishes a correlation between the length of a path
through P(G) and the length of the corresponding s-
t path in the problem graph G. We now know that
shorter P(G) paths lead to shorter s-t paths. This
property enables the use of a Dijkstra shortest path
search on P(G) starting at Rin(t) in order to compute
the shortest s-t paths.

The Algorithmic Structure of K∗

Algorithm 1 contains the pseudocode for K∗. The code
in lines 10 to 17 represent the A∗ search on G, whereas
lines 18 to 28 define the Dijkstra search on P(G). The
if -statement starting at line 6 is responsible for schedul-
ing the concurrent interleaving of both algorithms.

As can be seen from lines 11 to 5, the version of A∗

used here does not terminate when t is selected for ex-
pansion, i.e., a shortest s-t path π∗ is found. It simply
adds an empty sidetrack edge sequence representing π∗

to R and continues with the search. Note that the
found s-t path is completely contained in the search
tree T and, consequently, consists only of tree edges.
Then, A∗ initializes the Dijkstra search to run on P(G)
by adding Rin(t) into openD. From this point on Dijk-
stra will participate in the scheduling competition, c.f.,
Line 6, to search the graph P(G) for solution paths.

The lines from 18 to 22 represent the usual Dijkstra
search steps. Note that when an arbitrary node n is vis-
ited K∗ does not check whether n was visited before. In
other words, every time a node is visited it is considered
as a new node. This strategy is justified by the obser-
vation that an s-t path may take the same edge several
times. The if-statement starting at Line 23 comprises
the step needed to deliver the next shortest s-t path.
This is done by constructing the edge sequence seq(σ)



from the path σ via which Dijkstra reached the node
n which has just been expanded. Note that we check
whether n corresponds to a sidetrack edge or not. As
we will show later, this condition is necessary to pre-
vent duplicates in the result, i.e., delivering the same
s-t path more than once.

Algorithm 1: The K∗ Algorithm

open ← empty priority queue, closed ← empty hash table;1

open
D
← empty priority queue, closedD ← empty hash table;2

P(G) ← empty path graph, R ← empty list;3

Insert s into open ;4

if open and open
D

are empty then Return R and exit;5

if open
D

is not empty then6

if open is empty then Go to Line 18;7

Let u be the head of open and n the head of open
D

;8

if d∗(s, t) + d(n) ≤ f(u) then Go to Line 18;9

Remove from open and place on closed the vertex v with the10

minimal f-value;

if v = t then11

Insert an empty sidetrack edge sequence into R;12

Insert Rin(v) into open
D

;13

else14

Expand v ;15

Insert all edges outgoing from v into P(G);16

Go to Line 5;17

Remove from open
D

and place on closedD the node n with the18

minimal d-value;

foreach n′ referred by n in P(G) do19

Set d(n′) = d(n) + ∆(n, n′) ;20

Attach to n′ a parent link referring to n ;21

Insert n′ into open
D

;22

if The edge associated with n is a sidetrack edge then23

Let σ be the path in P(G) via which n was reached;24

Add seq(σ) at the end of R;25

if R contains k or more elements then26

Return R and exit;27

Go to Line 5;28

The fact that both algorithms A∗ and Dijkstra share
the path graph P(G) may give rise to concern regarding
the correctness of the Dijkstra search on P(G). Dijk-
stra’s algorithm runs on P(G) while A∗ is still adding
new nodes into it. For instance, a node m might be
added to P(G) after Dijkstra has already expanded its
parent n. In this case, the edge (n, m) will not be cap-
tured. In order to be able to handle this issue we need
to study the scheduling mechanism on line 6, and its
consequences in more details. We can see that Dijkstra
is only resumed if and only if its search queue is not
empty and it holds that d∗(s, t)+ d(n) ≤ f(v), where n
is the node on the head of Dijkstra’s queue openD and v
is the vertex on the head of the search queue of A∗. Us-
ing this scheduling mechanism K∗ assures that adding
new nodes into P(G) during the search does not disturb
the order in which nodes are expanded. This insight is
captured by the following lemma.

Lemma 4. The d-value of any node m, which is added

into P(G) after expanding a node n, is never better than
d(n).

Proof. Let σ be the shortest path leading to m through
P(G). Then, the best d-value of m is equal to l(σ).
Consequently, according to Lemma 3 it holds that
d∗(s, t) + d(m) = l(π), where π = β(seq(σ)). Now,
let (u, v) ∈ E be the edge associated to m. The admis-
sibility of f assures that f(u) ≤ l(π). Thus it holds that
f(u) ≤ d∗(s, t) + d(m). Moreover, by construction, m
will be added into P(G) on expanding the vertex u. Be-
cause n was expanded before, it must hold, according to
our scheduling mechanism, that d∗(s, t) + d(n) ≤ f(u).
Together, we get d∗(s, t)+d(n) ≤ f(u) ≤ d∗(s, t)+d(m)
which means that d(n) ≤ d(m).

The lemma implies that when an s-t path is delivered,
it is not possible afterwards that A∗ discovers new edges
which lead to a shorter path. We can hence assume that
K∗ delivers the next solution path only if it is really the
next shortest s-t path.

We now turn to the issue of Dijkstra’s correctness on
the dynamically growing graph P(G). The only update
operation on P(G) is that of adding a node. Let (u, v)
be an edge which has just been discovered by A∗ and a
corresponding node n′ is added into P(G) at Line 16.
Then, n′ is inserted into the heap Hin(v). For any new
edge (u, v) the heap structure of Hin(v) stays intact
even if the f -value of v has changed since the δ-values of
all nodes of Hin(v) are all changed by the same amount.
Hence, a global restructuring of Hin(v) is never needed
and it suffices to consider the case of heaping up the
new node n′. We need to consider the following two
cases when heaping up n′.

• The easy case is that Dijkstra has not already ex-
panded any direct predecessor of n′. The absence
of n′ did then not influence the previous search at
all. No matter whether any of the direct predeces-
sors of n′ has been visited or not, n′ is completely
unknown for the algorithm even if the complete P(G)
were available.

• The more involved case is if at least one direct prede-
cessor n of n′ that has been expanded at least once.
In this case the siblings of n′ have been visited when
n′ has not existed in P(G) yet. We then have to catch
up what was missed during the search because of the
absence of n′. We do this by applying the lines from
20 to 22 to n′ for each expanded direct predecessor
n of n′. Consequently, n′ will be inserted into the
search queue openD. Lemma 4 ensures that the best
d(n′) is not better than the d-values of all nodes which
have been expanded before. This means that we did
not miss out on expanding n′. Moreover, let n′′ be
the last node pushed down while n′ was heaping up.
Before n′ has been added, n′′ was a direct successor
of n. Hence, n′′ has been visited like all of its siblings.
Currently, n′′ is a successor of n′. However, n′ has
not yet been expanded and hence, n′′ should not have
been visited yet. This expansion therefore needs to



be undone. Note that n′′ has been heaped down by n′

which means that the edge associated with n′ has a
smaller δ-value than the one associated with n′′. This
implies that it always holds that d(n′) < d(n′′). We
can therefore be sure that n′′ has not been expanded
yet, see Lemma 4. We can hence assume that n′′ is
still in the queue openD and only need to remove it
from there.

K∗ performs these operations upon adding every node
into P(G) at Line 16. This maintains the correctness
of the Dijkstra search on P(G) in K∗.

Correctness

Termination of K∗ for finite k and G can easily be de-
rived from the termination of A∗ and Dijkstra. We now
turn to the question of partial correctness.

Theorem 1. For a weighted directed graph G = (V, E),
a start vertex s and a target vertex t, the K∗ algorithm
solves the KSP problem.

In order to prove the previous theorem we show that
K∗ finds k shortest s-t paths for any k ∈ N with k ≤
|Π(s, t)|. Our proof strategy is to verify the following
points for the result list R.

• Point one: Each element from R is a sequence of
edges which represents a valid s-t path in the problem
graph G.

• Point two: All s-t paths obtained from R are pair-
wise distinct.

• Point three: For each s-t path π in G, an edge
sequence representing π will be added into R for some
k (which is big enough).

• Point four: For any point in the search, each so-
lution path, i.e., s-t path obtained from an edge se-
quence from R, is at least as short as any s-t path
which is not represented in R yet.

The first three points ensure that R enumerates k dif-
ferent s-t paths in a non-decreasing order with respect
to their lengths. Point four implies that the found paths
are the shortest ones.

Point one is a direct inference of Lemma 2 which
assures that each path in P(G) starting at Rin(t) in-
duces a valid s-t path. Due to the structure of P(G),
two different paths through P(G) can induce the same
s-t path in G. This makes the proof of point two a bit
more involved. Note that K∗ adds the edge sequence of
a P(G) only if it ends with a sidetrack edge, see Line 23
in Algorithm 1. As the following lemma ensures, such
P(G) paths lead to unique s-t paths. Consequently, all
paths represented in R are distinct.

Lemma 5. Let σ and σ′ be two different paths in P(G)
such that both σ and σ′ end with nodes corresponding
to a sidetrack edge. It then holds that β(seq(σ)) 6=
β(seq(σ′)).

Proof. The Lemma is established if we can show that
σ and σ′ induce two different sidetrack sequences. The

idea of the proof is to show that it is not possible that
the tails of σ and σ′, i.e., the parts following their
common prefix, induce the same sequence of sidetrack
edges.

Let m be the last node in the common prefix of σ and
σ′ and let (u, v) be the edge which corresponds to m.
We distinguish between the following two cases. Again
we assume here that tree edges are excluded from seq(σ)
and seq(σ′).

1. One of the paths ends at m. W.l.o.g. let σ′ end at
m. Then, σ has a postfix after m. Let n be the next
node after m. If (m, n) is a cross edge, then (u, v)
will be added into seq(σ). Note that σ ends with
a sidetrack edge which will also be added to seq(σ).
Hence, we get seq(σ) 6= seq(σ′). If (m, n) is a heap
edge, then σ ends or leaves Hin(v) at another node
which, because of the tree structure of Hin(v), is not
m. Consequently, seq(σ) 6= seq(σ′) holds in this case
too.

2. Neither σ nor σ′ ends at m. This implies that σ and
σ′ branch away from each other with two different
edges, say (m, n) and (m, n′). Again, we distinguish
between two cases:

(a) First, we consider the case that both edges (m, n)
and (m, n′) are heap edges. In this case, because of
the tree structure of Hin(v), the last nodes touched
by σ and σ′ in the heap Hin(v) must differ from
each other. Thus, it holds that seq(σ) 6= seq(σ′).

(b) Now, we assume that one edge, say (m, n) w.l.o.g.,
is a cross edge. Then, m is the last node touched by
σ in Hin(v). Further, (m, n′) must be a heap edge
because m has, by construction, at most one outgo-
ing cross edge. Again because of the tree structure
of Hin(v), the last node touched by σ′ in Hin(v)
is different from m. If (u, v) is a sidetrack edge,
then (u, v) will be the next sidetrack edge added
to seq(σ) but not to seq(σ′). This means that
seq(σ) 6= seq(σ′). In the case that (u, v) is a tree
edge, i.e., m is the root of Hin(v), no sidetrack
edge is added to seq(σ) here. Moreover, because
the search tree T does not contain cycles, it is not
possible that σ enters the heap Hin(v) again with-
out touching at least one sidetrack edge in-between
which will be added to seq(σ). It is hence ensured
that the next sidetrack edge added to seq(σ) differs
from the next one added to seq(σ). Consequently,
it holds that seq(σ) 6= seq(σ′).

We can reason about the satisfiability of point three
as follows. For k = |Π(s, t)|, K∗ would not stop before
all s-t paths are found or both search queues are empty.
In the first case the claim trivially holds. In the other
case, in particular if open is empty, we know that A∗

has added all G edges into P(G). Let π be an arbitrary
s-t path. Since our Dijkstra search is complete on P(G)
we just need to show the existence of a path σ in the



complete P(G) such that β(seq(σ)) = π. The existence
of σ can be proven by considering the structure of P(G).

Lemma 6. For any path π ∈ Π(s, t), the complete path
graph P(G) contains a path σ starting at Rin(t) such
that π = β(seq(σ))

Proof. We only need to determine a path σ starting at
Rin(t) such that seq(σ) = α(π). We recall that we can
assume that seq(σ) does not include any tree edges.

In case α(π) consists of one side edge (u, v), then
we know that there is a path in T from v to t, since π
leads to t. Consequently, there is a path p in P(G) from
Rin(t) to Rin(v) which goes only through the roots of
the heaps, i.e., without any sidetrack edges. Further,
Hin(v) contains a node n corresponding to (u, v) since
we assume here that P(G) is complete. Then, there
is a path p′ of heap edges in Hin(v) from Rin(v) to n.
Together, σ = pp′ is a path from Rin(t) to n. It trivialy
holds that seq(σ) = α(π).

If α(π) = 〈e1, . . . , er〉 with r > 1, then we can assume
by induction over r that P(G) contains a path q from
Rin(t) to the node m corresponding to e2 such that
seq(q) = 〈e2, . . . , en〉. We write e2 and e1 as e1 = (u, v)
and e2 = (u′, v′). By definition, there is a path in T
from v to u′. Then, as argued before, there is a path
p in P(G) from m to Rin(v) touching only tree edges.
Further, the node n corresponding to e1 must be reach-
able from Rin(v) by a path p′ through Hin(v). Again
here, it is trivial to show that seq(σ) = α(π) where σ is
the path σ = qpp′.

We now consider point four. Dijkstra’s algorithm
ensures that edge sequences corresponding to shorter
P(G) paths are delivered sooner than those correspond-
ing to longer ones. The claim follows from the corre-
lation due to Lemma 3 between the lengths of P(G)
paths and the associated s-t paths.

Complexity

Let n be the number of vertices and m be the number
of edges in G, i.e., n = |V | and m = |E|.

Runtime Complexity. The runtime complexity of
K∗ is determined by A∗, the construction of P(G), and
the complexity of finding k paths using Dijkstra on
P(G). The complexity of A∗ is O(m + n log(n)) in the
case that the search queue is realized as a Fibonacci
heap (Cormen et al. 2001) and a monotone heuristic is
used. K∗ will add, in linear time, as many nodes into
the Fibonacci-heap based P(G) as there are edges in
G. The complexity of the construction of P(G) is hence
O(m). Dijkstra iterates as long as the expanded nodes
correspond to tree edges and delivers a solution path
only when a node corresponding to a sidetrack edge
is expanded. There are (n − 1) tree edges. Assuming
that all vertices in G are reachable from s, the k short-
est paths will be found within at most (k n) iterations.
Because each node in P(G) has at most 3 successors,
in (k n) search iterations at most (3 k n) nodes will be

added into Dijkstra’s queue. Heap operations have a
logarithmic runtime which leaves us with a complexity
of O(k n log(k n)). We obtain the total runtime com-
plexity of O(m+n log(n)+k n log(k n)), which is equal
to O(m + k n log(k n)), for K∗.

Space Complexity: The asymptotic space complex-
ity of K∗ consists of (1) the space needed for A∗, i.e.,
saving the explored part of the graph G, (2) the space
consumed by the data structure of P(G), and (3) the
space needed for the Dijkstra search on P(G). In the
worst case, A∗ would explore the complete graph G,
which results in a space complexity of O(n+m). P(G)
contains at most m nodes and O(m) edges. Hence,
P(G) consumes a space of O(m). As mentioned in the
previous paragraph, Dijkstra would visit O(k n) nodes
of P(G) in order to find k shortest paths. That means
a space complexity of O(k n). Together, we get for K∗

a space complexity of O(n + m + k n) which is equal to
O(k n + m).

Experimental Evaluation

We implemented K∗ as well as a variant of K∗ called
Blind K∗ that does not use a heuristic estimate func-
tion. Blind K∗ represents the situation where no heuris-
tic estimate is available, A∗ then performs like Dijkstra.
We also implemented the lazy version of Eppstein’s al-
gorithm. In our experiments we use 5 randomly gen-
erated graphs, each of size |V | = 105. Every node has
randomly generated between 1 and 20 outgoing edges
with random weights. In order to synthesize heuristic
estimates we first computed, for every vertex, the short-
est path to t using a backwards search starting from t.
Starting with h(t) = 0, for each vertex u, we computed
h(u) by multiplying a random factor from [0.5, 1] with
(w(u, v) + h(v)), where v is the vertex following u on
the shortest u-t path. This yields a monotone heuristic.
Figures 1 and 2 depict average values for the behavior
of the three algorithms over the 5 generated graphs de-
pending on k.
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Figure 1: Runtime as measured by iteration count

The experiments show that both in runtime and
memory consumption K∗ dominates Blind K∗, which
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proves the beneficial effect of using a heuristics guided
search. The runtime effort for K∗ and Blind K∗ obvi-
ously depends on k and offers advantages over Eppstein
for the lower k range that we ran experiments on. K∗

offers advantages over Eppstein when it is not neces-
sary to explore a large portion of the state graph in
order to reach k. It should be noticed that K∗ starts
yielding result paths after very few iterations, whereas
Eppstein returns results only after the full graph has
been searched. This makes K∗ usable in an on line sit-
uation. In terms of memory consumption, both Blind
K∗ and K∗ outperform Eppstein in the range up to val-
ues of k in the multiple thousands. This is largely due
the on-the-fly nature of K∗.

Conclusion

We have presented K∗, an on-the-fly, heuristics guided
search algorithm to solve the KSP problem. We have
argued for its correctness, analyzed its complexity, and
provided evidence that it improves on the algorithm of
Eppstein up to fairly sizable numbers for k. Future work
addresses the use of K∗ in various application domains,
including stochastic model checking.
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